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CHAPTER XI 

COMPRESSOR STALL AND BLADE VIBRATION 
By Robert W. Graham and Eleanor L. Costilow 


SUMMARY 

The extent of the useful operating range of the multistage axial- 
flow compressor is greatly influenced by its stalling characteristics. 

Over the entire range of possible compressor speeds there is a minimum 
flow point for each speed where the compressor will either surge or stall 
depending upon the geometry of the compressor receiver. If surge does 
not occur, the efficiency will be so poor in the stalled condition that 
the compressor will limit the useful operation of a turbojet engine. 

These surge or stall points define the familiar surge or stall-limit 
line. In addition to this stall line, stall of the front and rear stages 
occurs at part-speed and overspeed operation, respectively. Serious blade 
vibrations may occur for either of these conditions as a result of stall. 

Compressor stall may be manifested as rotating stall, individual 
stall of each blade, or stall flutter. From experimental evidence, the 
first of these seems the most prevalent. 


Several theories of rotating stall in single-stage compressors ap- 
pear in the literature, none of which can be used to predict propagation 
rates with .any appreciable degree of reliability. However, these theories 
are useful in evaluating the significance of parameters pertinent to the 
stall-propagation mechanism and thus in planning experimental research 
programs. The prediction of rotating-stall data for multistage compres- 
sors is even more complicated, because of interaction effects among the 
stages. 


INTRODUCTION 

Historically, it is interesting that one of the earliest references 
to rotating stall appeared in 1945 in a British report on the performance 
of a centrifugal compressor (ref. l). In 1950 an NACA publication 
(ref. 2) reported the occurrence of an asymmetric flow pattern in an im- 
pulse axial-flow compressor. In both of these early investigations, flow 
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patterns were detected by means of wool tufts . This asymmetric flow 
phenomenon was labeled as a propagating stall in reference 3 (1951), which 
presented the stalling characteristics of an axial-flow compressor. The 
rotating-stall patterns found in that investigation were detected with 
high-frequency-response hot-wire anemometers. During the past three 
years , much research effort has been devoted to the study of rotating 
stall in both single- and multistage compressors. 


With the use of aerodynamic theory, the design-point performance of 
a multistage compressor can be predicted with reasonable accuracy. How- 
ever, as is pointed out in chapter X (ref. 4), current design techniques 
cannot be used to predict compressor operation that deviates markedly from 
design. Since the compressor of a turbojet engine must operate at part 
design speed during acceleration of the engine and also at high flight 
Mach numbers, analytical methods for accurately predicting part-speed 
operation axe desired by compressor designers. In addition, designers 
are concerned with blade vibrations that occur during operation in stall. 

The internal aerodynamics of the compressor must be thoroughly under- 
stood at off-design conditions before design techniques applicable to this 
region of operation can be developed. During compressor off-design opera- 
tion, degeneration of the performance of a stage is accompanied by a se- 
rious flow separation in the blade passages. This unfavorable operating 
condition is termed stall. Two significant areas of off-design performance 
are labeled in figure 1, which is a representative multistage compressor 
map: (l) inlet-stage stall and (2) the stall-limit or surge line. These 

conditions result from stall of some of the compressor blade elements. 

The occurrence of separated flow at each of these regions can be explained 
without an elaborate analysis. 

Inlet -stage stall . - At low speeds, insufficient pressure rise in the 
stages causes the density level of the fluid to be too low in the rear 
stages. The resulting high relative velocities and incidence angles cause 
choking in the rear stages. This choking limits the flow through the 
front stages and causes excessively high angles of attack or stall. 

Stall-limit or surge line . - The stall-limit line represents the 
locus of minimum-flow points just before the performance of the compres- 
sor deteriorates abruptly. This deterioration in performance, which is 
attributed to the operation of one or more of the stages in severe stall, 
is sometimes called "complete compressor stall." In chapter XIII, the 
stages instigating the stall limit are analyzed and the significance of 
the shape of the stall-limit line and its relative position on the com- 
pressor map is discussed. The stall-limit line is often referred to as 


Off -Design Operation 
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the surge line, since surge may occur, depending on the geometry of the 
compressor receiver. An analysis of surge in the multistage compressor 
is presented in chapter XII. 

In addition to the part-speed stalling conditions discussed earlier, 
the possibility of rear-stage stall at near-design and overspeed opera- 
tion of the compressor must be admitted. Experimental evidence for over- 
speed stall is lacking, but such a stalling condition seems possible. At 
these conditions, continuity requirements in the rear stages cause some of 
the blade elements to operate at stalled angles of attack. Chapter XIII 
concludes that stall of the rear stages determines the stall -limit line at 
high part-speed and overspeed operation. 


Stall Phenomena 

Experimental data and analyses give credibility to the existence of 
at least three distinct phenomena during stall operation, the first two 
being aerodynamic phenomena, and the last an aeroelastic phenomenon: 

(1) Rotating or propagating stall, which consists of large stall 
zones covering several blade passages and propagating at some fraction 
of rotor speed in the absolute direction of rotor rotation. These stall 
zones can produce resonant blade vibrations. The number of stall zones 
and the propagation rate vary considerably. Compressor investigation has 
shown rotating stall to be the most prevalent type of stall phenomenon. 

(2) Individual blade stall, which is characterized by the development 
of large separated- flow regions or zones of low flow in the wake of each 
blade . 

(3) Stall flutter, which is a self-excited blade oscillation that 
must be distinguished from the more familiar classical flutter. The lat- 
ter, which is a self- sustained oscillation caused by the coupling of the 
inertia, damping, elastic, and aerodynamic forces on a wing section, 
takes place at low angles of attack (unstalled flow) when a certain criti- 
cal. velocity that is a function of the wing design is reached. In con- 
trast, stall flutter takes place at high angles of attack and is associat- 
ed with individual blade stall. 

The present report summarizes the pertinent experimental and theo- 
retical work that has been done on these three stall phenomena. The 
assumptions and analytical techniques are emphasized in presenting the 
theories. Wherever possible, theoretical results are compared with ex- 
perimental data. The discussion includes experimental data on blade 
vibration incurred during rotating stall. 
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SYMBOLS 


The following symbols are used in this chapter: 

N rotational speed, rpm 

U rotor speed, ft/sec 

V air velocity, ft/sec 

3 air angle, angle between air velocity and axial direction, deg 

9 ratio of total temperature to NACA standard sea-level tempera- 

ture of 518.7° R 

p density, lb-sec^/ft^ 

ApV/ pV amplitude of pV fluctuation divided by average pV based on 

average anemometer current 

Subscripts : 
t tip 

z axial direction 

1 station at exit of guide vanes 

2 station at rotor exit 

3 station at stator exit 
Superscript : 

' relative to rotor 


ROTATING STALL 

Mechanism of Stall Propagation 

Rotating stall has been depicted as the propagation of large stall 
zones relative to the blade row. The propagation mechanism can be de- 
scribed by considering the blade row to be a cascade of blades similar to 
that shown in figure 2. Assuming that some flow perturbation has caused 
blade 2 to reach a stalled condition before the other blades in the cas- 
cade, then this stalled blade does not produce sufficient pressure rise 
to maintain the flow around it. Consequently, effective flow blockage or 
a zone of reduced flow develops. This retarded flow (shaded in fig. 2) 
diverts the flow around it so that the angle of attack increases on blade 
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3 an d decreases on blade 1. The stall propagates downward relative to 
the blade row; the diverted flow stalls the blades below the retarded- 
flow zone and unstalls the blades above it. The retarded-flow or stall 
zone moves from the pressure side to the suction side of each blade (the 
opposite direction of rotor rotation). The stall zone may cover several 
blade passages. From compressor tests, the relative speed of propagation 
has been observed to be less than absolute rotor speed. Consequently, as 
observed from an absolute frame of reference, the stall zones appear to 
be moving in the direction of rotor rotation. 


Experimental Detection of Rotating Stall 

At present, the hot-wire anemometer is generally used at the NACA 
Lewis laboratory to detect and measure the flow fluctuation of stall. 
However, since a pressure change accompanies these flow fluctuations, a 
high -frequency-response electronic pressure pickup is also a suitable 
detection device. The hot -wire -anemometer probe and two types of hot- 
wire -anemometer amplifying systems, the constant-current and the constant- 
temperature, are discussed in references 5 to 7. A method of determining 
from hot -wire -anemometer data the number of stall zones in a given pattern 
and the magnitude of the flow fluctuation in the stall zones with respect 
to some mean flow value is given in reference 8. 

The testing procedure generally followed in determining the rotating- 
stall characteristics of a compressor is to operate the compressor at a 
constant speed and gradually decrease the weight flow while observing the 
resulting changes in the hot -wire -anemometer output. The hot -wire - 
anemometer signal, usually observed on an oscilloscope, follows a definite 
evolutionary process as the weight flow is decreased. As an illustration, 
this process is described in conjunction with the performance character- 
istic of a single-stage axial-flow compressor (fig. 3). 

When the test is begun, at high weight flows near the best operating 
point of the compressor, the hot-wire signal viewed on the oscilloscope 
indicates sharply defined blade wakes in region A. Typical oscillograms 
showing these blade wakes are given in figure 4. As the weight flow is 
reduced below the peak -pressure -ratio weight flow denoted by region B of 
figure 3, the blade wakes become wider and less well defined, indicating 
flow separation and the possibility of stall somewhere along the blade. 

A momentary or unstable stall zone covering several blade pass ag es is 
occasionally observed on the oscilloscope. The sporadic stall zone is 
often the herald of a periodic rotating-stall pattern that develops at 
lower weight flows. Periodic rotating-stall zones are observed as the 
weight flow is further reduced to region C of figure 3. A typical 
rotating-stall pattern for this area is shown by the oscillogram of fig- 
ure 5. Further throttling of the compressor weight flow may promote 
changes in the rotating-stall patterns with respect to the number and 
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size of the stall zones. If the weight flow is gradually increased, gen- 
erally the same rotating-stall patterns will appear; however, the stall 
pattern will he instigated at higher weight flow, as shown in figure 3. 
This behavior of stall instigation is called hysteresis. 

Characteristics of exper imentally observed stall patterns. - Single- 
stage compressors: Rotating-stall characteristics have been investigated 

in a considerable number of single-stage experimental compressors, with 
symmetrical, solid-body, or free-vortex velocity diagrams and a variety 
of blade shapes. The rotating-stall data obtained embrace a wide range 
of stall-propagation rates and number of zones in each stall pattern. 

The number of zones varies from 1 to 12, and the absolute propagation 
rate varies from approximately 10 to 85 percent of rotor speed. Gener- 
ally, more than one stall pattern occurs; that is, the number of zones 
and the geometric configuration of the stall-zone region change as the 
flow is varied in a given compressor. Figure 6 is a typical single- 
stage-compressor performance map with the stall patterns observed and the 
weight-flow range of each pattern indicated on the figure. Generally, 
as in the example used in the figure, the propagation rate remained essen- 
tially constant over the entire stall region, notwithstanding changes in 
the number of stall zones. Some exceptions to the consistency of the 
stall -propagation rate have been observed when appreciable changes in the 
radial extent of the stall zone take place. 

Multistage compressors: Multistage compressors exhibit stall char- 

acteristics similar to those of the single-stage units. The stall zones 
appear to extend axially through the compressor, that is, with little or 
no spiraling. As the weight flow was throttled at a constant speed, the 
number of stall zones in the annulus varied from 1 to 7 among the several 
compressors investigated. Rotating stall in multistage compressors may 
exist from choked flow to surge at low speeds. The rotational speed of 
the stall zones ranged from 43 to 57 percent of the rotor speed, and the 
stall propagated in the direction of the rotor rotation (absolute frame 
of reference) for all compressors investigated. 

Rotating-stall characteristics are superimposed on a typical 
multistage-compressor performance map in figure 7. For this compressor, 
stall existed throughout the compressor in the intermediate -speed range. 
The n umb er of stall zones increased with a decrease in the weight flow 
at a given speed. 

Single- and multistage stall data summary . - Tables I (a) and (b) 
give a general s umma ry of the stall data from single- and multistage 
compressors, respectively. More information regarding stall has been 
taken for single-stage units than for multistage compressors. Single- 
stage-compressor design data are given in table II. 
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Rotating stall may be classified as progressive or abrupt, according 
to the performance characteristic of the compressor. In addition, the 
stall pattern is described as partial or total span and steady or inter- 
mittent, according to the geometry of the stall zone and the periodicity. 

P rogressive or abrupt stall . - Classifying rotating stall by the 
type of stage performance characteristic associated vith it is probably 
the most important way to denote stall types. A smooth, continuous stage 
performance characteristic in the stall region similar to that shown in 
figure 6 indicates the gradual increase in blocked annulus area due to 
stall. Appropriately, this type is called "progressive" stall. In 
contrast, a discontinuous stage performance characteristic like that shown 
m figure 3 has also been observed during stall. Generally, for this 
type of performance curve a single stall zone covering as much as half 
the annulus area and extending over the entire blade span has been ob- 
served. Because of the discontinuity in the pressure curve, this type 
of stall is called "abrupt." 


The term "complete compressor stall" is applied to multistage com- 
pressors to describe a discontinuous performance curve similar to that 
for abrupt stall of single-stage compressors. The complete-compressor- 
stall points on the performance map define the stall-limit line. 

The magnitude of the pressure drop at the discontinuous point of the 
performance characteristic is shown in figure 8 for abrupt stall of blade 
elements. Here the pressure drop due to stall divided by the pressure 
rise immediately before encountering stall is plotted against the com- 
pressor pressure ratio measured just before compressor stall. Both 
single- and multistage data are included; that is, both abrupt and 
complete -compressor-stall data are plotted. Evidently, abrupt stall of 
some blade elements and complete compressor stall are similar. From this 
figure it is apparent that the pressure drop accompanying complete com- 
pressor stall is severe and will result in appreciable penalties in com- 
pressor efficiency. 

Partial- or total-span stall . - The radial extent of the stall zone 
along a blade is another convenient characteristic for classifying rota- 
ting stall. In addition to extending circumferentially over several 
blade passages, the stall zone also covers part or all of the blade span. 
Thus, the term partial-span stall is used to denote stall covering part 
of the blade span, and total-span refers to stall covering the whole 
blade length. Figure 9 shows the type of oscillogram obtained during a 
radial traverse with a hot-wire-anemometer probe. The large-amplitude 
pulsations from hub to tip (fig. 9(a)) are typical for total-span stall. 
Figure 9(b) shows a partial-span stall concentrated at the tip, as shown 

by the disappearance of the stall "blip" from the anemometer trace at 
the hub. 
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Steady or intermittent stall . - It has been observed that compressors 
may also have an intermittent type of stall pattern for a given operating 
point. In this case one stall pattern exists for an instant, then changes 
to a new stall pattern. Intermittent changing among three different stall 
patterns has been observed in one multistage compressor. 


The following general observations concerning rotating -stall phe- 
nomena are made from examination of the existing data. The remarks apply 
to both single- and multistage compressors . Exceptions to the generaliza- 
tions are also discussed. 

Hysteresis effect . - When a compressor is being run at a constant 
aerodynamic speed and a rotating-stall pattern is encountered during a 
throttling of the weight flow, usually that same stall pattern will be 
observed for subsequent repeated tests. In fact, for single-stage tests 
over a range of speeds the stall pattern will be repeated for all speeds 
if the compressor is operated at the same flow coefficient in each case. 
However, it is interesting that, once a stall pattern has been established 
during a throttling process, if the flow is allowed to increase the pat- 
tern will persist above the value of the throttled weight flow (or flow 
coefficient for single-stage compressors) to a higher weight flow before 
disappearing. A graphical superposition of this apparent reluctance of 
the stall pattern to change on a compressor performance curve resembles 
the well-known hysteresis loop of other physical phenomena. Consequently, 
it has been labeled "hysteresis," although no time -dependency is involved. 
The resemblance is most striking for abrupt stall, because a distinct 
loop is formed. 

This so-called hysteresis effect is also present when a change in 
the stall pattern occurs. The weight flow marking the inception of a 
pattern during the throttling process is lower than that marking the 
disappearance of the pattern when the flow is increased. 

Stall -propagation rates . - Single-stage compressors exhibit a wider 
range of stall -propagation rate than multistage compressors. Most multi- 
stage compressors have stall patterns with propagation rates of about 
half the rotor speed; whereas, single-stage-compressor stall patterns 
range from approximately 10 to 85 percent of rotor speed. Both multi- 
stage and single-stage compressors usually exhibit one stall-propagation 
rate for all stall patterns, if the geometry of the stall pattern does 
not change. Exceptions to this generality have been mentioned in the 
discussion of single-stage stall data. No exceptions have been observed 
for multistage compressors. 


General Observations on Rotating-Stall Phenomena 
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. . apd P ressure fluctuations . - Table l(a) includes a column in 

which the flow fluctuation accompanying rotating stall in a single-stage 
compressor is listed in terms of the parameter ApV/pV. The magnitude of 
ApV/pV varies from 0.6 to 2.14. No apparent correlation of the magnitude 
of the parameter with the size or number of stall zones can he obtained 
from the existing data on single-stage compressors. 

The magnitude of Apv/ pv for blade wakes measured during design 
flow conditions may range from approximately 0.1 to 0.2. By comparison, 
the stall disturbance is rather severe. 

The magnitude of the parameter Apv/pV in the inlet stage of a 10- 
stage research compressor was found to be similar to that observed in 
single-stage compressors. The stall data reported in reference 9 were 
obtained at 50, 60, and 70 percent of design speed. This operating region 
is the inlet-stage stall region indicated in figure 1. By locating hot- 
wire anemometers at various axial stages, the magnitude of the flow fluc- 
tuation throughout the entire compressor was measured. The data of fig- 
ure 10 (ref. 9) show that the intensity of the flow-fluctuation level 
diminished appreciably after the fourth or fifth stage of the compressor. 

The pressure fluctuations peculiar to the abrupt stall that occurs 
along the stall-limit or surge line of multistage compressors are signifi- 
cant, because the attendant efficiency drop limits the useful engine 
operating range. In discussing figure 8, it was pointed out that an ab- 
rupt (40- or 50-percent) drop in pressure rise may occur when the compres- 
sor operating point reaches the stall-limit line. In reference 10 the 
drop in the discharge pressure and the pressure fluctuation accompanying 
abrupt stall were measured during stalled operation. At 82-percent design 
speed, when the compressor reached the stall-limit line, the mean level 
of the discharge pressure dropped 50 percent and the discharge pressure 
fluctuated 25 percent above and below the mean pressure level of the 
stalled operation. 

Usually, the rotating-stall pattern observed when the stall-limit 
line is reached is a single -zone total-span stall. Because of the dis- 
continuity in the performance curve, the stall is classified as abrupt. 

Multistaging effect . - Experimental evidence has shown that data on 
propagation rate or number of stall zones in single-stage compressors do 
not apply to the rotating-stall characteristics of multistage units com- 
posed of these stages. In reference 11, the single-stage stall data for 
three identical stages composing a multistage compressor are compared 
with the multistage stall data. In order to explain the difference in 
the stall of stages tested individually and as a part of a multistage 
compressor, multistaging or interaction effects must be considered. 
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In multistage compressors, each stage operates in an aerodynamic 
environment determined to some extent by all the compressor stages. This 
environment comprises two multistaging or interaction effects : 

(1) The radial gradients in axial velocity emanating from a stage at 
off-design operation, which may be sufficiently severe to cause a 
stall angle of attack over a part of the blade span of some down- 
stream blade row 

( 2 ) The influence of low -flow or stall zones emanating from other 
stages of the compressor 

The result of the radial gradient in axial velocity might well be 
the development of a rotating -stall pattern considerably different from 
anything expected from single-stage stall data alone. In a series of 
tests conducted at the NACA Lewis laboratory on a production turbojet 
engine , it was observed that the stall characteristics of the compressor 
could be changed by altering the velocity profile entering the first blade 
row. Wire screens were used to partially block the flow into the compres- 
sor inlet. When the screens were arranged to produce circumferential 
variation in the flow, ho appreciable changes in the stalling characteris- 
tics were evident. However, when radial gradients in the flow were 
achieved by partial blockage of the whole annulus of the inlet passage, 
the stalling characteristic of the compressor was altered significantly. 

It was previously pointed out that, when rotating stall occurs in 
multistage compressors, the stall zones extend throughout the entire axial 
length of the compressor, as shown in figure 10. This means that each 
stage in the compressor will experience periodically recurring low-flow 
zones. If a stage or stages operate sufficiently near the stall point, 
the presence of the low-flow zones may cause stall angles of attack to 
occur when the blades pass through the stall zones. 

Variation in stall patterns . - One of the objectives in presenting 
table I is to emphasize the great variety of stall patterns that have 
been observed. At present, there appears to be no way of cataloging the 
stall with respect to any type of compressor design. Among several com- 
mercial engines of one type, each of which was installed in the same test 
facility, the stall patterns were different, although the propagation 
rate remained essentially the same. Apparently, in this case the stall 
pattern was sensitive to such small changes in compressor geometry as 
would result from production tolerances. Such minute differences in 
geometry would be difficult to include in a theory that would predict the 
stall pattern from design data. 

Effect of inlet temperature . - Stall frequency for a given stall 
pattern is proportional to actual engine speed and is independent of in- 
let temperature. The speed range over which a given stall pattern is 
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observed is a function of equivalent speed and, therefore, varies with 
inlet temperature. If the mechanical speed is changed to accommodate inlet 
temperature changes, so that the corrected speed n/n/ 0 is constant, the 
stall frequency will vary with the mechanical speed. Consequently, it 
w iH "be impossible to tune the natural frequency of the compressor blades 
to avoid a resonance with the fundamental stall disturbance or its harmonics 
over a range of compressor -inlet temperatures. 


Blade Vibration Incurred during Rotating Stall 

Since rotating stall consists of one or more low-flow zones that ro- 
tate in the compressor annulus, usually at constant speed, the blade rows 
experience periodic aerodynamic forces as the low- and high-flow zones go 
by the blades. In reference 12 the fluctuating forces due to rotating 
stall were measured on the guide vanes and stators of a single-stage com- 
pressor. The blade-force fluctuations during rotating stall were compara- 
ble to the steady-state blade force measured during unstalled operation. 
This periodic force can therefore be a source of resonant blade vibration, 
where the frequency of the stall relative to the blades excites the blades. 
From current evidence , the compressor designer must always be concerned 
with the possibility of blade failure due to resonance between the blade 
frequency and the stall frequency. 

Single-stage compressors . - When the high stresses accompanying ro- 
tating stall are investigated, it is necessary first to determine the 
magnitude of the blade stresses when accompanied by rotating stall. An 
investigation of the effect of rotating stall on the blading of a single- 
stage compressor with a hub-tip radius ratio of 0.5 is reported in ref- 
erence 13. The experimental results show that stall zones can excite 
blade vibration with resultant bending stresses sufficiently severe to ' 
cause blade failure. Fatigue cracks were observed in the aluminum stator 
blades. The blades were in resonance with the first two harmonics, as 
shown in figure 11, which is a plot of the ratio of the stall frequency 
to the natural bending frequency of the blade against rotor speed. 

Resonant vibrations occur at compressor speeds corresponding to the in- 
tersection of the stall-frequency line with horizontal lines representing 
resonance with the fundamental stall frequency and the first two harmonics. 

Other fatigue failures of experimental single-stage compressors have 
been attributed to rotating stall. Stall data were not obtained for all 
the compressors that failed, but each compressor had been operated in the 
stalled region. Most of these compressors were stages of 0.5 hub-tip 
ratio. A fatigue failure with much shorter blades, where the hub-tip 
ratio was 0.72, was attributed to resonance between the relative funda- 
mental stall frequency and the natural bending frequency of the blades 
(see ref. 14). 


CONFIDENTIAL 


NACA RM E56B03b 


Multistage compressors . - Although several multistage -compressor 
failures at the NACA might be attributable to rotating stall, only one 
was sufficiently instrumented with strain gages and hot-wire anemometers 
to trace the failure directly to rotating stall. This investigation is 
reported in reference 15, in which a resonant-vibration condition was 
found in the first-stage rotor at approximately 62- and 70-percent design 
speed, as shown in figure 12. The strain-gage data indicated vibratory 
stresses of approximately ±13 , 500 and ±34,800 pounds per square inch, 
respectively, at these operating points, which were sufficient to cause 
fatigue failure of the aluminum blades. Typical high-stress vibration 
bursts caused by rotating stall as recorded from the strain gages are 
shown in figure 13 for 62-percent design speed. 

Methods of alleviating blade vibration . - To the axial-flow-compressor 
designer, the most serious result of rotating stall is blade failure. The 
theory of rotating stall developed thus far does not provide a method for 
predicting stall frequency for new designs and thus "tuning” blades out of 
dangerous blade -vibration frequencies. Furthermore, as mentioned in the 
discussion of the effect of inlet temperature on the stall frequency, it 
appears impossible to tune the blades for all the troublesome stall fre- 
quencies over the range of inlet temperature encountered in flight. 

Inasmuch as it appears impossible to tune blades to avoid critical 
stall frequencies, other possible means of circumventing the blade- 
vibration problem must be considered. These include: (l) increasing the 

damping of the blades, (2) preventing the operation of any compressor 
blade row in a stalled attitude, and (3) disrupting the periodicity of 
the stall patterns so that a resonant condition between the blade fre- 
quency and the stall frequency cannot exist. 

Increasing blade damping: The vibration-damping properties of a 

blade may be changed markedly by changing the blade material. Some 
materials exhibit greater damping properties than others; for example, 
stainless steel has better damping properties than aluminum. Blades 
fabricated from plastics are currently being investigated for their damp- 
ing qualities. Obviously, the damping properties of a blade may also be 
improved by changing the mechanical design of the blade. Such modifica- 
tions as altering the thickness -chord ratio, the aspect ratio, or the 
fillet radius may substantially increase the stiffness of blades. In 
addition, the method of blade attachment or blade support is a design 
variable that can alter the damping. 
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Preventing stalled attitude : As was mentioned in the INTRODUCTION 

par -speed operation of multistage compressors causes the exit stages to 
choke which limits the flow in the inlet stages and causes them to stall. 
Any bleed- off system that unchokes the rear stages will alleviate the 

S 4 .nT" inS condition in inlet stages and consequently will increase the 
stall-free range of the compressor. 

Another possible method of increasing the stall-free range of a com- 
pressor is the use of adjustable guide vanes and stators. By this method 
e angle of attack on the inlet rotors is diminished so that stall of the 
early stages is delayed. By increasing the angle of attack in the latter 
stages, the situation there is improved. This device is currently beine 
used in one commercial multistage compressor as a means of improving the 
part-speed operation. y ^ 

Disrupting periodicity of stall: As a means of controlling the 

stalling characteristics of multistage compressors, adjustable inlet 
ramps or baffles have been used. Reference 16 reports the successful ap- 
plication of ramps at the hub that appreciably reduced the range of inlet- 
stage stall. The effect of the ramps or baffles is to reduce the inlet 
flow area. In engines ' tested with the baffles, rotating- stall patterns 
were no longer periodic, and the danger of blade failure due to resonant 
vibration was eliminated. 


Theories of Rotating Stall 

Several theoretical analyses have been proposed to predict the propa- 
gation rate of rotating stall. In order to identify the theories for 
discussion, each is referred to by the name of the first author. The 
notation is that used in the original references. 

Emmons theory . - In the presentation of the Emmons theory in refer- 
ence 17, the authors did not produce a result involving the prediction of 
stall-propagation rates. The purpose of the analysis was to establish the 
necessary conditions for the amplification of small disturbances of asym- 
metric flow corresponding to those observed in stall propagation. 

The physical model analyzed was a cascade in which total-pressure 
losses were considered by introducing a parameter a, which consisted of 
the ratio of an isentropic flow area required to carry the inlet flow to 
the actual exit flow area. A linear dependence between this parameter 
and the tangent of the inlet flow angle of the cascade was assumed, and 
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the static pressure behind the blade row was considered constant. 

[NACA data (ref. 18) show that the static pressure behind the blade row 
varies appreciably.] Under certain circumstances, with the assumption of 
an initial small asymmetric disturbance at the cascade entrance, the 
analysis showed emphatically that the asymmetric flow will develop into 
a large disturbance. 

As a result of the small- perturbation analysis, the authors of the 
Emmons theory concluded that the velocity of propagation is proportional 
to the wavelength. The Emmons theory suggests that an analysis involving 
finite disturbances will yield an answer to the size of the stall zones. 

Stenning theory. - The Stenning theory (ref. 19) extends the work of 
Emmons by more precisely defining the time-delay mechanisms on which the 
velocity or propagation of rotating stall depends. The principal time 
delays considered are the inertia of the fluid between the airfoils and 
the response of the boundary layer. 

Theory: The author bases his analysis on the same model setup used 

by Emmons, where it was assumed that the effective outlet area of a chan- 
nel representing the blade passage is reduced as a result of stall and 
that the static pressure remains constant behind the cascade. By con- 
sidering small perturbations in velocity from the steady flow, a solution 
is obtained from momentum considerations within the cascade for the veloc- 
ity of stall propagation in terms of inlet and exit angle, chord to wave- 
length ratio, and effective-area to inlet-area ratio. 

Results and conclusions: According to Stenning, the equation for 

stall-propagation rate is 


U, 


m 


cot 


CD 


c. 


cs? cos 



T + cos 


Lmt 



where 


U m stall- zone velocity relative to blade row 


c 


x 


axial velocity 


relative inlet -air angle 
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a- ratio of effective exit area to inlet area 
3 2 relative outlet -air angle 


L blade chord 


n integers giving harmonics 

b one-half wavelength of disturbance 

A carpet plot of equation (l) is shown in figure 14. The 
inlet-air angle 3q and the outlet -air angle 32 are treated as varia- 
bles in the plot, and the ratio L/b is considered as a parameter. The 
ordinate of the graph is the stall-propagation parameter (ratio of rela- 
tive stall speed U to rotor speed at mean blade height <LR) multiplied 
by the square of the area-ratio parameter a. Data from table 1(a) are 
presented for comparison with the values predicted by theory. It should 
be pointed out that the configuration of the compressors did not closely 
correspond to Stenning's model. Because it is impossible to obtain re- 
liable measurements of flow angles during stall, the inlet angle was 
calculated from the weight-flow data, and outlet angle could only be 
estimated. In addition, the ratio a is not a measurable quantity and 
could only be estimated as some value less than unity. (Stenning con- 
siders it to be 0.75.) Thus, only the inlet-air angle, the propagation- 
rate parameter, and the value of L/b could be considered to be "data" 
in the comparison. The carpet surfaces were drawn to extend over a wide 
range of possible exit and inlet flow angles. Assuming a to be 0.5, 
most experimental data of table I (a) are within the values predicted by 
the Stenning theory. These points are plotted on the interpolated L/b 
carpet plots indicated by the dashed lines. If a is taken as 0.75 as 
Stenning suggests, the data do not agree well with the theoretical values. 
These points do not appear in figure 14. It is not clear whether the in- 
consistency of the predicted values as compared with the data should be 
attributed to the limitations of the theory or to inappropriate applica- 
tion of the theory to compressors not similar to the model used by 
Stenning. 

The theoretical results show that the velocity of stall propagation 
relative to the rotor increases with the size of the stall zone. A com- 
parison with the test results of Emmons also shows this to be true; how- 
ever, stall data taken from the compressors of table l(a) indicate this 
may not always be the case. The inclusion of a boundary-layer time delay 
in the analysis had the effect of decreasing the velocity of propagation 
of the stall zone and indicated that rotating stall is possible for a 
range of inlet angles. 
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S ear s airfoil theory . — Sears has published two papers on the subject 
of stall propagation. The first paper (ref. 20) demonstrates that asym- 
metric flow can exist in a cascade. It also presents a picture of the 
model used by Sears for the second paper. 

Theory: To represent a blade row in a compressor, an annulus of 

infinitely many blades of small chord was chosen. This configuration 
amounts to an actuator disk or vortex sheet simulating the blade row, as 
shown in figure 15. The flow pattern was considered steady with respect 
to a rotating coordinate system (rotating slower than rotor speed), so 
that the circulation distribution in the disk could be assumed to be a 
function of the y- coordinate of figure 15. An incompressible flow field 
was assumed, and small- perturbation theory was applied in the analysis. 
Since the blades of this rotor move relative to a fixed circulation dis- 
tribution, they experience unsteady flow. Unsteady-flow theory states 
that airfoils will shed wakes at their trailing edges. The complete 
model, then, consists of a vortex sheet representing the rotor, an ir- 
rotational flow field representing the flow entering the rotor, and a 
rotational flow representing the wake leaving the rotor disk. 

The model proposed .by Sears differs from that used by Emmons in the 
following respects: Sears uses an actuator disk where Emmons used a 

cascade of finite length; and, while Emmons assumed constant static pres- 
sure at the exit of the cascade, Sears considers the vorticity following 
the blade row to be uniformly distributed and does not impose any restric- 
tions on the pressure field. 

The principal object of Sears in reference 20 was to develop the 
relation between the induced velocities at the rotor disk and the circula- 
tion distribution. Briefly, the manner of solving the problem was to 
divide the flow field into two parts, an irrotational part and a rotation- 
al part, and then to devise relations between the x and y velocity 
components in each type of flow (see fig. 15). The next step was to 
develop expressions for the circulation in terms of the velocity distri- 
bution. The induced inflow velocities at the actuator disk could then be 
calculated when the circulation distribution was known. To complete the 
solution, airfoil theory was used to relate the circulation function to 
the incidence angle of the blade row. This type of solution is called 
the "airfoil theory" to distinguish it from another analysis in which 
Sears substituted a so-called "channel theory." 

Results and conclusions : Assuming a sinusoidal variation in the 

circulation distribution. Sears found that no solution could be obtained 
for a lift function that was linear with incidence angle, whether the 
airfoil is stalled or unstalled. However, when a phase angle was intro- 
duced between the lift and angle of attack so that the lift lagged the 
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angle of attack, a solution was found, which means that a permanent asym- 
metric flow pattern exists. The phase-angle concept used by Sears was 
based on the work presented in reference 21. 

Emmons and Stenning studied the stability of an asymmetric pattern 
imposed on the flow field; Sears did not employ a stability study to show 
that an asymmetric flow could initiate itself under the conditions men- 
tioned in the preceding paragraph. 

Sears channel theory . - Theory: The second paper by Sears (ref. 22) 

presents an extension of the first theory. The analysis involving the 
airfoil relations is repeated, but the final results are presented in a 
somewhat different manner. The phase angle A is related to the 
asymmetric -flow propagation rate and the properties of the cascade by the 
following formula: 


tan A = b + + b 2) ( 2 ) 

where 



$ flow coefficient 

h/N ratio of stall-propagation rate to rotor speed, absolute frame of 
reference 

0 absolute inlet -air angle 

The analysis also presents an equation that relates the slope of the 
curve m to the variables appearing in equation (2): 

= 1 + 2 b V 1 + (t + k) 2 cos A (3) 

where o is the solidity. The curves of the predicted asymmetric flow 
patterns for the airfoil theory (fig. 16(a)) result from the simultaneous 
solution of equations (2) and (3). It should be noted that the parameter 
k used by Sears is the ratio of the stall-propagation speed to the axial 
velocity. 
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, , , Ia th “ ^eory, an analysis involving channel relations is substi- 
tuted^ the airfoil analysis. The so-called channel theory is based on 
empirical relations derived from cascade tests. The two principal rela- 
tions of the channel theory state that the relative outlet-air angle is 

rn! -°, n ° f , the + ln i e l an g le and that the pressure rise across the blade 
row is independent of the inlet -air angle. The principal distinction be- 
ween the airfoil theory and the channel theory is an inclusion of the 
total-pressure loss in the latter. Since stall implies large losses it 

to^he^r ^ th r °^ t8et that the channel theory would conform more nearly 
to the physics of the actual flow. The procedure of the analysis in- 
volving channel theory is similar to that of the airfoil theory previ- 
ously outlined. Also a phase angle 6 comparable to the phase angle 
A of airfoil theory is introduced. & 

.. Re ^ ts and conclusions: Solutions for asymmetric flows satisfying 

the conditions of the problem were found for both types of analysis ^ The 
results of both airfoil and channel analyses are pr2ented in rSer^ce 
m graphical form and are reproduced here in figure 16. The ordinate 
and abscissa are labeled with Sears' notation and in terms of the vector- 

*rr l06 I: ordinate is the rotor tangential yelocity rela- 

tive to the tangential velocity of the stall propagation divided by the 

axial velocity, and the abscissa is simply the tangent of the mean rela- 
ial ot- air angle 3'. The ordinate may also be expressed as the tan- 
gent of the swirl angle of the asymmetric flow pattern relative to the 

-L OD or • 

For the airfoil analysis, solutions were found for a considerable 
range of phase angles including zero. In reference 20 Sears assumed a 
small swirl angle and did not obtain a solution for zero phase angle; 
but in reference 22 the swirl angle considered was larger, and a solution 
resulted for zero phase angle. However, the zero-phase-angle solutions 
do seem out of the range of the compressor data and consequently are of 
little interest. 

The channel-analysis solution shown in figure 16(b) indicates that 
asymmetric flow patterns are possible for a wider range of conditions than 
was evi en from the airfoil analysis. For flow conditions comparable to 
actual compressor data, asymmetric flow solutions are possible with zero 
phase lag. The equation for the phase angle 5 used in the channel 
analysis is 


tan 5 


1 + b 2 - k 2 
b(b + k) 2 + 2k + b 


( 4 ) 


where k and b are the same parameters used in the airfoil analysis. 

n the channel— theory analysis, the slope of the pressure-rise curve 
plays a role analogous to that of the slope of the lift curve in the 
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airfoil theory. The expression for the slope tn of the pressure-rise 
curve is 


^=== = 1 + (b + k) 2 (5) 

The curves of the asymmetric flow patterns for the channel theory shown 
in figure 16(b) result from simultaneous solution of equations ( 4 ) and 


Experimental comparison: In reference 23, experimental rotating- 

stall data from several single-stage compressors are compared with the 
results of Sears' theory. Both the airfoil and channel analyses were 
tried; however, it was found that, in using the channel analysis, the 
phase angle 6 was consistently negative. To the authors of reference 
23, a negative phase angle seemed inconsistent with physical interpreta- 
tion, and for this reason the comparison was limited to the airfoil 
analysis, where the computed phase angle A was positive for all the 
data used. 

The points in figure 17 represent experimental data superimposed on 
the theoretically derived curves. The data points for each stall- 
propagation rate lie along curves of approximately constant phase angle. 
Furthermore, if the phase angle is plotted as a function of the stall- 
propagation rate, a correlation exists, as shown by figure 18. The stall- 
propagation rate diminishes as the phase angle increases, which seems to 
be in accord with the generally accepted mechanism of stall propagation. 
Also apparently involved in the process of stall propagation is a time 
constant that governs the propagation rata. The greater the time con- 
stant, the slower the propagation rate. The correlation of phase angle 
and stall-propagation rate of figure 18 does not permit the prediction 
stall-propagation rates , since the phase angle cannot be determined 
from design data. 

Marble theory . - A recent analysis of rotating stall is presented by 
Marble in reference 24. In this theory, an expression for the stall- 
propagation rate and the peripheral extent of the stall zone is developed. 

Theory: The model employed in the analysis is similar to that used 

b y Sears in his channel theory, in that the blade row is simulated by 
means of an actuator disk across which pressure and fluid velocity change 
discontinuously. Using an actuator disk to represent the blade row with- 
out the introduction of a phase angle prohibits Marble from introducing 
inertia effects within the blade row. The Stenning analysis demonstrated 
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the significance of inertia in the blade passage and its effect on stall- 
propagation velocity. Experimental characteristics of a cascade were 
utilized to prescribe the change in pressure and velocity across the ac- 
tuator disk. The pressure-rise curve across the disk (based on experi- 
mental evidence) was assumed to be a linear function of the air inlet 

for unstalled flow, but for stalled flow the pressure rise was as- 
sumed to drop disc ont inuous ly to zero. In choosing this discontinuous 
lift curve. Marble more fully described the performance of the channel 
in comparison with the Sears linearized lift curve. Consequently, Marble 
was able to obtain solutions for the peripheral extent of the stall zone 
as well as the stall- propagation rate. 

The expression for stall-propagation rate differs from that of Sears, 
in that a phase angle was not included in Marble's equation. By consid- 
ering the pressure-rise parameter to be a function of the air inlet angle 
and to behave as described, the increased losses attending stall were in- 
cluded in the analysis. Marble simulated the asymmetric flow in his 
model by considering a stall zone of variable circumferential width to 
exist in the actuator disk. It was assumed that small-perturbation theory 
could be applied to describe the influence of rotating stall on the ve- 
locity and pressure. The coordinate system used in the analysis was 
selected to rotate at stall frequency so that the steady-flow equations 
would apply. 

In order to describe the flow field upstream and downstream of the 
actuator disk, it was assumed that the pressure and angle perturbations 
vanished far upstream and were at most a constant value far downstream. 
When these upstream and downstream conditions were known, as well as the 
pressure rise and flow angle for both the stalled and unstalled region of 
the actuator disk, the problem was to find a stall zone of suitable size 
and propagation rate to satisfy these flow conditions. First of all. 
Marble solved the problem for a "simple cascade," one in which deviation 
angle remained constant for all values of incidence angle. A very simple 
expression for stall-propagation rate and circumferential extent of the 
stall zone was obtained. 


The equation for stall-propagation speed is 


— = esc 2P-L 


where 

oR stall-propagation speed 
u axial velocity 
Pi relative inlet -air angle. 


)NFib; 
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ing 


The peripheral extent of the stall zone 
expression: 


a 


is given by the follow- 


* 9 P u 

a = 2 ' ‘(Pi - Pi) PPl 1— *-J (7) 

where 

Pl relative inlet -air angle at stall 
p density 

Ap static-pressure rise at stall 

After solving the problem for the simple cascade, a solution was 
completed with "general cascade characteristics." For the general char- 
acteristics the pressure rise across the cascade and the deviation angle 
are considered functions of the incidence angle. This is a more realistic 
representation of an actual cascade. Expressions were developed for the 
stall-propagation rate and the circumferential extent of the stall zone 
that were more complicated than for the simple case. The expression for 
the stall-propagation rate based on general cascade characteristics is 


<rR 

u 


1 + a 


COS^P^' 
COS^Pg , 


CSC 


2pp 


( 8 ) 


where a is the ratio of outlet- angle perturbation to inlet- angle per 
turbation, and Pg is the relative outlet-air angle. 


The peripheral extent of the stall zone oc for the more general 
cascade model is given by 


a - 2 - ‘0>1 - Pi) 


1 2 

2 pu 

Ap* 


7 cos 2 p-j \ . 

[l + a ^ — I esc 2 Pj_ + — 


• cos 2 P 2 


O) 


where b is a constant in the expression for pressure rise across the 
cascade. 


Marble concluded that the ratio a is generally a small positive 
quantity, and that variations in the deviation angle prescribed by the 
"general cascade characteristics" would not alter the stall-propagation 
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rate predicted from the simple-cascade equation. Consequently, variations 
in the deviation angle do not influence the stall-propagation rate. This 
conclusion agrees with most experimental evidence. As has heen pointed 
out in the general discussion of rotating- stall characteristics, stall- 
propagation rate remains constant over a wide range of weight-flow condi- 
tions in the stall region. 

Experimental comparison: Because of the lack of unclassified ex- 

perimental rotating- stall data, Marble was able to use the data from only 
one compressor to compare the experimental stall- propagation rates with 
predictions from his theory. Stall data from several NACA single-stage 
compressors were compared with propagation rates predicted by Marble. 
Included in the comparison were data on total- span rotating- stall pat- 
terns in order to resemble more closely the geometry of the stall zone 
used in Marble's model. Equation (6), which is the solution for the 
simple cascade, was used to calculate the propagation rates. The equa- 
tion was modified so that the guide-vane turning and the stall-propagation- 
rate parameter of table I could be used. 

The ordinate of figure 19 is the absolute stall- propagation- rate 
parameter, and the abscissa is the inlet -air -flow angle computed at the 
mid-radius station. Good agreement was obtained between Marble's pre- 
dicted propagation rate and the data from compressor 4 of table l(a), 
but the comparison with the other data on the curve was poor. 

As is shown in figure 19, Marble's theory predicts that, for proper 
inlet angle and counterrotating guide-vane turning, the stall zones should 
rotate in the opposite direction (absolute coordinate system) to rotor 
rotation. Experimental evidence has shown that this does not occur. The 
sense of the stall- zone rotation is the same for counterrotating guide- 
vane turning as for conventional guide vanes. 

Remarks on stall theories . - In order to compare the results of the 
Stenning, Sears, and Marble theories, the phase angle introduced by Sears 
in the channel theory is considered to be zero. For this condition the 
results show that the Sears and Marble theories are identical in their 
expression of propagation rate. A comparable result from Stenning 's 
analysis indicates that his predicted propagation rate is twice that of 
the other two investigators. 

Experimental evidence shows that the radial extent of the stall 
zones varies considerably, but none of the existing theories include 
radial effects. All the theories apply to a single blade row. There is 
considerable doubt whether the theories can be applied to a single stage 
including guide vanes, rotor, and stators, or whether the theories can be 
further extended to the more complicated case of the multistage compressor. 
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A type of stall in which all the blades around the compressor annulus 
stall simultaneously, without the occurrence of a stall- propagation mecha- 
nism, has been observed. The circumstances under which individual blade 
stall is established rather than rotating stall are unknown at present. 

It appears that the stalling of a blade row generally manifests itself in 
some type of propagating stall and that individual blade stall is an 
exception. 


STALL FLUTTER 

Distinction between Stall and Classical Flutter 

Before discussing flutter, the distinction between classical flutter 
and stall flutter should be made clear. Classical flutter is a coupled 
torsional-flexural vibration that occurs when the free-stream velocity 
over a wing or airfoil section reaches a certain critical velocity. For 
wings of low frequency, this critical velocity can be calculated. Ac- 
cording to reference 25, classical flutter cannot occur with compressor 
or turbine blades, because the critical velocity required would be un- 
reasonably high. Stall flutter , on the other hand, is a phenomenon that 
has been explained on the basis of the behavior of the lift characteristic 
at stall. 


Mechanism of Stall Flutter 

At stall the lift may decrease sharply as shown in figure 20, where 
a typical lift characteristic is plotted as a function of angle of attack. 
According to reference 25, the aerodynamic damping of a blade is a func- 
tion of the partial derivative of lift with respect to angle of attack. 
When this derivative becomes negative, stall flutter is likely to take 
place. That is, a reduction in the aerodynamic damping allows the air- 
stream to feed energy into the blades and produce a self-excited 
oscillation. 

Another explanation for stall flutter is presented in reference 26, 
in which the airfoil vibration is considered to result from a system of 
Karman vortices in the airfoil wake. Whenever the frequency of these 
vortices coincides with a natural frequency of the airfoil, flutter will 
occur . 
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The concept of an aerodynamic hysteresis was developed by Studer to 
show that energy could be absorbed from the airstream to promote blade 
vibration (ref. 21). It was hypothesized in this explanation of stall 
flutter that separation at the stall point was delayed until the oscil- 
lating blade reached its position of maximum angle of attack, and then the 
nonseparated flow was not established until the blade reached its minimum 
angle of attack. The maximum and minimum angles of attack were considered 
to be above and below the stalling angle of attack, respectively, giving 
rise to the hysteresis effect. 

Brief literature survey . - The general theory of flutter, even for an 
isolated airfoil in a potential flow, is not a very elementary mathematical 
problem. The problem becomes much more complicated when flutter in a 
cascade of airfoils is considered, because the effects of the geometry of 
the cascade must be included in the theory in order to account for the 
interference effects between the blades. Much of the early work on flut- 
ter theory was devoted to airfoils with but one degree of freedom, a 
torsional oscillation or vibration. 

However, in the type of cascade that more accurately represents con- 
ditions in a turbine or compressor, according to reference 27, the stall- 
flutter oscillations may have at least two degrees of freedom, torsional 
oscillation and flexural bending. This latter type of flutter is treated 
in reference 28. The experimental observations of such a cascade showed 
that either torsional or flexural vibrations were obtained, depending upon 
the velocity of the airstream; and the frequencies of each mode were 
practically identical. The two modes of vibration were not coupled as 
in the case of the classical flutter for wings. The flutter or bending 
self-excited vibrations were explained as the result of variations in the 
angle of incidence, which in turn caused the lift force to vary. However, 
the lift force always lags the elastic force by a phase angle. The forces 
acting on a blade are shown in figure 21. Whenever the component of the 
force parallel to the damping force exceeds the damping force, a self- 
excited vibration of the blade takes place. 

The authors of reference 28 observed that self-induced vibrations 
occurred whenever the free-stream velocity entering the cascade reached 
a critical value. They found that the critical velocity could be deter- 
mined from a dimensionless velocity coefficient that was shown to be a 
function of the geometry of the cascade (stagger angle and angle of 
incidence) and the angle between the direction of the blade displacement 
and the blade chord. 

In a more recent paper (ref. 29) only one degree of freedom, a 
flexural oscillation, is admitted as a possible mode of stall- flutter 
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vibration in a two-dimensional cascade representing compressor blades. 

A different interpretation of the mechanism of flexural vibration is also 
presented in this paper. After rather extensive experimental observations, 
it was concluded that no appreciable changes in lift were observed for 
varying positions of the cascade in a separated- flow field; consequently, 
no self-excited flexural vibrations could be established by this mechanism 
as proposed in reference 28. However, it was observed that, when an 
airfoil is translated in separated flow, the lift force will feed energy 
into the blade and thus sustain a self-excited motion. 

Other more mathematically complicated treatments of flutter in cas- 
cades have been considered in papers such as reference 30. Phase dif- 
ferences in the mode of the vibration between the blades in the cascade 
are considered mathematically in this paper. 

Extension of flutter theory to compressor blades brings up a most 
complicated problem, because not only cascading effects but also centrifu- 
gal effects must be considered. The cascading or interference effects on 
flutter are not well understood for the compressor. 

Exper imental evidence . - Although stall flutter has been considered 
to be a cause of compressor blade failure, there is insufficient experi- 
mental evidence to support this view. According to reference 27, condi- 
tions where flutter exists do not correspond to operation at high angles 
of incidence and low speed, the mode of operation that has caused compres- 
sor blades to fail. The measurements required of rotating rigs in order 
to investigate the possibility of stall flutter are almost impossible to 
make with current research techniques. 
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CONCLUSIONS 
Aerodynamic Aspect 

The stalled operation of a compressor may be described as the degen- 
eration of compressor performance accompanied by serious flow separation 
in the flow passages. Three distinctively different phenomena may occur 
during stalled operation: (l) rotating stall, (2) individual blade st all , 

or (3) stall flutter. The first two are aerodynamic effects and the third 
an aeroelastic effect. Rotating stall has been found to be the most 
prevalent type of stall phenomenon. A large amount of data is available 
which demonstrates that poor performance of compressors may be directly 
attributable to the occurrence of rotating stall. 
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In this chapter , rotating -stall patterns are cataloged according to 
their effect on the performance characteristic of single-stage compres- 
sors. A progressive rotating stall is associated with a smooth continu- 
ous performance characteristic j and an abrupt rotating- stall pattern, 
with a discontinuous performance characteristic that is coincident with 
an abrupt drop in compressor pressure. Similar types of stall are ob- 
served in multistage compressors) however, the discontinuous performance 
characteristic for a multistage unit is defined here as complete compres- 
sor stall. The pressure rise across' a multistage compressor may drop as 
much as 50 percent after complete compressor stall is initiated. This 
stalling condition is particularly important, because it determines the 
limit of useful operation of the compressor (the surge limit or stall 
limit shown in fig. 1). 

With a single blade row as a model, several theories have been de- 
veloped showing the existence of asymmetric flow and in some cases pre- 
dicting the rotative speed and the size of the pattern. The results of 
the theories are in poor agreement with experimental data. 


CD 

o 
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Vibration Aspect 

Although rotating stall seems to be the most significant cause of 
blade vibration in compressors, it must be recognized from cascade data 
that stall flutter may be a possible cause of blade vibration. No ex- 
perimental evidence is presently available to show that stall flutter 
has been the cause of compressor blade excitation. If the rotating- stall 
frequency coincides with the natural bending frequency of the blade or a 
harmonic thereof, a resonant condition will result that may cause blade 
failure. Other possible causes of blade vibration include: (l) resonance 

of the rotor blade frequency with the frequency of wakes from stators or 
supporting struts, and (2) mechanical failures resulting from a resonance 
between the natural bending frequency of the blade and transmitted vibra- 
tions emanating from the gearing or shafts. These effects are considered 
unimportant compared with the problem of rotating stall. 
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TABLE I. - SUMMARY OF ROTATING- STALL DATA 


(a) Single-stage compressors 


Type of 

velocity 

diagram 

Com- 

pres- 

sor 

num- 

ber 

Hub- 

tip 

radius 

ratio 

Number 
of stall 
zones 

Propagation rate, 
Stall speed, abs 

Weight-flow 
fluctuation 
during stall, 

ApV/pV 

Radial 
extent 
of stall 
zone 

Type of 
stall 

Refer- 

ence 

Rotor speed 

Symmetrical 

1 

0.50 

3 

0.420 

1.39 

Partial 

Progri 

essive 






4 

.475 

2.14 










5 

.523 

• 1.66 

\ 





V 8 


2 

0.90 

1 

0.305 

1.2 

Total 

Abrupt 


r ° 


3 

0.80 

8 

0.87 

0.76 

Partial 

Progressive 






1 

.36 

1.30 

Total 

Abrupt 

/ 



4 

0.76 

7 

0.25 

2.14 

Par 

tial 

Progrf 

sssive 






8 

.25 

1.10 










5 

.25 

1.10 










3 

.23 

2.02 

1 

r 




\ 23 




4 

.48 

1.47 

Total 








3 

.48 

2.02 

! 









2 

.49 

1.71 

\ 

\ 

y 

r 




5 

0.72 

6,8 

0.245 

0.71 to 1.33 

Total 

Progressive 

14 

Free vortex 

6 

0.60 

1 

0.48 

0.60 

Partial 

Progressive 

> 





2 

.36 

.60 

Partial 

Progressive 






1 

.10 

.68 

Total 

Abrupt 



Solid body 

7 

0.60 

1 

0.45 

0.60 

Partial 

Progressive 






1 

.12 

.65 

Total 

Abrupt 

* 


Vortex 

8 

0.50 

3 

0.816 

— 

Partial 

Progressive 

) 

y 

31 

trans onic 



2 

.634 

— 

Total 

Progressive 

J 



9 

0.50 

1 

0.565 



Total 

Abrupt 

-- 


10 

0.40 

2 


— 

Partial 

Progressive 

32 


1 


OJ 

o 


o 



6022 


NACA EM E56B03b 


NACA EM E56B03b 


CONI’ 


IAL 


31 


TABLE I. - Concluded. SUMMARY OF ROTATING- STALL DATA 
(b) Multistage compressors 


Com- 

pres- 

sor 

num- 

ber 

Num- 

ber 

of 

stall 

zones 

Propagation rate, 
Stall speed, abs 

Radial 
extent 
of stall 
zone 

Periodicity 

Type of 
stall 

Reference 

Rotor speed 

1 

3 

4 

5 

6 
7 

0., 

57 

1 

Par 

i 

tial 

f 

Steac 

1 

Ly 

r 

Progi 

1 

’essive 

f 

Unput 

data 

1 

>lished 

2 

4 

5 

6 

0.1 

, 

55 

[ 

Partial 

J 

Intermittent 

l 

Progressive 

i 

1 

5 

\ 

3 

1 

0.48 

Partial 

Steady 

Progressive 

Unpub 

data 

} 

lished 

f 

4 

1 

2 

3 

4 

0. £ 
1 

>7 

f 

Pari 

1 

bial 

f 

Steady 

i 

Progr 

essive 

r 

5 

1 

2 

3 

4 

5 

0.5 

1 

57 

* 

Pari 

:ial 

Inter 

mittent 

r 

Progr 

1 

essive 

r 

i 

i 

6 

r 

6 

1 

0.47 

Total 

Steady 

Abrupt 

Unpublished 

data 

7 

1 

0.43 

Total 

Steady 

Abrupt 

10 

8 

1 

0.53 

Total 

Steady 

Abrupt 

16 
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TABLE II. - SINGLE-STAGE-COMPRESSOR DESIGN DATA 


Com- 

pres- 

sor 

(table 

1 (a)) 

Hub- 

tip 

ratio 

O.D., 

In. 

I.D., 

in. 

Design 

tip 

speed, 

ft/sec 


V u t 

V2/U t 

V 2 ^t 

V u t 

Vi 

Ut 

V z ,2 

u t 

V z ,3 

U t 

Ui/U t 


fV 

deg 

Pi, 

deg 

p 2 , 

deg 

deg 

<V 

deg 

1 

0.50 

14 

7 

777.5 

0.706 

0.846 

0.856 

0.740 

0.745 

0.669 

0.694 

0.716 

0.749 

0.763 

18.9 

37.9 

36.0 

20.48 

15.9 

2 

.90 

14 

12.6 


.725 

.9475 

.9475 

.725 

.725 

.670 

.670 

.670 

.950 

.950 

22.68 

45 

45 

22.68 

22.68 

3 

.80 

14 

11.2 

826 

.635 

.915 

.941 

.670 

.701 

.600 

.637 

.670 

.898 

.898 

18.95 

49.12 

47.38 

17.92 

17.1 

4 

.76 

14 

10.62 

790 

.9471 

.9585 

.9585 

.9471 

.9471 

.7328 

.7328 

.7328 

.8807 

.8807 

20.30 

39.70 

39.70 

20.30 

20.30 

5 

.72 

14 

10.09 

790 

.9273 

.9363 

.9363 

.9273 

.9273 

.7213 

.7213 

.9213 

.8594 

.8594 

20.49 

39.25 

39.25 

20.49 

20.49 

5 

. 60 



















7 

. 60 



















8 

.50 

14 

7 

1000 

.60 

.92 

.65 

.67 

— 

.60 

.558 

— 

.698 

.698 

0 

49.30 

30.67 

33.40 

— 

g 

. 50 

18 

9 

1000 
















10 

.40 

14 

5.6 

1000 

.647 

.953 

.762 

.743 

— 

.647 

.647 

— 

.7597 

.7597 

0 

47.3 

31.9 

28.9 
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Figure 1. - Over-all performance of a multistage compressor . 
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Figure 2. - Propagating stall in a cascade. 
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Figure 3. - Performance of compressor 
as operation point varies from un- 
stalled to stalled . 
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Figure 4. - Oscillograms of Blade wakes. 
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Figure 5. - Typical rotating- stall oscillogram 
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Figure 6. - Performance of single-stage compressor showing conditions at which rotating stall 
occurs* 
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Figure 7. - Performance of multistage compressor showing conditions at which 
rotating stall occurs. 
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Figure 8. - Correlation of pressure drop at stall 
with compressor pressure ratio at stall. 
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(b) Partial-span stall. 

Figure 9. - Sketches of typical oscilloscope traces of total- and 
partial-span rotating stall. 
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Figure 10* — Variation of flow fluctuation with axial distance in compressor 
at three radii at 50-percent design speed (ref. 9). 
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Figure 11. - Variation of stall frequency with rotor speed for three stall patterns in a 
single-stage compressor. 
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Figure 13. - Oscillogram of vibration burst caused by six- zone stall pattern. Engine speed, 62 percent design; 
blade-vibration frequency, 219 cycles per second (ref. 15). 
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Figure 15. - Actuator disk employed, by Sears. 
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Figure 17. - Correlation of stall data with analytically derived phase angle (Sears theory). 
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Figure 18. - Relation between stall rotational speed relative to rotor and phase 
angle (ref. 23). 
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Figure 19. - Comparison of single-stage stall data with Marble's theory. 
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CHAPTER XII 


COMPRESSOR SURGE 


By Merle C. Huppert 


SUMMARY 


Experimental data indicate that there are two principal types of 
surge in compressors: (l) surge due to an abrupt stall, and ( 2 ) surge 

hue to progressive stall. Surge due to abrupt stall is generally violent 
and audible, whereas that occurring with progressive stall is generally 
mild and inaudible. The violent surge obtained in jet engines during 
engine acceleration is identified as surge due to abrupt stall. 


The effect of unsteady flows on compressor performance and life ex- 
pectancy has become of considerable interest and importance in the appli- 
cation of axial-flow compressors to jet engines. Perhaps the most sig- 
nificant flow fluctuations are those associated with stall of blade 
elements within the compressor. In the past, any audible flow fluctuation 
or rumbling noise emanating from a compressor was loosely defined as 
surge. Comparatively recent investigations show that certain flow fluc- 
tuations are not due to surge in a strict sense, but are due to a phe- 
nomenon called propagating or rotating stall. Rotating stall, which is 
discussed in detail in chapter XI, consists of zones of low flow that 
revolve about the compressor axis. 

The term surge, as used herein, defines flow fluctuations distinctly 
different from those due to rotating stall. Surge involves fluctuations 
in the net flow through the compressor} whereas rotating stall consists 
of low-flow zones revolving about the compressor axis, but with a con- 
stant net or average flow through the compressor. 

This chapter presents a discussion of surge in axial-flow compressors. 
Pressure- and flow-fluctuation data obtained from surging compressors are 
presented and discussed. Data obtained from both compressor test facili- 
ties and jet engines are included. Some theoretical aspects of surge are 
discussed, and a distinction is made between surge due to abrupt stall 
and surge due to progressive stall. The surging compressor is compared 
with other types of oscillators. 
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SYMBOLS 

The following symbols are used, in this chapter: 


1 stall 

frequency of flow fluctuations due to rotating stall, cps 

•^surge 

frequency of flow fluctuations due to surge, cps 

P 

total or stagnation pressure, lb/sq ft 

AP C 

compressor total-pressure rise at stall point, lb/sq ft 

^stall 

decrease in compressor-discharge total pressure due to abrupt 
stall, lb/sq ft 

AP 

surge 

amplitude of total-pressure fluctuation due to surge, lb/sq ft 

V 

air velocity, ft/sec 

w 

weight flow,- lb/ sec 

wa/6>/s 

equivalent weight flow, lb/sec 

a 

angular spacing of hot-wire- anemometer probes, deg 

5 

ratio of total pressure to NACA standard sea-level pressure 
of 2116 lb/sq ft 

e 

ratio of total temperature to NACA standard sea-level tem- 
perature of 518.7° R 

\ 

number of stall zones in stall pattern 

p 

density, lb/cu ft 

^v/pT 

amplitude of pV fluctuation divided by average pV based on 
average anemometer current (see ch. XI) 


Subscripts: 


1 

station at compressor inlet 

2 

compressor-discharge station 
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STEADY-STATE COMPRESSOR CHARACTERISTIC 


Before considering the phenomenon of surge, "steady-state" or 
"surge-free" compressor operation should be discussed. Steady-state op- 
eration (sometimes called static operation) is operation under conditions 
in which the net flow through the compressor and the torque required to 
drive the compressor are constant for any given operating point. From 
this definition, operation with rotating stall is considered a steady- 
state condition. (Rotating stall is discussed in detail in ch. XI.) Fig- 
ure 1 shows the range of flow for each of several compressor speeds over 
which steady-state operation occurred in a 10-stage axial-flow research 
compressor. The shaded areas indicate the flow range where rotating stall 
existed. At 50 percent of design speed, rotating stall occurred over the 
entire range of flow from the surge point to the maximum flow obtainable. 
The number of zones in the stall pattern, however, varies from 3 at the 
highest flow attainable to 7 at the surge point. At higher values of rota- 
tional speed, rotating stall existed over only a part or none of the flow 
range between maximum flow and the surge line. The surging obtained was 
due to abrupt stall of the compressor, as will be discussed later. 

Stall may, in most cases, be classified as either progressive or 
abrupt (ch. XI ). Progressive stall results in a gradual reduction in 
stage pressure ratio and efficiency as the flow is decreased and gener- 
ally results in the formation of a rotating- stall pattern consisting of 
more than one stall zone. The shaded area of figure 1 represents the 
condition of progressive stall in the inlet stages. Abrupt stall in 
single- or multistage compressors results in an abrupt or apparently dis- 
continuous drop in compressor pressure rise and efficiency and a "hyster- 
esis" loop between stall and stall recovery. A single-zone stall pattern 
is associated with abrupt stall. 

In the intermediate-speed range, the steady-state performance at 'a 
given compressor speed is not always unique. As discussed in chapter 
XIII, several steady-state performance characteristics may be obtained 
at a single compressor speed. 


On the basis of experimental evidence, two types of surge may be 
distinguished as follows: 


EXPERIMENTAL INVESTIGATIONS OF SURGE 


(l) Surge associated with discontinuous compressor characteristics 
due to abrupt stall 


(2) Surge associated with apparently continuous compressor charac- 
teristics where blade-row stall is progressive rather than abrupt 
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Surge Due to Abrupt Stall 


In order to describe the flow fluctuations due to surge associated 
with abrupt stall, the results of recent investigations in which fast- 
response pressure and flow instrumentation were used will be reviewed. 

10-Stage subsonic axial-flow research compressor . - The investiga- 
tion reported in reference 1 was conducted with a 10-stage subsonic 
axial-flow research compressor. The test facility incorporated a large 
inlet tank and a large receiver at the compressor discharge. The over- 
all compressor performance map showing the speed and flow range where 
rotating stall occurred is presented in figure 1. At all rotational 
speeds investigated, the useful operating flow range was terminated at 
low flows by a violent surge. 

The flow fluctuations associated with surge at 50 percent of design 
speed were investigated in some detail) the variation in compressor- inlet 
and -discharge total pressure and the variation in flow rate measured 
behind the first rotor due to surge are shown in figure 2. The amplitude 
of the compressor-discharge total-pressure variation (fig. 2(a)) was 75 
percent of the compressor pressure rise at the surge point. The varia- 
tion in compressor- inlet stagnation pressure was somewhat smaller. The 
compressor-discharge pressure recovered to the value at the surge point 
at the end of each surge pulse. The hot-wire-anemometer signal (flow 
fluctuations, fig. 2) indicates that the initial drop in compressor- 
discharge pressure was coincident with a sharp drop in flow. As the 
compressor-discharge pressure continued to decrease, however, the flow 
increased and exceeded its value at the beginning of the surge pulse. 

The flow is maximum when the compressor-discharge pressure is 
minimum. The recording oscillograph used to obtain the oscillogram re- 
produced in figure 2 was not capable of recording frequencies greater 
than about 90 cps . Consequently, these oscillograms indicate only the 
low-frequency components of the variation in flow and pressure during 
surging operation. 

The flow fluctuations that occurred during a surge pulse are shown 
in much greater detail in figure 3. The oscillograms shown (film strips) 
were obtained from hot-wire- anemometer signals recorded from a dual-beam 
direct- coupled cathode-ray oscilloscope (signal filtered to pass fre- 
quencies from 0 to 10,000 cps). Signals from anemometer probes installed 
behind the third, seventh, and tenth stators are shown along with the 
signal from an anemometer probe installed behind the first rotor. A 
rotating- stall pattern with a single stall zone is shown at all four 
axial stations at the beginning of the surge pulse. As pointed out in 
chapter XI, single-zone rotating stall is typical of abrupt stall. As 
the flow was reduced following the formation of the single- zone stall 
pattern, the stall zone evidently spread to cover the complete annulus of 
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the compressor. Stall-zone spreading to cover the complete annulus dur- 
ing surge, as noted in this investigation, is not typical. Surge data ob- 
tained from several jet engines and from other compressors operating in 
compressor test facilities indicate that the single-zone rotating- stall 
pattern usually exists up to the time of stall recovery. Stall recovery 
resulted in a marked increase in flow followed by a comparatively gradual 
reduction. As the flow was reduced following stall recovery, the first 
stall pattern indicated on the oscillogram was the one consisting of three 
stall zones. Although not shown in figure 3, the stall patterns with 
four, five, and six stall zones appeared in succession as the flow was 
further reduced. Just before abrupt stall (end of one surge pulse and 
beginning of next), the stall pattern with seven stall zones was indi- 
cated (fig. 3). The stall patterns obtained after stall recovery (weight 
flow decreasing) were the same as those obtained during steady-state 
operation (fig. l). Abrupt stall without surge was not obtained during 
this investigation. 

16-Stage subsonic axial-flow compressor . - The test facility used 
for the investigation of the 16-stage subsonic axial-flow compressor 
was similar to that used for the 10-stage compressor. A large inlet tank 
was used at the compressor inlet. The construction of the receiver at 
the compressor discharge permitted the installation of flow-control de- 
vices (throttles) at two stations. The throttle close to the compressor 
permitted operation with a small receiver volume, and the throttle some- 
what downstream of the compressor permitted operation with a much larger 
effective receiver volume. The large receiver volume was approximately 
9 times that of the small receiver volume. 

A violent audible surge was obtained at all compressor speeds from 
30-percent design to design speed when the large receiver volume 
was used. Figure 4 is an oscillogram showing the variation in total 
pressure at the compressor inlet and discharge during surging operation 
with the large receiver volume at 50 percent of design speed. The surge 
frequency was about 1 cps. The compressor-discharge pressure reduction 
during the surge was about 40 percent of the compressor pressure rise at 
the surge point. , The inlet pressure increased about 8 percent during a 
surge pulse. Rotating stall is indicated on the oscillograms during the 
time interval in which the compressor-discharge pressure is decreasing. 

The rotating stall is, however, shown much better by the hot-wire- 
anemometer trace in figure 5. The oscillogram shown in figure 5 was also 
obtained during surging operation at 50 percent of design speed. The 
surge frequency, however, was 1.6 cps at the time the oscillogram was ob- 
tained. The rotating- stall pattern contained one stall zone and was ro- 
tating about the compressor axis in the direction of rotor rotation (ab- 
solute frame of reference) at about 45 percent of compressor speed. 

The pressure and flow fluctuations due to surge obtained with the 
16- stage axial-flow compressor are quite similar to those obtained with 
the 10-stage compressor. The surge pulse was initiated by the formation 
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of a single-zone rotating-stall pattern; but, unlike that of the 10- 
stage compressor, the stall pattern persisted until stall recovery was 
effected. Actually, the persistence of the single-zone rotating-stall 
pattern, until stall recovery occurs, is fairly typical of compressors 
surging in jet engines. 

When the compressor was operated with the small receiver volume, 
audible surge was not obtained at 50 percent of design speed. Instead, 
abrupt stall was obtained as shown by the oscillogram in figure 6. The 
rotating-stall pattern obtained is the same as that indicated during the 
surging operation when the large receiver volume was used. The decrease 
in compressor-discharge pressure due to abrupt stall was approximately 
the same as the amplitude of the compressor-discharge pressure oscilla- 
tion due to surge (fig. 4). The compressor- inlet and -discharge pres- 
sures increased gradually following stall because of the flow reduction 
through the inlet throttle. The compressor pressure ratio following 
abrupt stall was essentially constant. Audible surge was not obtained 
when the small receiver volume was used, presumably because stall recov- 
ery did not occur during the flow transient caused by abrupt stall. The 
reduced receiver volume resulted in a more rapid adjustment in receiver 
pressure following stall and consequently smaller oscillations in net 
flow. It is of interest to note that, although audible surge due to cy- 
clic stall and stall recovery was not obtained when the small receiver 
volume was used, stalled operation was not completely stable. A mild 
inaudible surge with a frequency of approximately 5 cps was indicated 
(fig. 6). The amplitude of these mild surge oscillations appeared to 
vary in a somewhat random fashion. 

Operation at 30 percent of design speed with the large receiver vol- 
ume resulted in intermittent abrupt stall and surge, as shown in figure 7. 
The oscillogram was obtained with a fixed setting of both the inlet and 
discharge throttles. While the compressor remained stalled, a single- 
zone rotating stall with a frequency of about 14 cps was indicated. The 
stall zone was rotating at approximately 45 percent of compressor speed. 
Also, during stalled operation a mild inaudible surge was indicated on 
the oscillogram. The mild surge frequency, about 2 cps, was somewhat 
less than that obtained with stalled operation at 50 percent of design 
speed (fig. 6), where the mild-surge frequency was about 5 cps. 

According to reference 2, the frequency of surge should be propor- 
tional to the reciprocal of the square root of the receiver volume. The 
large receiver volume was approximately 9 times that of the small 
receiver volume. Then, according to reference 2, the surge frequency 
with the small receiver volume would be approximately 3 times that with 
the large receiver volume. This is in agreement with mild-surge data. 

The surge data obtained for the 16-stage axial-flow compressor demon- 
strate that surge may or may not result from abrupt stall, depending on 
the volume of the receiver into which the compressor is discharging. In 
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addition, the data demonstrate that, with a given receiver volume, surge 
due to abrupt stall is more likely to occur at high than at low compres- 
sor speeds. In many cases, abrupt stall is obtained without surge as 
defined, herein (e.g., refs. 3 and 4). But, for high-pressure-ratio com- 
pressors, surge due to abrupt stall is common in compressor test facili- 
ties and in jet engines. 

Surge in jet engines . - Surge in the compressor component of a jet 
engine is much the same as surge obtained with the 16- stage axial-flow 
compressor operating in a test facility. The principal difference is 
that the surge frequency in a jet engine is generally somewhat greater 
(5 to 15 cps ) than that for the same compressor operating in a test fa- 
cility. The surge frequency in a jet engine is increased mainly because 
the volume of jet- engine combustors is somewhat smaller than that of the 
receivers used in compressor test facilities. 

An experimental investigation of stall and surge in a jet engine is 
reported in reference 5. Surge was obtained by subjecting the engine to 
a step increase in fuel flow. For the particular jet engine used in the 
investigation, surge occurred as a result of abrupt stall at compressor 
rotational speeds where the pressure drop due to stall was greater than 
16 percent of the pressure rise at the stall point. The pressure ratio 
at which stall occurred is referred to as the critical pressure in ref- 
erence 5. Figure 8, taken from reference 5, shows the pressure-ratio 
oscillations due to surge obtained by step increases in fuel flow at com- 
pressor speeds of 72.8 and 78 percent of design speed. Also shown are 
the pressure ratio at the stall point, the pressure ratio after stall, 
and the steady-state or equilibrium operating line. The sequence of 
events following the increase in fuel flow was as follows: The 

compressor-discharge pressure increased until the stall point was reached. 
Several cycles of surge occurred, and then surging ceased and the com- 
pressor remained stalled. The engine speed increased even though surging 
occurred. When the compressor quit surging and was operating stalled, the 
rate of speed increase (acceleration) was markedly reduced. 

During surge investigations in jet engines it has been noted that 
surge does not, in all cases, begin immediately after the stall point is 
reached. In some cases, surging does not begin until after the compressor 
has operated in a stalled condition (abrupt stall) for a short time and 
the engine speed has increased somewhat. 


Surge due to progressive stall involves flow fluctuations in the 
flow range of the compressor map where there are no apparent abrupt 
changes in pressure ratio due to stall. Progressive stall may occur at 
flows greater or less than that at which abrupt stall occurs. Surge 


Surge Due to Progressive Stall 
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associated with progressive stall is generally quite mild compared with 
surge caused by abrupt stall. Mild surge obtained during stalled opera- 
tion of the 16-stage axial-flow compressor is shown in figures 6 and 7. 
The amplitude of the compressor-discharge total- pres sure fluctuations 
that occurred during mild surge is from 15 to 20 percent of that for 
surge due to abrupt stall. 

Mild inaudible surge is sometimes observed in single-stage compres- 
sors operating near the peak of the characteristic curve. In these cases 
a partial-span rotating- stall pattern is generally associated with the 
surge. The amplitude of the flow fluctuation due to rotating stall var- 
ies as the net flow rate varies . An example of this type of surge ob- 
tained with a single-stage compressor is shown in figure 9 (taken from 
ref. 6). The stall pattern obtained contained eight stall zones , and the 
flow-fluctuation frequency due to the stall pattern was 1420 cps . The 
surge frequency was from 10 to 15 cps. The amplitude of the flow fluc- 
tuations of rotating stall is greatest when the net flow is minimum and 
smallest when the net flow rate is maximum. The amplitude of the net 
flow variation due to surge shown in figure 9 was estimated to be 10 per- 
cent of the average flow rate. The amplitude of the surge fluctuations, 
however, increased and decreased in a somewhat random fashion similar to 
the mild surge shown in figures 6 and 7. 

Although a rotating- stall pattern is generally present during all 
or part of the surge cycle, mild inaudible surge without rotating stall 
has been observed in single-stage compressors. Presumably, individual 
blade stall had occurred without rotating stall. (See ch. XI for dis- 
cussion of individual blade stall. ) Other examples of mild surge are 
reported in references 2 and 7. 


Theories of surge have been primarily concerned with the question of 
the stability of the flow through the compressor and the system in which 
it is operating. The complexity of the flow system associated with the 
compressor considered in the theories has varied considerably. The analy- 
sis in reference ' 8 involves a relatively simple system consisting of an 
inlet throttle for controlling the flow and an inlet duct or tank fol- 
lowed by the compressor. Reference 2 considers a somewhat more complete 
system consisting of an inlet duct and an inlet tank followed by the com- 
pressor, which discharges into a discharge tank or receiver connected to 
an exit duct. The analysis presented in reference 9 is somewhat more 
complex than those presented in references 2 or 8, in that the inertia 
and capacitance effects of each stage of a multistage compressor are 
cons idered. 


THEORETICAL INVESTIGATIONS OF SURGE 
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The analysis of the stability of an operating point of the compres- 
sor in equilibrium with a flow system involves setting up linear differ- 
ential equations in an approximate way to describe the dynamics of the 
system. The stability of the system may be determined without actually 
solving the differential equations by use of the method of Routh (see 
ref. 10 or 11, e.g.). 

In general, the conclusions drawn as a result of all surge analyses 
are essentially the same: The system becomes unstable at compressor 

operating points where the slope of the compressor characteristic is zero 
or slightly positive. When the system is unstable, the system damp- 
ing is negative, so that any smal’l disturbances will grow in amplitude. 

A point of critical stability has no damping. As the flow varies, how- 
ever, the system damping also varies. That is, the system damping de- 
pends on the slope of the compressor characteristic at the instantaneous 
operating point during the flow fluctuation. As a consequence, the linear 
theory used to determine the stability no longer applies after the ampli- 
tude of the flow fluctuations becomes finite. Surge occurs as a result 
of the instability if the nonlineaxities of the system are such as cause 
oscillations to grow in amplitude until some limiting stable value of 
steady-state oscillations occurs. The resulting cycle of oscillations 
is called the "limit cycle" (e.g., ref. 11). So far as is known, there 
are no published analyses of surge that consider the nonlinear aspects 
of the problem. It seems evident, however, that the flow oscillations 
that result from an instability will depend to a great extent on the 
shape of the compressor characteristic. That is, the variation in the 
slope of the compressor characteristic with flow, at flows greater and 
less than that at an unstable operating point, probably constitutes the 
principal nonlinearity of the system. 

In chapter XI compressor characteristics are classified as either 
continuous or discontinuous, depending on whether stall- occurred in a 
gradual or progressive manner or abruptly. It seems appropriate to 
classify surge in a similar way. That is, surge may occur because of 
the discontinuous decrease in pressure ratio due to abrupt stall, or be- 
cause of an instability resulting from a gradual reduction in compressor 
pressure ratio due to progressive stall. 


Surge Due to Abrupt Stall 

Surge due to abrupt stall may be described in a qualitative manner 
with the aid of figure 10. The compressor static or steady-state char- 
acteristic is represented by the solid line. The throttle characteris- 
tic is represented by the dashed line which crosses the compressor char- 
acteristic curve at points A and B. Point C is the stall recovery point. 
The compressor is operating at point A (the stall point). Point B is a 
possible stable operating point. Point A is unstable, because a small 


i’l'Kj] 


corff idertial 




62 


i’lb 


CONFIDENTIAL 


\ 


NACA RM E56B03b 

* 


reduction in flow will cause the compressor to stall and immediately be- 
come incapable of producing a discharge pressure equal to that in the 
receiver. If the receiver volume were infinite, the direction of flow 
through the compressor would reverse after stall, and steady backflow 
would occur with operation at point D. If the receiver volume were very 
small, its pressure would adjust very quickly after stall to that which 
the compressor is capable of producing, and operation would instantane- 
ously come to equilibrium at point B. 


In any compressor installation the receiver volume would be neither 
laxge enough to permit steady operation at point D nor small enough to 
cause equilibrium to be established instantaneously at point B. In the 
practical case, then, the pressure and flow fluctuations may follow paths 
depicted in figure 10 as surge or abrupt stall. For the case of abrupt 
stall, the receiver pressure and flow may follow the path indicated. 

After a few damped oscillations in pressure and flow (indicated by the 
spiral path), the system comes to equilibrium at point B. If, however, 
the flow oscillations are sufficiently large to exceed the value required 
for stall recovery (point 0) , equilibrium will not be established at 
point B. Instead, stall recovery will occur and result in an increase 
in flow followed by a gradual increase in receiver pressure and decrease 
in flow. Following stall recovery, the system tends toward equilibrium 
at point A. Stall will occur again, and the cycle (called the limit 
cycle) will be repeated as indicated in figure 10. Surging will cease 
if the throttle is opened (throttle curve moved to the right in fig. 10 ) 
sufficiently to prevent stall from occurring during the flow transient 
following stall recovery. Similarly, surging will cease if the throttle 
is closed (throttle curve moved to the left in fig. 10) sufficiently so 
that stall recovery does not occur during the flow transient following 
stall. If equilibrium is established on the stalled branch of the com- 
pressor characteristic and the throttle is then opened so that the throt- 
tle characteristic passes through the stall recovery point C, the situa- 
tion is quite similar to that with operation at the stall point. A small 
disturbance in the flow may cause stall recovery, and a surge cycle may 
be established similar to that which occurs with the throttle character- 
istic passing through the stall point. Equilibrium operation after stall 
is not always completely stable. Mild surge may occur after abrupt stall 
has occurred (figs. 6 and 7). The flow fluctuations of mild surge may, in 
some cases, become sufficiently large to cause stall recovery, as indi- 
cated by the oscillogram shown in figure 7. 


Surge Due to Progressive Stall 

Mild surge due to progressive stall will be discussed in conjunction 
with figure 11. The solid curve is the compressor characteristic, and the 
dashed curve is the throttle characteristic, which crosses the compressor 
characteristic at the highest flow at which the system is critically 
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stable. That is, small oscillations about the intersection point are 
undamped. inasmuch as the slope of the compressor characteristic becomes 
larger positively at flows less than point A, the damping becomes larger 
negatively if the flow is reduced a finite amount. If the flow increases 
to a value greater than that at point A, the slope of the compressor 
characteristic becomes negative and the system damping becomes positive. 
As a consequence of the variation of the system damping with compressor 
flow, any small disturbance will grow in amplitude, as indicated by the 
spiral path from point A, until the effective or average damping of the 
cycle vanishes (see ref. ll). The resulting cycle of oscillation is the 
limit cycle. Rotating stall may exist during all or part of the surge 
cycle (fig. 9). Presumably, surge could occur at any compressor operat- 
ing point where the system damping is negative, since the flow is un- 
stable there . 


As pointed out in the section on experimental investigations, most 
data obtained with surge associated with progressive stall indicate a 
mild inaudible surge. Although the relation between the shape of the 
compressor characteristic and the amplitude of the flow fluctuations of 
surge has not been established, it seems quite likely that surge with 
progressive stall may, in some cases, become quite violent. In fact, if 
the damping is sufficiently negative, the situation is not unlike that 
for abrupt stall. 

Comparison of Compressor Surge with Other Oscillatory Phenomena 

Although surge in compressors is very undesirable, there are many 
technologically useful devices that utilize oscillatory phenomena. Since 
much of the theory of nonlinear effects has been developed through the 
study of oscillators, it seems appropriate to apply some of concepts and 
terminology used in oscillator theory to explain compressor surge. 

According to reference 11, there are two principal kinds of oscil- 
lators, feedback and relaxation oscillators. All oscillators depend for 
their operation on some nonlinear action, and feedback and relaxation 
oscillators are distinguished by the type of nonlinearity utilized to 
control the amplitude of the oscillations. Relaxation oscillators oper- 
ate by virtue of some discontinuous or quasi- discontinuous effect. Cer- 
tain trigger circuits used with relaxation oscillators are discussed in 
reference 12. The effects of the discontinuous steady -state compressor 
characteristic are evidently analogous to those of the trigger circuits 
used with relaxation oscillators. Consequently, it seems justifiable to 
refer to surge associated with abrupt stall as a relaxation oscillation. 
Similarly, it seems justifiable to refer to surge associated with pro- 
gressive stall as feedback-type oscillations. Progressive stall results 
in a progressive nonlinearity. The theoretical treatment of compressor 
surge could undoubtedly be enhanced by use of the theory of nonlinear 
systems . 
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SUMMARY OF RESULTS 

A survey of available data obtained from surging compressors indi- 
cates that there are two principal types of surge: (l) surge due to 

abrupt stall, which is generally a violent audible surge, and (2) surge 
due to progressive stall, which is generally a mild inaudible surge de- 
tectable by use of fast-response instrumentation. The violent surge ob- 
tained in jet engines during engine acceleration is identified as surge 
due to abrupt stall. 
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Figure 1. - Over-all compressor performance map shoving conditions at which 
rotating stall occurred in 10-stage subsonic axial-flow research compressor 
(ref . 1 ) . 
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(b) Hot-wire anemometer behind first rotor near tip. 
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(c) Compressor-inlet total pressure. 
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Figure 2. - Variation of compressor -inlet and -discharge total pressures and mass-flow rate 
during surge of 10- stage axial-flow compressor at 50 percent of design speed. Surge 
frequency, 0.57 cps (ref. 1). 
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(c) Upper trace behind first rotor; lover trace behind tenth stator. Angle between probes, 104. S°. 


Figure 3. - Oscillogram of surge at various axial stations in 10- stage axial-flow compressor at 
50 percent of design speed. Anemometer probes near casing; surge frequency. 0.57 cps (ref. 1). 

(A indicates \ of 7, / stall ° f 340 C P S J B indicates \ of 3, / s t a n 140 C P S * c indicates X of 1, 
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Figure 4. - Variation of compressor-inlet and -discharge total pressures during surge of 16-stage axial- 
flow compressor at 50 percent of design speed. Large receiver volume; (AP gurge ) ^AP^, 0.41; 

^ P surgeV P l’ °- 085 ( ref - 6 )’ 


CD 

CD 


NACA RM E56B03b CO^IBMTIAL 


CONFIDENTIAL 


-4 

o 



Pi cure 5 - Hot-wire-anemometer output during surge of 16-stage axial-flow 

design" speed. Anemometer in seventh-stage stator; large receiver voiume 
amplitude, ApV/^V, ±0.3; rotating-stall amplitude, ApV/?V, 1.2 (ref. 6). 
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Figure 6. - Abrupt stall of 16-stage axial-flow compressor at 52 percent of 
design speed. Small receiver volume; (^P stall ) 2 /£P c , 0.41; compressor 

pressure ratio at stall point, 1.7. 
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Figure 7. - Intermittent abrupt stall and surge of 16-stage axial -flow compressor at 30 percent of 
design speed. Large receiver volume; (AP gta ^) ^/AP^, 0-30; compressor pressure ratio at stall 


point, 1.25. 
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Figure 8. - Behavior of compressor total-pressure ratio in surge encountered during 
engine acceleration from initial speeds of 72.8 and 78 percent of rated speed 
(ref. 5). 
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Figure 9. - Hot-wire- anemometer oscillogram of flow fluctuations during mild inaudible surge of single- 
stage compressor with hub-tip ratio of 0.8 at 70 percent of design speed (ref. 6). 
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Figure 10. - Flow and pressure oscillations due to abrupt stall. 
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Figure 11. - Flow and pressure fluctuations due to surge associated 
with progressive stall. 
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CHAPTER XIII 

COMPRESSOR OPERATION WITH ONE OR MORE BLADE ROWS STALLED 

By William A. Benser 


SUMMARY 

An analysis of the part -speed operating problems of high -pres sure - 
ratio multistage axial-flow compressors was made by means of a simplified 
stage -stacking study. The principal problems considered were poor low- 
speed efficiency, multiple -valued performance characteristics at inter- 
mediate speeds, and poor intermediate-speed compressor surge or stall- 
characteristics . The analysis indicated that all these problems 
could be attributed to discontinuities in the performance characteristics 
of the front stages. Such discontinuities can be due to the type of stage 
stall or to a deterioration of stage performance resulting from stall of 
adjacent stages. 

The effects of compromises of stage matching to favor part-speed op- 
eration were also considered. This phase of the study indicated that such 
compromises would severely reduce the complete -compressor- stall margin. 
Furthermore, the low- speed stage stall problem is transferred from the in- 
let stages to the middle stages, which are more susceptible to abrupt- 
stall characteristics. 

The analysis indicates that inlet stages having continuous perform- 
ance characteristics at their stall points are desirable with respect to 
P^t-speed compressor performance. These characteristics must, however, 
be obtained when the stages are operating in the flow environment of the 
multistage compressor. Alleviation of part-speed operational problems 
may also be obtained by improvement in either stage flow range or stage - 
loading margin. 

The results of this analysis are only qualitative. The trends ob- 
tained, however, are in agreement with those obtained from experimental 
studies of high-pressure-ratio multistage axial-flow compressors, and the 
results are valuable in developing an understanding of the off-design 
problem. In addition to these stage-matching studies, a general dis- 
cussion of variable -geometry features such as air bleed and adjustable 
blades is included. 
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High -pres sure -ratio multistage axial-flow compressors frequently 
exhibit extremely low efficiencies and severe blade -vibration problems 
at intermediate and low rotational speeds. In addition, such compressors 
may exhibit a sharp dip or kink in the surge or stall-limit line at inter- 
mediate rotational speeds, so that the attainable pressure ratios in this 
speed range are severely limited. Multiple performance characteristics 
have also been observed in this intermediate-speed range. Operation 
such as engine acceleration and high Mach number flight requires that 
the compressor component of the engine operate satisfactorily in the 
low- and intermediate-speed ranges. In order to alleviate these part- 
speed compressor problems, an understanding of the flow mechanism that 
causes poor part-speed performance is required. Such variable- geometry 
features as adjustable guide vanes or compressor air bleed may solve 
some part-speed operating problems, but satisfactory application of 
such features also depends on a knowledge of the flow mechanism. 

As indicated by the stage -matching analysis of reference 1, the fun- 
damental difficulty of low-speed operation results from stalling of the 
front stages of the compressor. As compressor speed is decreased, the 
density ratio across the compressor decreases rapidly; and at low values 
of density ratio the small flow area of the rear stages seriously limits 
the flow through the compressor. Thus, the inlet stages are forced to 
operate at flows well below their stall limits. These trends have been 
verified experimentally. For example, reference 2 indicated first-stage 
stall for speeds below 80 percent of design speed, and reference 3 indi- 
cated first-stage stall for speeds below 70 percent of design speed. It 
should be noted that this mismatching of the front and rear stages of the 
compressor at low speeds will, in general, be more severe for high- 
pressure-ratio than for low-pressure-ratio compressors. A further 
indication as to the source of the part- speed problem can be obtained 
from chapter XI, which shows that rotating stall is the prevalent ..type 
of stage stall, and that rotating stall originating in the first stage 
of a multistage compressor results in flow fluctuations that extend 
completely through the compressor. The flow fluctuations of rotating 
stall are also a serious source of compressor blade vibrations (ch. XI) . 

As pointed out in chapter XII, serious compressor surge is a result 
of a discontinuity in the compressor performance characteristics. This 
discontinuity of performance may result from the abrupt type of stage 
stall discussed in chapter XI or from a deterioration of the performance 
of several stages as a result of the flow fluctuations imposed by the in- 
stigation of - rotating stall in the inlet stage. The dip or kink in the 
surge-limit line of a 16-stage research compressor (ref. 2) was attributed 
to these interaction effects or to deterioration of performance of several 
stages as a result of stall of the inlet stage. 
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The existence of multiple -valued performance characteristics is shown 
in reference 4, which presents data showing three separate and distinct 
performance curves for a three -stage axial-flow compressor operating at a 
constant value of rotational speed. Tests of a high -pres sure -ratio multi- 
stage compressor (ref. 5) show the existence of six separate performance 
characteristic curves for a rotational speed of approximately 75 percent 
of the design value. Hot -wire -anemometer data taken during this investi- 
gation indicate a correlation between compressor performance and the num- 
ber of stall zones in the rotating-stall pattern. 


It is evident that the problems of poor part-speed efficiency, com- 
pressor blade vibration, intermediate-speed surge or stall limit, and 
multiple -valued performance characteristics of high-pressure-ratio multi- 
stage axial-flow compressors are all related to rotating stall and the 
attendant interactions or deteriorations of stage performance due to un- 
steady flow. The experimental approach does not yield a complete under- 
standing of the general part -speed performance problem, because the in- 
herent performance of each stage is not easily obtained, particularly in 
the range of speeds and flows where rotating stall exists in the compres- 
sor. Furthermore, the range of stage operation that can be studied ex- 
perimentally is limited because of compressor surge. Therefore, to ob- 
tain a qualitative evaluation of the effects of stage stalling character- 
istics and of stage interactions on the general part-speed compressor 
performance problem, a simplified stage -stacking study was made. The 
basic hypothetical compressor considered was a 12-stage unit with an over- 
all pressure ratio of 7.75. The stage performance characteristics used 
in the computation of multistage performance were assumed to be similar 
to those obtained from single-stage compressors. Interaction effects 
were evaluated by arbitrary modification of the assumed stage performance 
curves. The first three cases considered herein (repeated from refs. 6 
and 7 ) concern various severities of interaction effects. The last two 
cases considered evaluate the effect of compromises of stage matching to 
favor part-speed performance as suggested in reference 1. When possible, 
the results of these studies are compared with experimental data. 

Because of the assumptions made in regard to stage performance char- 
acteristics and stage interaction effects and because of the simplified 
stacking technique used, the computed values of compressor performance 
must be considered only as qualitative values. The general trends, how- 
ever, are valuable in obtaining an understanding of the part-speed effi- 
ciency problem, the intermediate -speed surge or stall problem, and the 
multiple -valued performance characteristic problem of high-pressure -ratio 
axial-flow compressors. An indication of desirable types of stage per- 
formance characteristics is obtained^ and, in addition, this analysis in- 
dicates some of the factors that must be evaluated if accurate performance 
predictions are to be obtained for the range of compressor operation where 
one or more of the elements are stalled. This analysis, however, does 
not consider the adverse effects of inlet flow distortion on the com- 
pressor stall limit. 
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GENERAL CONSIDERATIONS 
Single-Stage Stall Characteristics 

As discussed in chapter XI, stage stall may be divided into two 
types: (l) progressive stall, characterized by a gradual but continuous 

decrease in stage performance as the flow coefficient is decreased below 
the stalling value, and (2) abrupt stall, characterized by a sudden or 
abrupt drop in stage performance at the stalling value of flow coeffi- 
cient. Either type of stage stall normally results in the formation of 
one or more low -flow or stalled zones that rotate about the compressor 
axis and are thus defined as rotating stall. Progressive stall is nor- 
mally associated with rotating-stall zones that start at one end of the 
blade and grow radially and circumferentially as the flow coefficient is 
decreased. The stall pattern for this type of stall may consist of from 
one to twelve stall zones, and the number of stall zones generally in- 
creases as flow coefficient is decreased. Abrupt stall is normally as- 
sociated with a simultaneous stall of all radial elements of the blade, 
and the stall pattern generally consists of a single stall zone. 

Progressive stall is prevalent in low hub-tip ratio or inlet stages, 
whereas abrupt stall is prevalent in high hub-tip. ratio or exit stages. 
Typical middle stages of a multistage compressor or intermediate hub-tip 
ratio stages may exhibit a progressive stall followed by an abrupt stall 
as flow is further reduced. Both progressive and abrupt stalls exhibit 
a hysteresis effect, in that the flow coefficient at which stall recovery 
is achieved is higher than that at which stall was first encountered as 
the flow was decreased. This hysteresis effect is also discussed in 
chapter XI . 


Stage Interactions 

The performance and stalling characteristics may be appreciably dif- 
ferent when a stage is operated as a single stage and when it is operated 
as a stage of a multistage compressor. These differences of performance, 
which may be designated as interaction effects, result from the radial 
and circumferential variations of stage-inlet conditions that may exist 
in the multistage compressor. As pointed out in chapter XI, interaction 
effects may be attributed to two main sources: (l) radial maldistribution 

of flow due to off -design performance of adjacent stages, and (2) circum- 
ferential maldistribution of flow or unsteady flow due to rotating stall 
originating in adjacent stages. 

Radial maldistribution of flow . - Radial maldistribution may be de- 
fined as large variations from the design radial distribution of flow. 

For any stage other than the first stage of a multistage compressor, these 
radial maldistributions of flow result from off-design performance of pre- 
ceding stages. For example, as the flow coefficient of the first stage is 
decreased, the energy addition at tlpe tip of this stage usually increases 
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more rapidly than that at the root. Requirements of radial equilibrium 
of static pressure at the exit of the first -stage stator, therefore, may 
lead to a ratio of axial velocity at the blade tip to that at the blade 
root that is larger than the design value. This radial variation from 
design flow may be aggravated through the first few stages of the com- 
pressor and may alter the relative rate of approach to stall for the tip 
and root sections of subsequent stages. Thus, a stage that exhibits a 
partial-span progressive stall when tested as a single stage may exhibit 
an abrupt total-span stall when operated as a stage of a multistage com- 
pressor. Furthermore, radial maldistribution of flow can result in ap- 
preciable variations in average stage -work input for a given value of 
flow coefficient as well as in variations in the stalling value of flow 
coefficient for any stage . 

Unsteady flow . - When rotating stall exists in a multistage com- 
pressor, the resulting flow fluctuations extend through all stages (ch. 

XI) . These flow fluctuations of rotating stall impose a time-unsteady 
circumferential velocity variation on all stages, and the instantaneous 
loading of the blades is certainly altered from that for steady flow at 
the same mean value of flow coefficient. Thus, when rotating stall is 
instigated by an inlet stage, the performance of all subsequent stages 
may be altered because of the resulting variations in circumferential 
flow distribution. 

Imposition of flow fluctuations of rotating stall on any stage that 
is operating near its stall point may result in stall of that stage. 

Thus, the flow fluctuations may be increased in magnitude, as was the case 
for the 10-stage compressor discussed in chapter XI. In addition to 
premature incurrence of stall in a given stage due to stall of an adja- 
cent stage, the resulting stall pattern and performance of the giveh stage 
may be appreciably different from those predicted by single-stage tests. 
Stages operating at flow coefficients appreciably above the value for 
stall or near their choke limit, however, tend to decrease the amplitude 
of flow fluctuations resulting from rotating stall originating in preced- 
ing stages. The effects of flow fluctuations on the performance of such 
stages may, therefore, be small. 


Abrupt stall of one or more stages and progressive stall of the inlet 
stage, which result in deterioration of the performance of several sub- 
sequent stages, will both result in discontinuities in over-all perform- 
ance of a multistage compressor. For the purposes of this analysis, dis- 
continuity points in the over-all compressor performance characteristic 
at a given speed are designated as complete compressor stall to differen- 
tiate between stall of the over-all compressor and stall of the individual 
stages. As discussed in chapter XII, discontinuities in over-all com- 
pressor performance may result in compressor surge. The occurrence of 
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surge will, of course, depend on the external system characteristics as 
well as the compressor characteristics. If surge does not occur, stable 
performance at a lower level of pressure ratio and efficiency will he ob- 
tained. During component tests of a multistage compressor, these dis- 
continuities in performance are not often observed, because compressor 
surge is encountered. Complete compressor stall and surge, however, rep- 
resent the same limit of compressor operation. 


STAGE STACKING 

As pointed out in chapter X (ref. 8), the off -design performance of a 
multistage axial-flow compressor may be approximated by a simplified stage- 
stacking technique if the generalized stage performance characteristics 
are known. The main purpose of the analysis reported herein is to study 
qualitatively the effects of various stage stall characteristics and stage 
interactions on the part -speed operating characteristics of multistage 
axial-flow compressors. In order to simplify the computations, effects 
of radial maldistribution of flow and effects of Mach number on stage flow 
range and efficiency were ignored. The detailed stacking procedure used 
for these computations is given in appendix B of reference 6 and is simi- 
lar to that outlined in chapter X (ref. 8) . 

For this analysis the stage curves are assumed in terms of adiabatic 
efficiency and pressure coefficient as functions of flow coefficient. 

The adiabatic efficiency is the ratio of useful or isentropic work input 
to actual work input; the pressure coefficient is a function of useful 
work input divided by the square of the mean-radius wheel speed; and the 
flow coefficient is the ratio of the average inlet axial velocity to the 
wheel speed at the mean radius. Study of the performance of numerous 
stages indicates that stage performance for a range of speeds can be gen- 
eralized to a single curve on the basis of these parameters. The effec- 
tiveness of this manner of generalization of data is illustrated in figure 
1, which is a plot of the performance of the first, fifth, and tenth stages 
of the compressor reported in reference 3. Some random variations exist 
because of the difficulty of obtaining accurate stage performance data in 
the multistage compressor. The stage data, however, can be well approxi- 
mated by a single curve for all speeds except for the maximum-flow points 
in the tenth or last stage of the compressor. In this case the effect of 
stage -inlet Mach number on the negative -incidence stalling angle tends to 
decrease the choking value of flow coefficient as compressor speed is in- 
creased. Similar Mach number effects may exist in the inlet stage. At 
any given speed, however, the inlet stage covers only a small part of its 
total range. Therefore, the Mach number effect is not noted on such a 
plot of experimental data. The fifth stage does not cover an appreciable 
flow range and, thus, does not exhibit a noticeable Mach number effect. 
Inasmuch as the inclusion of Mach number effects would not appreciably al- 
ter the trend obtained from the stage -stacking analysis, these effects 
were not considered in the computation of compressor performance. 
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Interaction effects were small for the compressor of reference 3, 
as indicated hy the measured stage performance characteristics. For the 
compressor of reference 2, however, appreciable interaction effects were 
noted. For the computations reported herein, interaction effects due to 
unsteady flow resulting from stall in the inlet s+age were estimated by 
altering the individual stage performance curves of several succeeding 
stages for those conditions where stall existed in the inlet stage. Es- 
timated hysteresis effects in the unstalling characteristics were also 
incorporated in the stage curves . 

For cases I to III, three combinations of stage stall, interaction 
effects, and unstalling hysteresis were considered. In cases IV and V, 
stage matching was compromised to favor part-speed operation. No effects 
of interaction or unstalling hysteresis were evaluated for cases IV and V. 


Hypothetical Compressor, Cases I, II, and III 

The basic hypothetical compressor was identical for the first three 
cases considered and was the same as that presented in references 6 and 
7. The compressor had 12 stages of constant tip diameter. All stages 
had identical performance in terms of pressure coefficient and efficiency 
against flow coefficient, except for the stalling characteristics. Perti- 
nent reference-point details of the compressor are as follows: 

Over-all total-pressure ratio 7.75 

Inlet specific weight flow, equivalent flow per 

sq ft annulus area 33.5 

Inlet corrected tip speed, ft/sec 950 

Absolute inlet-air angle at pitch radius of each stage, deg .... 22^ 

Flow coefficient for each stage 0.69 

Pressure coefficient for each stage 0.3 

Individual stage hub-tip radius ratios, area ratios, mean-radius ratios 
and reference-point pressure ratios are listed in table l(a) . 

The assumptions of stall type, interactions, and hysteresis effects 
for cases I to III are as follows: 


Case 

Type of stall 

Interactions 

Hysteresis 


Stages 1 
to 4 

Stages 5 
to 8 

Stages 9 
to 12 


effects 

I 

Progressive 

Progressive 
and abrupt 

Abrupt 

None 

None 

II 

Progressive 

Progressive 
and abrupt 

Abrupt 

Stages 1 
to 4 

Stage 1 

III 

Progressive 

Progressive 
and abrupt 

Abrupt 

Stages 1 
to 8 

Stage 1 
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The individual stage curves assumed for each configuration are discussed 
in the section DISCUSSION OF COMPUTED PERFORMANCE. 


Hypothetical Compressor, Cases IV and V 

Reference 1 suggested that improvements in part-speed performance of 
multistage compressors might be obtained by matching the stages so that 
at design speed the inlet stages operate at the high end and* the reax 
stages at the low end of their flow- coefficient ranges. Case IV was, 
therefore, considered to evaluate the potential of such stage-matching 
compromises. Thus, the match-point flow coefficients for case TV were 
arbitrarily varied from 0.76 in the first stage to 0.63 in the twelfth 
stage, as compared with a constant value of 0.69 for cases I to III. The 
stage characteristics used were identical to those for case I. Inasmuch 
as the results of case IV indicated that this stage -matching compromise 
greatly reduced the complete-compressor-stall or surge margin at design 
speed, case V was considered, in which a thirteenth stage was added. The 
performance characteristics for this added stage were assumed identical 
to those for stages 9 to 12, and the match-point flow coefficient was taken 
as 0.626. As in previous cases, the compressor was assumed to have a con- 
stant tip diameter. 

Pertinent reference-point values for cases IV and V are as follows: 


Case IV Case V 


Number of stages 12 13 

Over-all total -pres sure ratio 7.73 9.10 

Inlet specific weight flow, equivalent flow per 

sq ft of annulus area 35.96 35.96 

Inlet corrected tip speed, ft/sec 950 950 

Absolute inlet -air angle at pitch radius of each 

stage, deg 22^ 22^ 


Individual stage parameters for these two cases are listed in table 
1(b) . 


Range of Calculations 

For each case considered, calculations were made for a range of speeds 
of 50 to 110 percent of the reference value . The maximum flow considered 
at each speed was the estimated exit-vane choke flow. For these examples, 
choke flow was assumed to exist at a value of specific weight flow at the 
exit of the last stage of 41.4 pounds per second per square foot of annu- 
lus area. This value of specific flow is based on flow conditions at the 
exit of the last stage. The minimum flow considered at each speed was that 
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at which a discontinuity in the performance curve of any stage was en- 
countered. As indicated in chapter XII, discontinuities in multistage- 
compressor performance at a given speed may lead to either compressor 
surge or complete compressor stall. In the computation of intermediate- 
speed performance for cases II and III, operation with the inlet stage 
stalled and unstalled was considered. 


DISCUSSION OF COMPUTED PERFORMANCE 
Case I 

The assumed stage performance curves for case I are presented in 
figure 2. The first four stages were assumed to have only a progressive 
stall, and the pressure coefficient and efficiency were taken as continu- 
ous functions of the flow coefficient, as shown in figure 2(a) . Stages 
5 to 8 were assumed to have an initial progressive stall and an abrupt 
stall at lower values of flow coefficient (fig. 2(b)). Stages 9 to 12 
were assumed to have only an abrupt stall (fig. 2(c)). As noted in fig- 
ures 2(b) and (c) , a discontinuity of stage performance characteristics 
was considered to result from abrupt stall. The stage characteristics 
for stage pressure ratios below 1.00, which were the same for all stages, 
are given in figure 3. As noted in appendix B of reference 6, a modified 
computational procedure was used when stages operated at turbining pres- 
sure ratios. Interaction effects were considered negligible throughout 
the compressor. 

Computed over-all performance . - The computed over-all performance 
map for case I is given in figure 4 as a plot of over-all total-pressure 
ratio against specific weight flow. The over-all total-pressure ratio, 
which is the ratio of total pressure at the exit of last stage to that 
at the compressor inlet, would not include an exit-vane or diffuser loss. 
The specific weight flow is the equivalent weight flow per square foot of 
annulus area at the compressor inlet. Also shown in figure 4 are contours 
of constant efficiency, the estimated choking-flow condition for the exit 
vanes, and the estimated complete-compressor— stall limit. 

The computed maximum efficiencies for this case varied from slightly 
over 0.70 at 50 percent of reference speed to approximately 0.87 at 100- 
percent speed. The values of computed efficiency at the lowest speeds con- 
sidered indicate that stage mismatching at low speeds will not completely 
explain the extremely low efficiencies obtained experimentally for some 
high-pressure -ratio multistage axial-flow compressors. 

The exit -vane choke limit was the maximum flow considered at each 
speed. Further decreases in over-all pressure ratio would not alter the 
stage matching but would merely increase the losses downstream of the 
point of choking. 
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The complete compressor stall limit at each speed was the flow at 
which a discontinuity of performance occurred because of abrupt stall of 
some stage . Occurrence of abrupt stall in a stage results in very large 
flow fluctuations that could seriously affect the performance of all 
stages in the compressor. Therefore, the occurrence of abrupt stall in 
the multistage compressor can logically be taken as the lower limit of 
usable range at that speed. As pointed out in chapter XII, discontinui- 
ties in over-all performance of the compressor may result in compressor 
surge; and, thus, the complete -compress or- stall limit may also be con- 
sidered to be the surge limit of the compressor. As noted in figure 4, 
this limit does not exhibit the customary dip or kink at intermediate 
speeds. If surge were assumed to occur at the maximum-pressure-ratio 
points as in reference 1, the general trends would be unchanged. 

Variation of stage flow coefficients . - In order to illustrate the 
stages that are stalled at various inlet flows and speeds, the stage flow 
coefficient is plotted against stage number (fig. 5) for several values 
of inlet flow at speeds of 100, 80, and 50 percent of the reference value. 
The heavily shaded area on these plots represents the range of progressive 
stall, and the lightly shaded area represents the range of abrupt stall 
with the associated discontinuity of stage pressure coefficient (fig. 2) . 

At 100 percent of reference speed (fig. 5(a)), flow -coefficient vari- 
ations are shown for the reference-point specific flow of 33.5, the ap- 
proximate exit -vane choke flow of 33.68, and the complete 'Compressor -stall 
flow of 33.06. The variation of flow coefficient in the front stages is 
small, and thus the specific -weight -flow range at this speed is also small. 
The maximum change in flow coefficient occurs in the last stage, and com- 
plete compressor stall results from abrupt stall of this stage. 

As the speed is reduced to 80 percent of the reference value, the flow 
coefficients decrease for the entrance stage and increase for the exit 
stage, as shown in figure 5(b) . At this speed, the first stage operates 
in the progressive-stall range even at the maximum specific weight flow of 
23.40. Complete compressor stall results from stall of the ninth stage at 
a specific weight flow of 17.16. It should also be noted that the number 
of stages operating in the progressive- stall range increases from one to 
eight as the flow is decreased from the exit-vane choke value of 23.40 to 
the complete-compressor-stall value of 17.16. 

As the speed is further decreased to 50 percent of the reference value 
(fig. 5(c)), the front stages move deeper into stall and the rear stages 
closer to choking flow. Complete compressor stall results from occurrence 
of abrupt stall in the fifth stage. From five to seven stages operate in 
the progressive-stall range at all flows. 

A comparison of figures 5(a), (b) , and (c) shows that at high speeds 
complete compressor stall results from abrupt stall of the rear stages; and, 
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as speed is reduced, earlier stages in the compressor instigate complete 
compressor stall. As shown hy the variation of stage flow coefficient 
and hy the assumed abrupt- stall limits (fig. 5), complete compressor 
stall will only be instigated by stages 5, 9, and 12 for this example. 

In order to define more clearly the relation of stage stall to com- 
pressor speed and flow, the individual stage stall limits are cross- 
plotted on the computed performance map in figure 6. This figure shows 
that progressive stall exists in from one to eight stages for all speeds 
below 80 percent of the reference value and for the low-flow portion of 
the flow range at speeds of 85 and 90 percent. It should be noted that, 
near the complete-compressor-stall point at 90-percent speed (fig. 6), 
nearly all the stages stall at approximately the same value of specific 
weight flow. In fact, stages 2 to 5 stall at a slightly higher value of 
inlet flow than stage 1. As pointed out in chapter XI, rotating stall 
is a prevalent source of compressor blade vibration. Therefore, this 
range of operation where progressive stall exists is extremely important 
with respect to engine reliability. 

In general, the computed progressive-stall limits of this hypotheti- 
cal compressor (fig. 6) are verified by experimental studies of rotating 
stall in multistage compressors. The speeds at which this type stall are 
encountered are somewhat higher than discussed in chapter XI. The speed 
at which inlet-stage stall first occurs, however, would be a function of 
stage characteristics as well as design-point matching. For this example, 
all stages were assumed to have identical characteristics up to the stall 
point and were matched at a constant value of flow coefficient of 0.69. 
Mach number effects, which were ignored in this analysis, may also vary 
the speed at which inlet-stage stall is first encountered. As can be seen 
from the stage curves of figure 1, a reduction in rotational speed, which 
corresponds to a reduction in stage-inlet Mach number, results in an' in- 
crease in the maximum obtainable flow coefficient of the exit stage of a 
multistage compressor. Correspondingly, a decrease in inlet Mach number 
of the first stage would tend to decrease the flow coefficient at which 
stall of this stage is encountered. Both of these effects would tend to 
decrease the speed at which first-stage stall is encountered in the multi- 
stage compressor but would not alter the trends indicated by the computed 
compressor performance. 

The lines of abrupt stall (fig. 6) show that, for speeds up to 70 
percent of the reference value, complete compressor stall results from 
abrupt stall of the fifth stage; for speeds of 75 to 90 percent, from 
abrupt stall of the ninth stage; and for speeds of 95 percent and higher, 
from abrupt stall of the twelfth stage. The resulting complete -compressor - 
stall limit, however, is free of the normal dip or kink that is fre- 
quently encountered in high-pressure -ratio multistage compressors. 
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Case II 

Case II was computed to evaluate the effects of small discontinuities 
resulting from interaction effects in the first few stages of a multistage 
compressor, and also to evaluate the effects of unstalling hysteresis of 
the inlet stage. Interaction effects were assumed to exist in the first 
four stages. The detailed flow studies of the 10-stage research compres- 
sor discussed in chapter XI reveal that flow fluctuations of rotating 
stall increased through the first four stages and then decreased through 
the remaining stages. Therefore, the assumption of interaction effects in 
four stages appeared reasonable. The magnitude of the decrease in perform- 
ance was arbitrarily chosen. 

The stage characteristics used for stages 1 to 4 of case II are given 
in figure 7 . These stage performance characteristics were obtained by ar- 
bitrarily modifying the pressure-coefficient characteristics used in case 
I and computing the modified efficiency curves assuming no change in the 
actual work input from that of case I. A small discontinuity in the per- 
formance of stage 1 was assumed as shown in figure 7(a). The unstalling 
hysteresis effect is also indicated in this figure. Stall recovery was 
assumed to occur at a flow coefficient of 0.60, whereas stall originally 
occurred at a flow coefficient of 0.565. To evaluate interaction effects, 
stages 1 to 4 were assumed to operate on the lower or stalled portions of 
their performance curves (fig. 7) whenever any of these stages encountered 
stall. The stage performance characteristics for stages 5 to 12 were iden- 
tical to those of case I (figs. 2(b) and (c)). 

Performance with front stages unstalled . - The calculated performance 
map for case II for the condition of no stall in the front stages is pre- 
sented in figure 8(a). This performance map is identical to the high-speed 
part of the map for case I (figs. 4 and 6) except for the complete- 
compressor- stall limit at speeds below 95 percent of .the reference value. 

In case II the stall of one of the front stages leads to a discontinuity 
of over-all performance because of the assumed interaction effects. Thus, 
an envelope of the progressive -stall limits for case I (fig. 6) repre- 
sents the complete -compressor- stall limit for case II for speeds from 80 
to approximately 95 percent of reference speed. No operation with the 
front stage unstalled is obtainable below 80-percent speed. 

Performance with first stage stalled . - The computed performance for 
case II for the condition of stall in the first stage and interactions in 
stages 2 to 4 is shown in figure 8(b) for speeds of 50 to 95 percent of 
the reference speed. The upper limit of flow for speeds of 85, 90, and 
95 percent of the reference value was determined by the unstalling flow 
coefficient for the first stage. At 95-percent speed, the front-stage un- 
stalling limit intersects the ninth-stage stall-limit line (fig. 8(b)). 
Therefore, this was the maximum speed for which calculations of perform- 
ance with the front stage stalled were made. Complete compressor stall 
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at speeds of 50 to 70 percent results from discontinuities- due to the 
occurrence of abrupt stall of the fifth stage , and, at speeds of 75 to 
95 percent, from abrupt stall of the ninth stage. 

The efficiencies for case II at intermediate speeds are somewhat 
lower than for case I. This decrease in efficiency is a direct result 
of the decrease in pressure coefficient assumed for stages 1 to 4 for 
the condition of progressive stall and stage interaction effects in 
these stages. 

Complete performance .map . - The complete performance map for case II 
is obtained by superimposing the performance maps for operation with the 
inlet stage unstalled and the performance map for operation with the in- 
let stage stalled and interactions in stages 2 to 4 (figs. 8(a) and (b)). 
The resulting performance in terms of pressure ratio against specific 
weight flow is given in figure 8(c) for a range of speeds from 50 to 110 
percent of the reference value . For a range of speeds from 80 to 95 per- 
cent of the reference value, operation with both the inlet stage stalled 
and the inlet stage unstalled is possible. Thus, in this intermediate- 
speed range, the existence of double performance curves and two complete- 
compressor- stall or surge points at a given speed is indicated. Th e dou- 
ble curves of this analysis were obtained as a result of a small discon- 
tinuity in the performance characteristics of the first stage and inter- 
actions in stages 2 to 4. These results are verified by the .multiple per- 
formance curves obtained in the experimental investigations reported in 
references 4 and 5. 

It should be noted that, for the computations of case II, a small 
discontinuity in the pres sure -coefficient curve of stage 1 was assumed. 
Similar results would be obtained, however, if the performance of stage 
1 were assumed to be continuous, provided discontinuities of stage per- 
formance as a result of interaction were assumed for any of the following 


Transition from stalled to unstalled operation of inlet stage . - Ref- 
erence 5 indicates multiple values of surge-point performance for 
intermediate-speed operation. In these tests, the particular surge point 
obtained depended upon the schedule of speed and flow that preceded the 
occurrence of surge. The double-valued curves of figure 8(c) and the 
dependence of compressor performance on the manner in which a particular 
operating point is approached indicate the necessity of studying the 
transition from compressor operation with the inlet stage stalled to 
operation with the inlet stage unstalled. 

The usual operating schedule in compressor- component testing is to 
start at maximum or choke flow for a given speed and increase the throt- 
tling in successive steps until surge is obtained. Inasmuch as compressor 
operation at maximum flow at low and intermediate speeds is normally set 
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by the choke of the exit vanes , transition from stalled to unstalled op- 
eration of the inlet stage can be considered to occur along the exit-vane 
choke limit of figure 8(c) . Thus, as the compressor speed is increased, 
the choking limit of the exit vanes will prevent unstalling of the inlet 
stages for this case until a speed of 85 percent of the reference value 
is attained. Unstalling of the inlet stage and alleviation of the re- 
sulting interaction effects will result in a transient change of opera- 
tion from the exit-vane choke point on the dashed speed curve to the exit- 
vane choke point on the solid speed curve. For this example, the specific 
weight flow increases from 26 to 26.3 and the pressure ratio from 4.23 
to 4.30. The efficiency is not changed appreciably. For the purposes 
of this chapter, the transient conditions following unstalling of the 
inlet stage are not considered, and the compressor operation is assumed 
to change discontinuously from that for inlet stage stalled to that for 
inlet stage unstalled. 

The type of over-all performance map obtained from the normal 
compressor-component rating techniques described is given in figure 8(d). 
For speeds up to 85 percent of the reference value, the compressor would 
operate with the front stage stalled^ and for speeds above 85 percent, 
with the front stage unstalled. Therefore, both branches of the perform- 
ance curve are given at this crossover speed of 85 percent of the refer- 
ence value. 

Complete-compressor-stall limit . - The complete-compressor-stall limit 

follow the discontinuity points of the dotted curves up to the cross- 
over speed and the discontinuity point on the solid curves above this 
speed. Thus, a stall-limit line faired through these points exhibits the 
dip common to most high-pressure-ratio axial-flow compressors. As indi- 
cated by this analysis of case II, however, two discrete stall-limit lines 
exist, the low-speed stall limit representing the mode of operation with 
the front stages stalled and the high-speed stall limit representing the 
mode of operation with no stages stalled. Inasmuch as these two stall- 
limit lines may overlap in the intermediate -speed range where multiple 
performance characteristics may exist, a continuous stall-limit line should 
not be faired through the stall points for the complete range of speeds. 

In presentation of experimental data, however, the compressor stall or 
surge line is faired through a finite number of points and is generally 
considered a continuous function of flow, pressure ratio, and speed. 

The analysis of case II shows that the dip in the compressor stall 
or surge limit that is experimentally found to exist for intermediate - 
speed operation of high-pressure-ratio multistage compressors can be simu- 
lated by assuming a small discontinuity in the performance characteristics 
of the inlet stage and interaction effects in stages 2 to 4. Similar re- 
sults would be obtained from any combination of discontinuous performance 
characteristics of the inlet stages. For example, the performance char- 
acteristics of the first stage of the 16-stage compressor reported in 
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reference 2 were continuous, but discontinuities did exist in the char- 
acteristics of a few stages after the first. It should also be noted 
that relatively continuous stage characteristics will result in a fairly 
smooth surge or stall-limit line, as indicated in reference 3. 

The transition from the complete -compressor-stall limit for opera- 
tion with the inlet stage stalled to that for operation with the inlet 
unstalled depends on the manner in which this limit is approached. If 
the compressor-discharge throttling is sufficient to cause the compres- 
sor to operate appreciably above the exit-vane choke limit as speed is 
increased, unstalling of the front stage may not be achieved until a speed 
appreciably greater than' 85 percent of the reference value is attained. 

In the range of speeds from 85 to 95 percent of the reference value, the 
complete -compressor-stall limit may follow that of figure 8(b). But, if 
the speed is first increased above the value for unstalling of the inlet 
stage and then reduced, complete compressor stall may occur on the limit 
of figure 8(a) for speeds of 80 to somewhat over 90 percent of the ref- 
erence value. Thus, for case II, double-valued compressor stall points 
at a given speed may be obtained for the range of speeds from 80 to 95 
percent of reference speed, as indicated in figure 8(c). As previously 
discussed, this phenomenon has been observed in experimental studies of 
multistage axial-flow-compressor performance. For cases where unstalling 
of groups of stages or alleviation of interaction effects occurs stepwise , 
even more than two compressor performance characteristic curves may be 
obtained at a given value of speed. 

For maximum engine acceleration, the compressor operating line in an 
engine will be very close to the surge or stall limit at low and inter- 
mediate speeds. Thus, the intermediate -speed complete- compressor- stall 
limit obtained by normal compressor rating techniques may not be represent- 
ative of the complete-campressor-stall or surge limit obtained during en- 
gine acceleration. Therefore, when multiple operating curves exist at any 
compressor speed, performance evaluations must include aJ 1 possible oper- 
ating conditions. This may be done by approaching a given operating point 
by varying compressor speed at each of several fixed system throttle set- 
tings, as well as by variation of throttle settings at a fixed speed. 

Speed changes must include both increases and decreases in rotational 
speed. An operating technique such as this will give performance maps 
of the type shown in figure 8(c) for those cases where multiple perform- 
ance curves exist for a given compressor rotational speed. The data of 
reference 5 indicate six separate performance curves at approximately 75 
percent of design speed. For this compressor, the performance character- 
istic that exhibited no stall in the inlet stages was easily duplicated. 
Points on the performance characteristics for the condition of stall in 
the inlet stages were in general duplicable, but minor variations in the 
method of approach to this particular speed would result in operation on 
different curves of the separate performance characteristics for the con- 
dition of stall in the inlet stages. Thus, estimation of the compressor 
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performance in the actual engine based on compressor-component tests may 
be difficult for this intermediate -speed range. During component testing 
of compressors, however, it is desirable to evaluate all possible perform- 
ance characteristics in this intermediate -speed range where multiple char- 
acteristics may exist. 

Effect of unstalling hysteresis . - For case II a hysteresis effect 
was assumed in the unstalling characteristic of the inlet stage. This 
had no effect on the general trend of complete-compressor-stall charac- 
teristics, except with respect to the speed at which transition from 
stalled to unstalled operation of the inlet stage was achieved. For no 
hysteresis effect, unstalling of the inlet stage along the exit-vane choke 
line (fig. 8(b)) would be achieved at 81.5 percent of reference speed 
rather than at 85 percent as for the case with hysteresis. Possible dis- 
continuities in the complete -compressor-stall limit and the potential of 
double -valued points between speeds of 80 to 93 percent can be seen from 
figure 8(c) . 

Part -speed efficiency . - At 85 -percent speed, the transition speed, 
the maximum computed efficiency for operation with no stage stalled was 
0.86; whereas the maximum efficiency was 0.84 at this speed for the con- 
dition of inlet stage stalled and interactions in stages 2 to 4. This 
small difference in computed efficiency simply reflects the small changes 
in stage performance that were assumed to result from inlet-stage stall 
and the attendant interactions (fig. 7) . Thus, no conclusive results can 
be obtained from these computed efficiencies. Interaction effects or 
sharp decreases in stage efficiency as a result of stage stall will, how- 
ever, affect compressor efficiency adversely. 


Case III 

In order to evaluate more serious interaction effects, calculations 
were made for case III that assumed the same conditions in stages 1 to 4 
as for case II and, in addition, assumed large interaction effects in 
stages 5 to 8. The modified performance curves for these middle stages 
are given in figure 9. As for stages 1 to 4, the pres sure -coefficient 
curve for stages 5 to 8 was arbitrarily modified and the efficiency curve 
was computed from the pressure coefficient by assuming no change in total 
work input for the stage. The magnitude of discontinuity of pressure co- 
efficient is representative of that for an abrupt type of stage stall. 
When progressive stall existed in stage 1, stages 5 to 8 were assumed to 
operate on the dotted curves of figure 9. The performance of stages 9 
to 12 was identical to that for case I. 

The performance of this case for the condition of unstalled opera- 
tion of the inlet stage is identical to that for case II (fig. 8(a)). 

For the condition of stall of the inlet stage, however, the performance 
is markedly changed (fig. 10(a)). 
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Complete performance map . - The complete computed compressor per- 
formance map for case III (fig. 10(h)) is obtained by superimposing fig- 
ures 8(a) and 10 (a) . As in case II, the multiple performance curves at 
speeds above 80 percent of the reference value indicate the necessity of 
varying the mode of testing in component rating so that all possible com- 
pressor operating conditions can be evaluated. 

Transition from stalled to unstalled operation of inlet stage . - 
For case III, if compressor speed is increased along the exit-vane choke 
limit, inlet-stage unstalling will be effected at 94 percent of the ref- 
erence speed. At this speed the transient change in computed pressure 
ratio would be from 4.85 to 5 . 2 , the change in specific weight flow would 
be from 28.3 to 30.9, and the change in efficiency from 0.71 to 0.81. 

Thus, for large interaction effects, unstalling of the inlet stage is ac- 
companied by relatively large increases in weight flow, pressure ratio, 
and efficiency. The transition speed of 94 percent is shown in figure 
10 (b) for both the condition of stall in the inlet stage and interactions 
in stages 2 to 8 and the condition of no stall in the inlet stage and no 
interactions. If interaction effects of the .magnitude assumed for this 
case do exist and the compressor operating characteristic follows a throt- 
tling line close to the complete-compressor-stall limit, unstalling of the 
inlet stage may not be achieved even at design speed. By increasing the 
speed to a value above that for unstalling of the inlet stage and then de- 
creasing the speed, stall-free operation might be obtained down to 80 per- 
cent of the reference speed at low values of pressure ratio. 

Complete-compressor~stall I i mi t. . - For the high-speed portion of the 
compressor map where no stages are stalled (fig. 8(a)), at speeds above 
95 percent of the reference value, complete compressor stall results from 
abrupt stall of the twelfth stage; and at speeds of 80 to approximately 
95 percent, from stall of stages 1 to 4 and the attendant stage interac- 
tions . For the operating conditions where stall in the inlet stage and 
interactions in stages 2 to 8 exist (fig. 10(a)), complete compressor 
stall for speeds up to 95 percent of the reference value results from 
abrupt stall of the ninth stage, and for higher speeds, from abrupt stall 
of the twelfth stage. 

The complete-compressor-stall-limit line indicated for case III for 
the normal component rating technique can be' obtained from figure 10(b) . 
This stall-limit line would follow the complete-campressor-stall-limit 
points for the dashed speed curves (fig. 10(a)) up to 94 percent of ref- 
erence speed. In this speed range the compressor would operate with the 
first stage stalled and interactions in stages 2 to 8. For speeds above 
94 percent, the stall-limit line will follow the complete -compressor- stall- 
limit points for the solid speed curves, which represent a condition of 
stall-free operation for all stages. 
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Effect of unstalling hysteresis . - If the hysteresis effect on un- 
stalling of the inlet stage were neglected, the first stage in this case 
would become unstalled at 91.5 percent of reference speed for operation 
along the exit -vane choke limit. The general trend of performance and 
complete -compressor -stall limit would, however, be unchanged. The effect 
of inlet-stage unstalling hysteresis is to increase the speed at which 
the inlet stage becomes unstalled regardless of the throttling or compres- 
sor operating line. 

Part -speed efficiency . - As can be seen from a comparison of figures 
4 and 10(a), interactions of the magnitude assumed for case III result 
in large reductions in efficiency for operation with stall in the inlet 
stages. The computed values indicate a reduction in efficiency of about 
15 percent compared with about 2 percent for case II. Thus, the low 
part-speed efficiencies exhibited by some multistage axial-flow com- 
pressors may result from severe interaction effects. 

Multiple -valued performance characteristics . - Both cases II and III 
indicate the potential of two separate curves in this general speed range. 
If at any given value of speed the potential of different degrees of dete- 
rioration of stage performance due to interactions is considered, then 
more than two performance curves may be obtained. For example, if the 
characteristics for 85-percent speed are considered for cases I to III, 
the performance characteristics shown in figure 11 are obtained. Curve 
I represents a condition of unstalled operation for all stages; curve II, 
a condition of stall in the inlet stages and interactions in stages 2 to 
4 as obtained for case II; and curve III, a condition of stall in the in- 
let stages and interactions in stages 2 to 8 as obtained for case III. 

Such variations in performance may be a result of changes in the number 
of stages that exhibit this deterioration of performance or changes in 
the .magnitude of the performance deterioration of each stage that is af- 
fected. Variations of stall interaction effects, therefore, will result 
in a multiplicity of over-all performance characteristics at a given speed; 
and the compressor flow, pressure ratio, and efficiency will increase with 
decreasing severity of stall and interaction effects. The particular per- 
formance obtained will depend on the previous history of speed and flow as 
well as the hysteresis effect accompanying changes of stall pattern in any 
given compressor. Needless to say, flow distortions at the compressor in- 
let can aggravate these adverse effects. 


Case IV 

Inasmuch as part-speed performance problems of high-pressure-ratio 
axial-flow compressors can be attributed to stalling of the inlet stages 
as a result of flow limitations of the rear stages, some improvement in 
part -speed performance may be expected by matching the front stages near 
their choking value of flow coefficient and the rear stages near their 
stalling value of flow coefficient. This stage -matching compromise is 
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equivalent to matching the compressor stages for some speed lower than 
the design value, as suggested in reference 1. In addition to improving 
part-speed performance, such compromises in stage matching may reduce 
the speed at which progressive stall is encountered and, thus, decrease 
the potential of blade vibrations excited by rotating stall. To evaluate 
these potentials, case IV was computed. In this case, the reference- 
point flow coefficients of the stages were varied as shown in table 1(b) 
from a value of 0.760 in the inlet stage to a value of 0.630 in the 
twelfth stage. The principal purpose of this study was to investigate 
variations of stage operation with speed. Therefore, no interactions were 
considered. The stage characteristics used for the individual stages were 
identical to those for case I (fig. 2). 

Computed over-all performance . - The computed over-all performance 
map for case TV is given in figure 12(a) as a plot of over-all total- 
pressure ratio against specific weight flow. For this case as for case 
I, complete compressor stall was assumed to occur when abrupt stage stall 
was encountered in any stage. Complete compressor stall for case I V re- 
sults from abrupt stall of the fifth stage for speeds of 50, 60, and 70 
percent of the reference value, from abrupt stall of the ninth stage for 
speeds of 80 and 90 percent, and abrupt stall of the twelfth stage for 100 
and 110 percent. These results are similar to those for case I. 

The peak efficiencies calculated for case IV varied from approximate- 
ly 0.74 at 50 percent of reference speed to a maximum of 0.87 at 90 -percent 
speed, and decreased to 0.85 at the reference speed. 

Stage progressive-stall limits . - In order to determine the speed at 
which various stages reach the flow coefficient for progressive stall 
(0.565), the progressive-stall limits for stages 1 to 8 are cross-plotted 
on the computed performance map in figure 12(b). This figure shows that 
the first stage is stalled over almost the entire flow range at 70 per- 
cent of reference speed, and over only the low-flow portion of the com- 
pressor flow range at 80-percent speed. The first-stage stall limit inter- 
sects the complete -compressor -stall limit at approximately 85 percent of 
reference speed. Consideration of the stall limits of stages 2 to 7 indi- 
cates that at 90-percent speed stage 7 is the first stage to encounter 
progressive stall. In the range of approximately 70- to 85-percent 
speed, several of the front stages approach stall almost simultaneously 
at a weight flow somewhat higher than that for first-stage stall. At the 
higher values of pressure ratio at intermediate speeds, the general ef- 
fect of the stage-matching compromise was to transfer the progressive - 
stall problem from the front stages towards the middle stages of the 
compressor. 

No interaction effects were considered in this analysis. However, 
as pointed out previously, stages operating near the stalling value of 
flow coefficient are very susceptible to deteriorations of performance 
induced by flow fluctuations resulting from stall of adjacent stages. 
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Therefore, serious interaction effects may he expected where simultaneous 
stall of several stages occurs (fig. 12(h)). Furthermore , the higher hub- 
tip ratio stages, such as stages 5 to 7 of case TV, are more apt to ex- 
hibit an abrupt stall than are low hub- tip ratio stages, such as stages 
1 to 3. At speeds of 80 to 90 percent, therefore, interaction effects 
may instigate abrupt stall of one of the middle stages of the case IV 
compressor and thereby limit the flow range at these speeds. 

Comparison of cases I and IV . - A comparison of the efficiencies of 
case I (fig. 4) and case IV (fig. 12(a)) indicates no appreciable varia- 
tions of the over-all compressor efficiency due to the stage -matching 
compromises of case IV. It should be noted, however, that in case I the 
stages were not matched at the peak -efficiency points (see fig. 2) . Com- 
pared with a compressor for which all stages were matched at the peak- 
efficiency points, the compromise of case IV would have decreased the over- 
all compressor efficiency at high speeds and increased it at low speeds. 

The increase in first-stage flow coefficient for case IV resulted in 
an increased specific weight flow from 33.5 for case I to 35.9 for case 
IV. Thus, for a given weight -flow requirement, the compromised matching 
would permit the use Of a slightly smaller compressor diameter. 

In order to compare the complete -compressor- stall limits and stage 
progressive-stall limits for cases I and IV, these performance maps are 
superimposed in figure 12(c) . This figure is plotted as pressure ratio 
against percent of reference -point specific weight flow in order to com- 
pare compressors of equivalent flow capacities. Comparison of the 
comp lete-conpressor- stall limits (fig. 12(c)) shows that the compromise of 
stage matching (case TV) gave a marked decrease in the attainable pres- 
sure ratio at all speeds. It can also be seen from figure 12(c) that the 
percentages of ref erence -point specific weight flow at the lower speeds 
are higher for case IV than for case I . At the overspeed condition, how- 
ever, the condition is reversed and case I indicates the higher percentage 
of reference -point flow. 

The progressive -stall limits shown in figure 12(c) represent the en- 
velope of the progressive -stall limit for stages 1 to 8 as given in fig- 
ures 4 and 12(b) . A comparison of these limits for cases I and IV indi- 
cates that, along the exit-vane choke limit, the speed at which progres- 
sive stall is encountered is decreased from 80-percent speed for case I 
to slightly less than 70-percent speed for case IV. Along the complete- 
compressor-stall limit, however, progressive stall occurs at somewhat 
higher speeds for the compromise matching design (case IV) than for case 
I . During engine operation at part speed, the compressor will normally 
operate in the high-pressure-ratio range at any given speed. As shown in 
figure 12(c), the stage -matching compromise used for case IV gave no ef- 
fective reduction in the speed at which progressive stall might be en- 
countered during engine operation but merely transferred the instigation 
of this stall from the first stage to one of the middle stages of the 
compressor. 
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From the comparison of the computed performance of cases I and IV, 
it is obvious that the compromise in stage matching used in case IV does 
not improve the progressive -stall limit appreciably but decreases the 
complete- compressor— stall margin. Inasmuch as this compromise in stage 
matching does not result in a marked decrease in the speed at which ro- 
tating stall could be encountered, it would not appreciably alter the 
potential blade-vibration problem associated with rotating stall. 


Since the compromise matching of case IV indicated a severe decrease 
in the pressure ratio estimated for complete compressor stall, the effect 
of an additional stage was considered. This hypothetical compressor, 
designated case V, is identical to case IV except for the addition of 
a thirteenth stage. The stage characteristics assumed for this added 
stage were the same as for stages 9 to 12 (fig. 2(c)) . As in case IV, 
no stage interaction effects were considered in case V. The details 
of the stage matching and stage reference -point performance characteris- 
tics for this case are given in table 1(b) . 

Computed over-all performance . - Figure 13(a) presents the computed 
over-all performance for case V as a plot of over-all total-pressure ratio 
against specific weight flow. The reference -point total-pressure ratio 
indicated in this figure is 9.1 as compared with 7.73 for case IV. Com- 
plete compressor stall at speeds of 50, 60, and 70 percent of the ref- 
erence value results from abrupt stall of the fifth stage; at speeds of 
80 and 90 percent, from abrupt stall of the ninth stage; and at speeds 
of 100 and 110 percent, from abrupt stall of the thirteenth stage. 

The peak efficiencies computed for case V varied from 0.70 at 50 
percent of reference speed to 0.85 at reference speed with a maximum of 
0.87 at 90-percent speed. 

Stage progressive-stall limits . - The stage progressive -stall limits 
for case V are cross-plotted on the over-all performance map in figure 
13(b). Progressive -stall limits for stages 1 to 8 are shown in this fig- 
ure, and the results are similar to those for case IV (fig. 12(b)). At 
90 percent of reference speed for case V, the seventh stage encounters 
progressive stall at a flow only slightly higher than that for complete 
compressor stall. At 80-percent speed, stages 3 to 6 encounter progres- 
sive stall almost simultaneously at a flow about halfway between the 
exit-vane choke limit and the complete- compressor-stall limit; and at 70- 
percent speed, stages 1 to 4 are stalled at the exit-vane choke limit. 

Comparison of cases I and V . - Comparison of the efficiencies of case 
1 (Tig- 4) and case V (fig. 13(a)) shows that the stage-matching compro- 
mise and the addition of a thirteenth stage have little effect on the com- 
puted over-all efficiency. The addition of the thirteenth stage resulted 
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in a higher reference-point pressure ratio (9.1 for case V compared with 
7.75 for case i) . Because the efficiency contours are displaced towards 
higher pressure ratios, the case V compressor indicates a computed effi- 
ciency of approximately 0.84 at a pressure ratio of 7.75 as compared with 
a value of 0.86 for case I at the same pressure ratio. 

The comparison of complete -compressor -stall limits for cases I and 
V are presented in figure 13(c), which gives a plot of pressure ratio 
against percent of reference -point specific weight flow. As in case IV, 
the specific weight flow for case V was 35.9 pounds per second per square 
foot of annulus area as compared with 33.5 for case I. Figure 13(c) indi- 
cates that case I has a slightly better complete -compress or- stall margin 
at speeds of 50 to 70 percent of the reference value; the two compressors 
exhibit about the same complete -compressor-stall limit at speeds of 80 to 
90 percent; and case V has a slightly better stall limit at 100- and 110- 
percent speed. 

The envelope lines of the stage progressive-stall limits for stages 
1 to 8 are also plotted in figure 13(c) . These limits indicate that along 
the exit-vane choke limit case I encounters progressive stall at 80 per- 
cent of reference speed, whereas case V encounters progressive stall at 
about 72-percent speed. Along the complete-compressor-stall limit, both 
cases I and V encounter progressive stall at somewhat over 90 percent 
of reference speed. Thus, the compromise of stage matching and the addi- 
tion of a stage (case V) do not decrease the speed at which progressive 
stall is encountered in the vicinity of the complete-compressor-stall 
limit. Therefore, the potential of blade vibrations excited by progres- 
sive stall would be equally as critical for a compressor such as case V 
as for one such as case I. 

Figure 13(c) also shows that the compromised compressor (case V) has 
a slightly higher percentage of reference -point flow at lower than ref- 
erence speed and a slightly lower percentage at higher than reference 
speed than does the compressor of case I. 

This comparison indicates that, with respect to complete -compressor- 
stall and progressive-stall limits, the original 12-stage hypothetical 
compressor (case i) is comparable with the 13-stage compressor with modi- 
fied stage matching (case V) . For a given design flow, the case V com- 
pressor would be slightly smaller than that for case I, but this advantage 
is offset by the necessity of an extra stage in order to maintain the 
complete-compressor-stall margin for the compressor with compromised 
stage matching. 


CONCLUDING REMARKS 
Part -Speed Performance Problems 

The analysis reported herein was made to study the effects of various 
stage stall and interaction characteristics on the part-speed efficiency, 
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intermediate -speed complete-compressor-stall characteristics, and multiple 
valued performance characteristics of high-pressure -ratio multistage axial 
flow compressors. In addition, the range of conditions where progressive 
rotating stall exists was considered as a range of potential blade vibra- 
tions. Effects of compromising stage matching to favor part-speed per- 
formance have also been considered. Because of the simplifying assump- 
tions used, the results obtained represent only a first approximation. 

The qualitative results, however, are generally in agreement with trends 
observed experimentally. 

This analysis indicates that multi pie -valued multistage performance 
curves will be obtained if stall of the inlet stage results in disconti- 
nuities of that stage or of one or more of the succeeding stages. Dis- 
continuities of these succeeding stages may be a result of interaction ef- 
fects due to unsteady flow initiated by progressive stall of the first 
stage. The particular operating point of the compressor at the speeds 
where multiple curves exist depends on the manner in which that operating 
point is approached. More than two performance curves may be obtained at 
a given speed if the number of stages affected by interaction varies or 
if the severity of interactions varies . 

The dip obtained in the experimentally determined surge or complete- 
compressor- stall-limit lines of high-pressure -ratio axial-flow compres- 
sors apparently is merely a result of transition from compressor opera- 
tion with the front stages stalled to operation with these stages un- 
stalled. The intermediate-speed limit obtained by normal component test 
techniques may not be representative of that obtained in an engine at the 
same speed. Furthermore, the engine complete -compressor- stall limit ob- 
tained during accelerations .may be different from that obtained during 
decelerations . 

This analysis indicates that extremely poor part-speed efficiencies 
cannot be attributed entirely to stage .mismatching but can to a large ex- 
tent be attributed to stage interactions or deterioration of stage per- 
formance due to unsteady flow resulting from rotating stall originating 
in the inlet stages. The magnitude of interaction effects for each stage 
and the number of stages affected will determine the reductions in per- 
formance at low and intermediate speeds. 

Hysteresis effects in the unstalling characteristics of the first 
stage do not alter the existence of double-valued performance curves at 
intermediate speeds. The existence of large unstalling hysteresis in 
combination with severe discontinuities in stage performance may pre- 
vent unstalling of the inlet stages until very high speeds are obtained. 
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With respect to part-speed, efficiency and intermediate-speed com- 
plete compressor stall, this study indicates the desirability of stages 
having continuous characteristics at their stall points. It should be 
noted that these stage characteristics must be maintained when the stage 
is operating in the flow environment of the multistage compressor. Stages 
of this type generally have a progressive stall that originates at one end 
of the blade and gradually increases in severity as the flow coefficient 
is decreased. Design of such stages depends on a better knowledge of the 
effects of unsteady flow and of radial maldistribution of flow, which 
result from off -design operation of adjacent stages. The stage data and 
over-all compressor performance characteristics obtained from the 10-stage 
compressor of reference 3, however, indicate that these desirable stage 
characteristics can to a degree be achieved. Although the use of stages 
having progressive stall may alleviate the part-speed efficiency and 
complete-compressor-stall problems, it would not alleviate the potential 
of blade vibrations excited by rotating stall. 

Increasing the stall-free range of operation of the inlet stages 
would, of course, increase the range of stall-free operation of the multi- 
stage compressor. Inasmuch as the part-speed problem in the multistage 
compressor results from flow limitations of the exit stages, stage range 
with respect to off -design performance can best be evaluated on the basis 
of flow range at the discharge rather than that at the inlet of the stage. 
Therefore, devices or design improvements that would increase the stage- 
loading limit or flow range must be evaluated to determine the potential 
gains in effective stage range. 

More complete data on effects of stage design and blading geometry 
on stage stall characteristics, as well as a better understanding of stage 
interactions due to radial maldistribution of flow and unsteady flow as 
encountered in multistage compressors, are required in order to obtain a 
more quantitative evaluation of part-speed performance . 


Stage-Matching Compromises 

One proposed technique of improving part-speed performance is to 
compromise stage matching to favor low-speed operation of the compressor. 
The analysis of this technique indicates that such compromises severely 
reduce the complete-compressor- stall margin unless additional stages 
are used. The higher flow coefficients of entrance stages may permit 
the use of a slightly smaller compressor for a given flow capacity, but 
this advantage would be offset by the necessity of an additional stage 
to obtain the required complete-compressor-stall margin. Furthermore, 
no gain in the range of speeds where no rotating stall exists is ob- 
tained except near the exit -vane choke limit. Stage compromises tend 
to result in progressive stall in the middle stages at speeds above that 
for stall of the inlet stage. Thus, the potential for abrupt stall, in- 
teraction effects, and poor intermediate-speed complete-compressor-stall 
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characteristics would he greater for the compromised design. No reduc- 
tion in the potential of blade vibration excited by rotating stall is 
indicated. Furthermore, stage-matching compromises to favor part-speed 
performance would definitely restrict the obtainable overspeed perform- 
ance of any compressor. 


Variable Geometry 

Inlet baffles . - As indicated in chapter XI, the use of adjustable 
inlet blockage either in the form of baffles or ramps may disrupt the 
periodic nature of rotating stall and thus present a potential solution 
to the blade-vibration problem. Preliminary tests of a hub baffle (ref. 

9) indicate that the use of such a baffle may also result in some im- 
provement in the complete -compressor- stall or surge margin at low speeds. 

In addition, baffles may be used at high speeds to reduce the compressor 
mass flow and, therefore, to act as a thrust- spoiling device. 

Adjustable blading . - Adjustable inlet guide vanes and adjustable 
stator blades have also been proposed as variable-geometry features for 
alleviation of part-speed performance problems and improvement of flexi- 
bility of engine operation. The satisfactory application of such adjust- 
able blading, however, depends on a knowledge of the variations of stage 
matching and radial distribution of flows that result from blade adjust- 
ment. As indicated in references 10 and 11, closing the inlet guide vanes 
reduces both the flow coefficient and pressure coefficient of the first 
stage. This change in pressure coefficient tends to moderate the decrease 
in first-stage flow coefficient so that the flow coefficient of the second 
stage is not appreciable altered. The operation of middle and latter 
stages, therefore, tends to be primarily a function of compressor speed 
and throttling rather than of inlet-guide-vane position. Thus, closing 
the inlet guide vanes results in an appreciable reduction in flow but only 
a small reduction in over-all pressure ratio for the compressor. This, 
in general, improves the complete-compressor-stall-limit or surge-limit 
characteristics. Of course, when the guide vanes are opened, the converse 
is true. References 10 and 11 also point out that closing the inlet guide 
vanes alters the radial variation of loading of the first rotor as a result 
of the establishment of radial equilibrium of static pressure. This 
radial variation of loading is in the direction of increasing the value 
of flow coefficient at which tip stall is encountered and thus would tend 
to reduce the effectiveness of guide-vane adjustment in relieving the 
part-speed operating problem. Furthermore, alterations in radial distri- 
bution of flow and blade loading may affect the stalling characteristics of 
the individual stages. Adjustable inlet guide vanes have, however, been ef- 
fectively used as a means of improving engine acceleration characteristics, 
and adjustable guide vanes and stators provide a potential technique for 
improving the flexibility of high-pressure-ratio compressor operation 
without sacrificing design-point performance. The added weight and com- 
plexity of the engine and its control system must be considered, however. 
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Compressor air Meed . - Compressor-discharge bleed has been used 
effectively to alter the matching of the compressor and turbine at part 
speed so as to avoid serious intermediate-speed complete-compressor- 
stall problems (ref. 12). This technique, however, does not eliminate 
the potential of blade vibrations instigated by rotating stall. Inter- 
stage air bleed in the multistage compressor has the potential of effec- 
tively altering the matching of the inlet and exit stages and, thus, 
appreciably reducing the speed at which rotating stall is encountered, 
as well as improving the complete-compressor-stall or surge margin at 
intermediate speeds. The computed effects of bleed on a 16-stage com- 
pressor (ref. 13) indicate improvements in efficiency at part speed even 
when the compressor is charged with the work added to the bleed air. 

Care must be exercised in design of bleed ports to avoid resonance with 
adjacent blades and to avoid serious distortions of flow distribution 
in the vicinity of the bleed ports. The use of interstage bleed will 
add some weight and complexity to the turbojet engine but, in general, 
offers improvement in regard to intermediate -speed complete-compressor- 
stall or surge margins and to blade -vibration problems resulting from 
rotating stall. 
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TABLE I. - REFERENCE -POINT VALUES 
(a) Cases I, II, and III 


Stage 

Area ratio a 

Mean-radius 

ratio^ 

Hub -tip 

radius 

ratio 

Stage pres- 
sure ratio 

1 

0.8431 

1.071 

0.5000 

1.179 

2 

.8510 

1.046 

.6063 

1.196 

3 

.8547 

1.033 

.6795 

1.203 

4 

.8580 

1.025 

.7348 

1.204 

5 

.8630 

1.019 

.7779 

1.202 

6 

.8695 

1.015 

.8120 

1.198 

7 

.8720 

1.012 

.8389 

1.192 

8 

.8780 

1.010 

.8613 

1.186 

9 

.8835 

1.008 

.8794 

1.179 

10 

.8875 

1.007 

.8943 

1.172 

11 

.8920 

1.0055 

.9068 

1.166 

12 

.8960 

1.0045 

.9173 

1.159 


(b) Cases IV and V 


Stage 

Area ratio 8. 

Mean-radius 

ratio^ 5 

Hub -tip 

radius 

ratio 

Stage 

pres- 

sure 

ratio 

Flow 

coeffi- 

cient 

Pressure 

coeffi- 

cient 

1 

0.9009 

1.046 

0.5000 

1.136 

0.760 

0.231 

2 

.8929 

1.038 

.5696 

1.157 

.741 

.252 

3 

.8889 

1.031 

.6299 

1.173 

.723 

.270 

4 

.8857 

1.026 

.6810 

1.186 

.705 

.287 

5 

.8818 

1.022 

.7246 

1.197 

.686 

.304 

6 

.8803 

1.018 

.7623 

1.205 

.668 

.320 

7 

.8606 

1.018 

.7944 

1.210 

.650 

.335 

8 

.8651 

1.014 

.8261 

1.205 

.650 

.335 

9 

.8787 

1.010 

.8516 

1.198 

.650 

.335 

10 

.8850 

1.008 

.8709 

1.193 

.643 

.340 

11 

.8857 

1.007 

.8867 

1.189 

.636 

.346 

12 

.8889 

1.006 

.9003 

1.183 

.630 

.350 

13 

.8897 

1.006 

.9100 

1.177 

.626 

.353 


a Ratio of exit to inlet area for stage. 

^Ratio of exit to inlet mean radius for stage. 
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(a) Stage 1. 

Figure 1. 


Flow coefficient 
(b) Stage 5. 

Generalized stage performance for stages 1, 


(c) Stage 10. 
5, and 10 of reference 3. 
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Pressure coefficient Adiabatic efficiency 








(a) Stages 1 to 4. 


(b) Stages 5 to 8. 


(c) Stages 9 to 12. 


Figure 2. - Assumed stage performance characteristics for case I. 
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Figure 3. - Assumed performance characteristics for negative values of 
pressure coefficient for all stages. 
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Specific weight flow 


Figure 4. - Computed over-all performance for case I. 
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(a) Speed, 100 percent of reference. 
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(c) Speed, 50 percent of reference. 

Figure 5. - Stagewlse variation of flow coefficient for case I. 
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Specific weight flow 

Figure 6. - Relation of stage stall and over-all compressor performance 
for case I. 
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Figure 7. - Assumed performance characteristics for stages X to 4 for case II 
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(a) Front stage unstalled. 


Figure 8. - Computed over-all performance for case II. 
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(b) Front stage stalled and interactions in stages 2 to 4. 


Figure 8. - Continued. Computed over-all performance for case II. 


CONFIDENTIAL 


lEN^ 1 ] 


Total-pressure ratio 


114 


CONFIDENTIAL 


MCA EM E56B03b 



Figure 8. - Continued. Computed over-all performance for case II. 
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(d) Transition from stalled to unstalled inlet stage on exit-vane 

choke line . 


Figure 8. 
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Figure 9. - Assumed, performance characteristics for stages 5 
to 8 for case III. 


\ 


CONFIDEJfriAL 


3357 


MCA RM E56B03b 


C OMIDj^INT IAL 


117 



Figure 10. - Computed over-all performance for case III. 
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Figure 10. - Concluded. Computed over-all performance for case III. 
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Figure 11. - Comparison of computed per- 
formance at 85-percent speed for cases 
I to III. 
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Figure 12. - Computed over-all performance for case IV. 
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(b) Stage stall limits. 


Figure 12. - Continued. Computed over-all performance for case IV, 
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(c) Comparison of stall limits for cases I and IV. 


Figure 12. - Concluded. Computed over-all performance for case IV. 
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(a) Over-all performance. 

Figure 13. - Computed over-all performance for case V. 
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(b) Stage stall limits. 

Figure 13. - Continued. Computed over-all performance for case V. 
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(c) Comparison of stall limits for cases I and V. 


Figure 13. - Concluded. Computed over-all performance for case V. 
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CHAPTER XIV 

THREE-DIMENSIONAL COMPRESSOR FLOW THEORY AND REAL FLOW EFFECTS 
By Howard. Z. Herzig and. Arthur G. Hansen 


SUMMARY 

The discrepancies observed between the actual flows in an axial -flow 
compressor and theoretical simplified design flows increase in magnitude 
and diversity with the trend toward more compact compressors. The re- 
search into design procedures to reduce these discrepancies is reviewed 
and discussed. The improved design procedures are arbitrarily classified 
into two categories. One category includes investigations that succes- 
sively extend the design procedures from the simplified-radial-equilibrium 
axially symmetric designs to the complex complete three-dimensional de- 
sign. The second category includes individual studies of more restricted 
problems such as secondary f lows , radial variation of circulation, entro- 
py, or enthalpy. Such research leads to more adequate correction factors 
for use with simplified design procedures. 


INTRODUCTION 

One of the most important problems in the aerodynamic design of com- 
pressors is that of expressing the design flow equations in forms that 
are at once simple enough and accurate enough. The equations and their 
solutions should be simple enough that the designer can see the relative 
significance of the variables he is free to specify, and it must be possi- 
ble to solve the relations quickly. The latter is important because it 
is frequently necessary to compute many compressor designs in order to 
select the one most suitable for a particular application. The equations 
and their solutions must represent the fluid motion accurately enough that 
the discrepancies between predicted and measured flow conditions are ac- 
ceptably small. 

The equations of motion for the flow of a real fluid in an axial-flow 
compressor are nonlinear three-dimensional equations and to date have 
proved mathematically intractable. Accordingly, designers have evolved 
the use of various assumptions to obtain reduced linear flow equations for 
which solutions can be obtained. Such procedures are necessarily condi- 
tional upon obtaining physically valid flow descriptions by their use. 
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In practice, the aerodynamic design of subsonic compressors has usu- 
ally been based on two principal assumptions: (l) axially symmetric flow 

and (2) blade-element flow. The axially symmetric flow assumption is 
primarily a mathematical device which reduces the general flow equation 
from a three-dimensional to a two-dimensional system. In order to line- 
arize and further simplify the flow equations, several auxiliary flow as- 
sumptions are made, such as considering the flow to be nonviscous and 
time -steady. Additional assumptions often made within the axial -symmetry 
approach include simple radial equilibrium and constant entropy radially. 

The assumption of blade-element flow enables the designer to use the 
performance data (obtained chiefly from two-dimensional-cascade investi- 
gations, ch. VI (ref. l)) in the compressor blading design. In fine, the 
over-all advanced compressor design requires a combined approach. It is 
necessary to simplify the mathematical problem in order to obtain solu- 
tions readily; and it is likewise necessary to use empirical information 
obtained in related investigations in order to correct, as far as possi- 
ble, for the discrepancies between the real and the design flows in the 
compressor. 

In the past, suitable compressors have been designed by this simpli- 
fied design procedure . Experience has taught that, by adhering to well- 
established limits on inlet relative flow Mach numbers, blade-turning and 
-loading parameters, wheel speeds, pressure ratios, and others, designers 
can consistently produce satisfactory compressors. From a practical point 
of view, these results justify the axial- symmetry and blade -element -flow 
approach to the design of such compressors (ch. Ill (ref. 2)), herein 
called "conservative compressors." 

However, with the present requirements of compact engines, it be- 
comes necessary to increase the air -flow- handling capacity and the stage 
pressure ratios while maintaining or even improving the efficiency if 
possible. Therefore, the Mach numbers, wheel speeds, and blade loading 
must be allowed to rise while the hub-tip radius ratio, the axial length 
per stage, and the number of stages must go down. Thus, the higher com- 
pressor performance requirements make it desirable to exceed the design 
limits earlier found advisable for conservative compressor design. In 
addition, such problems as blade -row interference, unsteady-flow phenom- 
ena, and off-design performance may become increasingly important. 

Changing design conditions in order to meet increased compressor per- 
formance requirements, of course, requires corresponding adjustments in 
design techniques. These follow several courses. Particular flow prob- 
lems may be attacked by intensive theoretical and experimental studies 
limited to the specific problem at hand. Such studies are directed toward 
learning enough about the nature of the flow process involved and the mag- 
nitudes of the effects to enable this information to be incorporated into 
the design approach. Results of such studies have made available modified 
theoretical design procedures in which one or more of the auxiliary sim- 
plifying assumptions (e.g., simplified radial equilibrium) can be avoided 
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(refs. 3 to 8) . These have been called "improved" axially symmetric de- 
signs. Or , the i nf ormat i on may take the form of new empirical design 
criteria or blade shapes, that is, new blade— loading and flow Mach number 
criteria. The diffusion factor is a pertinent example (ref. 9) . 

Eventually, the trend toward high power output with efficiency and 
compactness results in a condition wherein the discrepancies between the 
real and the design flows may no longer be encompassed by quantitative 
correction factors and improved axial- symmetry theories. In order to 
obtain physically valid descriptions of such real flows, further advanced 
design approaches must be found. The three -dimensional-flow theory of 
reference 10 is cited as an example. 

In view of the importance to compressor designers of finding satis- 
factory solutions for these design problems, it is hardly surprising that 
there should exist an already extensive and now rapidly growing body of 
related literature. This paper summarizes and reviews some of this lit- 
erature and includes examples of improved axisymmetric design theories 
as well as examples of further advanced design approaches. Because of 
increasing importance, blade-row interference effects and time-unsteady 
effects are also discussed, despite the fact that only crude beginnings 
have been made toward solutions of these complex problems. 


SYMBOLS 


The following symbols are used in this chapter: 

D/Dt differentiation with respect to time following the motion 


9 


blade force acting on gas particles per unit mass of gas 


9 


magnitude of 


p 

H total or stagnation enthalpy per unit mass of gas, h + (V /2) 

h static enthalpy per unit mass of gas, u + (p/p) 

2 2 

I modified total enthalpy, h + — ^ ■— - — = H - oo(rVg) 


n 


polytropic compression exponent 
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static or stream pressure 

external heat added to gas per unit mass per unit time 

gas constant 

radius 

entropy per unit mass of gas 
static or stream temperature 
magnitude of U 

vector velocity of rotor blades at radius r 
internal energy per unit mass of gas 
magnitude of V 

absolute vector velocity of gas 
magnitude of V' 

vector velocity of gas relative to rotor blade 

coordinate along axis 

circulation 

ratio of specific heats 
absolute vorticity vector 
polytropic efficiency 
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9 angular distance 

H viscosity 

v kinematic viscosity 

p mass density 

t time 

<£ viscous dissipation of energy per unit volume of gas per unit time 

CD angular velocity of rotor 

Subscripts: 

r radial direction 

z axial direction 

6 tangential direction 


DESIGN ASSUMPTIONS 

The chief desideratum in compressor design is to perceive the most 
advantageous compromise between ease of obtaining possible design solu- 
tions and magnitude of the resulting inaccuracies. It is clear that the 
present trend toward higher -power -output, more compact, and yet more ef- 
ficient compressors requires shifting the compromise point in the direction 
of fewer simplifying assumptions, despite the increased complexity of the 
calculation procedures involved. The first prerequisite, however, is a 
better understanding of the physical significance of the various design 
assumptions and their ranges of applicability. 


Axial Symmetry 

The assumption of axially symmetric flow is one of the two most im- 
portant assumptions used in axial-flow-compressor design. By this assump- 
tion, all the partial derivatives of the gas properties with respect to 
the angular coordinate are taken equal to zero. The system of flow equa- 
tions is thereby reduced to a two-dimensional system, in which the gas 
properties are functions of the axial and radial coordinates only. Basi- 
cally, this is equivalent to assuming the three-dimensional flow through 
a blade row can be represented sufficiently accurately, at a measuring 
station between blade rows, by a circumferential average of the flow 
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conditions at each radial position. Symmetry about the axis of rotation 
does, of course, obtain for the limiting case of an infinite number of 
blades. Thus, one way of envisioning axially symmetric flow is to con- 
sider the flow as being restricted to hypothetical flow surfaces, as fol- 
lows; Consider the number of blades in the blade row to increase without 
bound, in such fashion that the ratio of the spacing to blade thickness 
remains constant. Then the spacing between blades approaches zero, and 
the thickness of the blades approaches zero, so that the two blade sur- 
faces and the space between them approach a mean surface. The stream- 
lines are confined to such a mean surface. 

Mathematically, the assumption serves to simplify the calculation 
problems. Physically, the assumption of axial symmetry, at least between 
the blade rows, is somewhat justified, because in a compressor, where 
adjacent blade rows rotate relative to each other, the blade-row incidence 
angles can be correct only for an average exit flow from the preceding 
blade row. As to design, the assumption of axial symmetry enables the 
designer to fix his attention on the radial distribution of the gas prop- 
erties at a station between blade rows by averaging out the gas -property 
variations in the circumferential direction. 

Simple radial equilibrium . - An auxiliary simplifying assumption that 
has been found convenient is the assumption of simple radial equilibrium. 
The condition of simple radial equilibrium further simplifies the flow 
equations by considering radial accelerations due to curvature of the 
streamlines in the radial-axial plane equal to zero. Physically, this 
assumption does not mean that radial velocity components are zero, but 
that the acceleration due to curvature of the flow path is negligible. 

As the trend shifts toward higher aspect ratios or toward transonic 
and supersonic compressors, this assumption becomes increasingly inappro- 
priate for two reasons: (l) The requirement of high mass flow per unit 

frontal area in such compressors necessitates low hub-tip radius ratios 
in the first stages, with attendant high curvature of the annulus walls 
and large aspect ratios. High pressure ratios per stage generally mean 
tapered passages. ( 2 ) Main-flow radial displacement due to boundary- 
layer accumulations, especially in the stator hub regions, may assume 
sizable proportions at the higher Mach numbers as a result of secondary 
flows. These factors combine to qualify seriously the physical validity 
of the simple-radial-equilibrium condition. 

Constant entropy radially . - Another auxiliary simplifying assump- 
tion often used for compressor design is that the radial variation of 
entropy is zero. Radial variation of entropy depends upon viscous dissi- 
pation of energy and upon radial variations of heat transfer to or from 
the compressor. In the absence of cooling, the heat transfer to or from 
a compressor is negligible. The entropy gradient can be considered negli- 
gible in the inlet stages at all radii except in the blade end regions. 
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In conservative compressors, therefore, the assumption of zero varia- 
tion of entropy radially is reasonable, at least for the inlet stage 
(ref. 11 and ch. VIII (ref. l) ) . Flow conditions that result in in- 
creased losses and corresponding entropy rises result in increased 
secondary-flow effects. The attendant redistribution of increased- 
entropy fluids leads to nonnegligible radial entropy variations. In 
general, this is the physical situation, at least in the rear stages 
of compressors. In these stages, if constant entropy radially is not 
assumed, agreement between design and actual flow conditions may be 
considerably improved. 


Blade-Element Flow 

The assumption of blade-element flow is an important assumption used 
in conjunction with the axi symmetric approach. Both theoretical and ex- 
perimental considerations are involved. Underlying the assumption of 
blade -element flow is the physical assumption that stream surfaces through 
a blade row are largely undistorted and that the fluid, by and large, re- 
mains on nearly conical surfaces, independent of the radial gradients. 

This assumption implies that the flow about any blade section or element 
remains the same regardless of whether the section is in a two-dimensional 
cascade or in an arbitrary rotor configuration. 

The blade-element characteristics are obtained from measurements made 
on similar blade sections, usually in two-dimensional cascades (ch. 

VI (ref. 1)). Strong efforts are made to eliminate the distorting 
influences of the end-wall boundary layers by means of various devices 
such as porous-wall boundary -layer suction, and so forth. Empirical 
correlation formulas are thus obtained for the flows about the blade 
sections for wide ranges of blade-setting angles, solidities, and flow 
velocities. In recognition of the influence of three-dimensional flows 
and the wall boundary layers in annular configurations, experimental 
data are likewise taken from tests in such configurations (ch. VII (ref. 

1) ) . Correlations are obtained for the performance of the blade sections 
at various radial positions spanwise. Empirical loss factors are thus 
developed to account for the viscous losses that arise in flow through a 
blade row. As a result of continuing experiments, there is a large grow-, 
ing body of such information and data on compressor blade rows available 
for use (chs. IV to VII (refs. 1 and 2)). 

When large deviations from the physical assumption of flow on conical 
surfaces independent of radial gradients occur, the flow estimations based 
on blade-element flow become correspondingly more inaccurate. At higher 
inlet Mach numbers and increasing stage pressure ratios, stream surface 
distortions also increase, from secondary-flow boundary-layer displacement 
phenomena, for example. Under these conditions the combined assumptions 
of axial symmetry and blade-element theory may no longer give a satisfac- 
tory, physically valid flow picture at a given measuring station. Con- 
siderable research is being devoted at present to obtaining more insight 
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into the nature of the losses that result from flow through a blade row 
and to obtaining better methods of accounting for the losses than is 
afforded by current blade -element -flow theories. 


Improved Design Theories 


High-output compact axial-flow compressors, in order to outperform 
conventional compressors, must be designed to operate at higher relative 
flow Mach numbers, wheel speeds, and blade loading, with lower hub-tip 
radius ratios and axial length per stage, and with fewer stages. Experi- 
ence indicates that under these conditions the real flows in compressor 
configurations are different locally from those predicted by the simplified 
design methods to an extent which suggests that the simplifying assump- 
tions therein may he qualitatively as well as quantitatively wrong for 
such applications. The quantitative differences arise from augmented 
boundary-layer phenomena such as viscous losses, separation effects, 
clearance effects, secondary-flow effects, and others as well. The qual- 
itative differences include large distortions in the mainstream flow sur- 
faces. Near sonic velocities, the secondary-flow distribution may change 
drastically from that at subsonic flow conditions (ch. XV), with resulting 
large local accumulations of low-energy fluids that give rise to local 
blockage effects. Likewise, near sonic velocities, small changes in flow 
area mean large changes in flow Mach number. 

Thus, even minor deviations from predicted flow directions and ex- 
pected boundary -layer behavior (due to secondary-flow effects or to three- 
dimensional effects, e.g.) can cause large deviations from design flow 
conditions. As a result of these deviations, measurements in compressors, 
particularly in the blade end regions, show the following major discrepan- 
cies from design predictions based on two-dimensional-cascade data (chs. 

VI and VII (ref. l) ) : (l) Integrated total-pressure losses across the 

blade row are greater than predicted from blade-element theory, (2) flow 
directions deviate from those predicted at the blade-row exit, and (3) 
the operating range of angle of attack (without sharp rise in losses) is 
different from that predicted. The measurements further indicate that 
these blade end-region effects may account for half the observable losses. 

To the designer seeking to achieve high-performance compressors, this 
increasing inability to approximate satisfactorily the real flows in actu- 
al compressors by means of idealized flows through simple configurations, 
with corrections for the anticipated differences between the real and the 
simulated cases, presents problems that must be solved. The importance 
of incorporating progressively more complete solutions of the flow equa- 
tions into compressor design procedures has led to a series of experi- 
mental and theoretical investigations. The research toward improved com- 
pressor design procedures falls roughly into two categories. One phase 
of this research has been devoted to lifting the restrictions on the de- 
sign flow calculations - that is, using a more exact basis for design. 
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The results of these investigations appear in reports for proposed design 
procedures such as improved axi symmetri c , quasi -three -dimensional- and 
three -dimensional-flow solutions. Another phase of the research has been 
to make a series of individual studies of more restricted problems within 
a chosen over-all design approach. 

The succeeding sections of this report present brief reviews and 
discussions of some of the investigations into both aspects of the com- 
pressor design problem. A brief section is devoted to the timewise 
variations of the gas properties in compressors exclusive of the surging 
and stalling phenomena (see chs. XI to XIII) . 


COMPEESSOE DESIGN THEOEIES 
Basic Equations 


Following reference 3j_ the state of a gas in motion may be specified 
in terms of its velocity V and two thermodynamic properties, enthalpy 
per unit mass H and entropy per unit mass S. These are defined by 


V 2 p 

H = h+ V = u+ £ + V 


( 1 ) 


and. 


t dS = du + p dp -1 (2) 

The equation of state for a perfect gas is 

P = pRt (3) 

As given in reference 3, the Navier-Stokes equation of motion for a real 
fluid with constant viscosity is 


D V = 
Dt 


The energy equation is 


ivp + H. V 2 ^ + i V(V*V) 
P P 3 


hu + „ Dp"' 
Dt dt 



The continuity equation is 


dp 

3^ 


+ V (pV) 


= 0 
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Equations (l) to (6) are combined, to give general flow equations (7) 
to (10) . 

Equilibrium equation . - The equilibrium equation 


expresses the instantaneous gradient of total enthalpy at a measuring 
station in terms of blade force, viscous forces, velocity, entropy gradi- 
ent, and so forth. For design purposes, the desired velocity diagram and 
thermodynamic properties of the gases are determined at measuring stations 
between successive blade rows. In such locations, the blade force & is 
zero, and the flow is generally presumed time -steady; that is, Ov/St is 
zero. The last terra in equation (7), in the brackets, represents the 
results of viscous action. In reasonably efficient flow, at least 
through the main flow except in thin boundary-layer regions, this term 
is small. Therefore, for design purposes, the last term is considered 
negligible . 

The flow at the measuring station is considered inviscid. Physical- 
ly, this is equivalent to assuming that the variations in velocity caused 
by viscous effects in the fluid in the spaces between the blade rows are 
small compared with the variations in velocity at those stations which 
are the results of viscous dissipation within the blade rows upstream. 

This appears in general to be a reasonable assumption. At any rate, the 
correction factors used to account for boundary- layer effects can accom- 
modate such viscous losses as may arise in the space between blade rows. 

Equation (7) thus becomes 


where V*V is the absolute vorticity £ of the fluid. Thus, the modi- 
fied equilibrium equation 


shows how the gradient in total enthalpy at a measuring station is rela- 
ted to the gradient of entropy and the absolute vorticity of the fluid. 
The aerothermodynamic equations for rotating blade rows can be expressed 
more conveniently in terms of relative velocity vector V', entropy S, 
a.nd a quantity I in place, respectively, of absolute velocity vector 
V, entropy S, and total enthalpy H. The relative quantities I and 
V' are defined as follows (ref. 8) : 



(?) 


VH = tVS + Vx(v*v) 


(7a) 


VH = tVS + Vxt, 


(7b) 
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CD, 


In cylindrical coordinates, with z-axis (of machine) parallel to 


V = V ' + co x r 

The modified equilibrium equation for a rotating system can thus be 
written 


VI = tVS + V'x£ 

Energy equation . - The energy equation is 


(7c) 


DH 

Dt 



1 dp 
p dr 


+ V.<^ + 


2 _ 

V V 



( 8 ) 


The substantial derivative D/Dt indicates that the variation in total 
enthalpy of a particle along its streamline path from station to station 
is expressed by equation (8); whereas, equation (7) is used to define 
the variations in total enthalpy from streamline to streamline at a fixed 
station. The rate of change of total enthalpy per unit mass of fluid 
along a streamline is seen in equation (8) to be a function of the rate 
of external heat addition Q, the rate of viscous dissipation of useful 
energyjalong the path $/p, the rate of work done by the blades, measured 
by V-^, and the viscous effects on the velocity distributions as meas- 
ured by the last term vj^V^V + V(V-V)J. In the case of steady real 
flow through a rotor, the V-& is the predominating term on the right 
side of equation (8) . For the real flow through a stator blade row, all 
the terms on the right side are usually small enough to be ignored. 


For nonviscous flow, the energy equation becomes 


DH j. 

Dt ~ Q + ~ 


1 dp - -= 




+ v^ 


(8a) 


and there is the additional relation that the blade force is normal to 
the blade surface (normal to the. relative velocity of the fluid), 

(V - U).^= 0 

Thus, the energy equation for nonviscous flow through a stator in absolute 
quantities is written 


Q + i^ 

Dt p or 


(8b) 
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Correspondingly, in terms of relative quantities, the energy equation for 
nonviscous flow through a rotor is written 


“ = q + i|e 

Dt p ot 


(8c) 


According to this equation, for steady adiabatic flow the entropy and the 
quantity I remain constant along relative streamlines through the rotor. 
For steady relative flow, the rate of change of I along a streamline 
is proportional to the change of Q along the streamline. In addi- 
tion to their convenience mathematically in finding the flows through 
rotating blade rows, the relative quantities help greatly in clari- 
fying physical occurrences in nonviscous fluid flows in rotating 
turbomachines . 


In compressors, the external heat exchange Q is small. If Q is 
neglected, for inviscid steady flow, equation (8) becomes 


DH _ y.jr 
Dt 

which is equivalent to (ref. 3) 

DH = ^ D ( rV fl) 
Dt Dt 


(8d) 


(8e) 


that is, the rate of change of enthalpy along a streamline (work done on 
the gas) is equal to the angular speed of the blades multiplied by the 
rate of change of angular momentum about the compressor axis of the parti- 
cle along the streamline. In terms of relative quantities, 


= 55 - cu D t rV 0) = 
Dt Dt Dt 


(8f) 


Maintaining the quantity I constant is a more concise but equiva- 
lent way of expressing that the rate of change of total enthalpy H 
along a streamline is equal to the angular speed of the blade multiplied 
by the rate of change of whirl of the gas streamline as it passes through 
the rotor. This is Euler's turbine equation. 


For conventional compressors, the rotors are often designed to add 
the same amount of energy to the gas at all sections radially; that is, 
H is kept radially constant through the machine for design purposes. 
For free-vortex distribution and addition of whirl, I is radially con- 
stant throughout the machine. 


Entropy equation. - The entropy equation 


DS _ Q „ ± 
Dt \t + p 
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indicates that the rate of change of entropy along a streamline depends 
only upon the rate of external heat addition and the rate of viscous 
dissipation of useful energy. As observed earlier, Q, the external heat- 
exchange rate, can be considered zero for compressors. 

The first two terms in equation (8) are thus seen to be a measure of 
rate of entropy change along a streamline: 


which is the last of the general flow equations presented herein, ex- 
presses the continuity relation in terms of divergence of velocity, rate 
of change of temperature function, and rate of change of entropy. 


In order to simplify the analysis, the flow about the axis of rota- 
tion is usually assumed symmetrical. As has been discussed previously, 
this is often interpreted physically as assuming that the number of blades 
is allowed to increase without limit in such a way as to keep the total 
circulation constant, and accordingly the flow approaches the axisymmetric 
solution as a limit. Mathematically, the action of the blades can be com- 
puted by representing the blades by a volume distribution of forces in 
the flow equations. The magnitude of the force at a point is obtained by 
maintaining the product of the number of blades and the resultant force 
constant at any point on a blade as the number of blades is increased. 

The resultant force is the difference between the forces on the two sides 
of the blade. The flow follows stream surfaces, and the derivatives in 
the equations refer to changes of the fluid properties on the stream sur- 
faces. This kind of solution, which gives average values in the circum- 
ferential direction, is usually valid when the departure from that average 
is small. For incompressible frictionless flow, when the blades are thin 
and the solidity fairly high, the solution can be considered as applying 
to the mean stream surface between two blades based on mass -flow con- 
siderations (ref. 12) . 

Equiliorium equation . - All partial derivatives of gas properties 
with respect to time and angular position are taken as zero for steady 
axisymmetric flow. With this simplification and neglecting the viscosity 
effects, the radial, tangential, and axial components of equation (7) 
become v 


t = Q + ± 
Dt p 


Continuity equation . - The continuity equation 



( 10 ) 
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(11c) 


Equation (lla) is the radial-equilibrium equation. At a station between 
blade rows, is zero. For the usual assumption of constant entropy 

radially, the second term on the right side is taken to be zero. The 
fifth term represents the effect of radial motion on the condition of 
radial equilibrium and is neglected (ch. VIII (ref. l) ) for the assumption 
of simplified radial equilibrium. The simplified-radial-equilibrium equa- 
tion is thus generally written as follows for design purposes: 

dH _ V 0 S ( rV 0^ + y Sv z 


5r 


■5F 


or 


or, by differentiating and combining, 


3h 

5r 


1 av| , 3v| v| 

2 dr 2 dr r 


(lid) 


Energy equation . - From equation (8) for steady axially symmetric 
viscous flow and the assumption that heat generated by frictional work 
remains in the stream, DH/Dt can be written as 


at = q + <■> p(rV9) 

Dt Dt 


in which Q is generally considered zero. This same relation was pre- 
viously derived for frictionless steady flow (eq. (8e)). 
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For the friotionless case , 


DS = Q 
Dr t 


(12b) 


Continuity equation . - For axisymmetric flow, equation 


(10) becomes 


B(rV ) 
1 * r 

r 5r~ 




(V r ^ t 
\ 1 dr 


+ V s 


^ In t \ 
dz ) 




= 0 


(13) 


Improved Flow Theories 


Design theories have been presented that dispense with several of 
the flow assumptions made for the simplified axisymmetric designs. The 
first of these (ref. 3) used a modified equation (lla) for the radial- 
equilibrium condition (see ch. VIII (ref. l) for details) in lieu of equa- 
tion (lid), the simplified-radial-equilibrium condition. In succeeding 
reports (refs. 5 to 7), the theories are extended to finite numbers of 
blades. In reference 8, a through-flow theory is developed; and the 
effects of blade thickness are considered in references 13 and 14. 


Radial -equilibrium condition . - The preceding analysis, as developed 
in reference 3, has led to the development of six equations with eight 
independent variables, namely V 0 , V r , V z , STq, 3T t , j^, H, and S. Of 

these equations ((8e), (lla), (lib), (lie), (12a), and (13)), five are 
independent. For nonviscous flow, the following relation must hold: 

(V - U) •?■ = 0 (14) 

as discussed earlier. This provides a sixth independent equation to re- 
place equation (3e) . For this case, equation (12b) is used instead of 
equation (12a) . 


For viscous flow, a sixth independent relation is developed (ref. 3) 
for the rate of change of entropy along a streamline, in terms of n, the 
polytropic exponent of the flow process: 


DS _ -p n - x 
Dt (n - 1) (y - 1) 



9 In t 
5r 


+ V„ 


d In t\ 
dz / 


( 15 ) 


where 


and T] p 


n 


1 

1 -ll-l 

\ r 


is the assumed design polytropic efficiency. 
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For the design problem, two degrees of freedom are thus available. 
Accordingly, the desirable variation of two of the gas properties, one 
of which is usually Vg, can be specified; and the variation of the other 
gas properties and the blade force can then be determined theoretically. 

Current design procedure is to specify desired gas conditions at 
stations in the gaps between blade rows only, where the blade-force terms 
are zero. One of the two available degrees of freedom in going from one 
such station to the next is taken up by the blade section selected. Ac- 
cordingly, except at the first-stage inlet, there is only one condition 
at each station which the designer can specify. 

No general analytical solution is presented in reference 3, but two 
numerical methods of solution are suggested. In one method, the design 
equations are written as finite -difference equations and applied to suc- 
cessive closely spaced axial stations. The second method employs only 
three stations per stage but assumes the shape of the radial-flow paths 
between stations. This method is considerably simpler to apply than the 
first. In reference 3, with assumed sinusoidal radial-flow paths, a form 
of the radial -equilibrium equation is developed which shows that the ef- 
fects of radial motion are functions of the radial displacement, the 
square of the axial velocity, and the square of the blade-row aspect 
ratio . 

Summarizing briefly the results and conclusions of reference 3, an 
investigation was conducted into the radial motion of the flow in a tur- 
bomachine by means of an axial- symmetry theory that does not assume 
simplified radial equilibrium. Blade aspect ratio had an important ef- 
fect on the radial motion. The amount of radial motion depended also 
upon the passage taper, hub-tip ratio, speed of the main flow and design 
type (velocity diagram) . Thus, for large blade-row aspect ratio or high 
axial velocity even with a small amount of radial displacement, the ef- 
fect of radial motion may be large (i.e., a large oscillatory radial 
motion may be expected within the blade row). In reference 3, radial 
entropy gradients were neglected. Under certain conditions (ref. ll) , 
these gradients have been shown to be important. 

The results of a simplified analysis by the methods of reference 3, 
assuming sinusoidal flow paths through the blade row, are found in ref- 
erence 15 to compare favorably with the results obtained by improved axi- 
symmetric and three-dimensional analyses. 

The analysis presented in reference 3, while it gives much useful 
information concerning the flow within blade rows, does not readily yield 
information concerning the flow just upstream or just downstream of such 
blade rows. The distribution of flow properties near a blade row is con- 
sidered as an individual study in references 16 and 17. The problem is 
treated as an investigation into the matter of the flow near a blade row 
rather than with regard to design, and therefore is discussed in this 
report in the section SOME ASP E - DIMEN SIGNAL FLOWS. 
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Finite blade spacing . - The design theories are extended from the 
blade systems with infinitesimal blade spacing (i.e., axially symmetric) 
to systems with finite blade spacing in an interesting series of reports 
(refs. 5 to 7) . The procedure requires the axisymmetric solution for 
the flow as a first step. Reference 5 first presents the axisymmetric 
solution for the complete inverse (design) problem; that is, neither 
the blade shapes nor the wall geometry is specified in advance. The 
axial-flow- compressor designer starting with a reference streamline does 
specify the desired radial variation of the axial velocity component V z 

(as in ref. 5) and an enthalpy function dp/p. By integration of the 

continuity equation (for isentropic flow in refs. 5 and 6), the radial 
velocity component V r is obtained. The tangential velocity component 

Vg next obtained from the energy equation. The continuous force field 

that replaces the blade system in axially symmetric solutions can then be 
calculated from the Euler dynamic equations for axially symmetric flow. 

The infinitesimally spaced blades (stream surfaces) can be computed by use 
of the streamline equations 

dr _ 

rde _ ^0 
5r" v r 

rdd _ ^9 

35“ = v; 

and the inlet conditions. Thus, the compression ratio, the form of the 
airfoils, and the flow around them can be determined. 

When the cascade of blades with infinitesimal spacing and axially 
symmetric flow is replaced by a cascade of blades with finite spacing, 
the flow can no longer be considered circumferentially uniform. The 
uniform force field, which in the equations replaced the effects of the 
blades in the axially symmetric case, is in turn replaced in the equations 
by the asymmetric inertia and pressure terms, the d/d0 terms, that had 

earlier been neglected. Changing the force field and adding circumferen- 
tially asymmetric terms means that the streamlines of flow must change as 
well. . One set of "mean" stream surfaces, considered to be halfway between 
the finite -spacing blades, is assumed "frozen," that is, unchanged. All 
the other streamlines shift and deform. This means the velocity and pres- 
sure terms must also change. 

Corrective terms are to be found, which are to be added to the axi- 
symmetric flow in order to obtain the asymmetric flow in the spaces 
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between blades. These corrective terms are obtained as a power-series 
development for the flow-variable changes in terms of a spacing parameter 
\|r, the angular distance from the frozen streamline surfaces. Recurrence 
formulas are developed for these corrective terms, and an iteration proc- 
ess is set up for the desired solution. For simplicity, it is assumed 
that the changes in the flow variables are small enough that only terms 
linear in i|r need be kept. This is equivalent to assuming a linear pres- 
sure variation across each passage. 

Thus, when the radial variations of a velocity component and of an en- 
thalpy (pressure) function are prescribed, the steady, nonviscous three- 
dimensional flow through a cascade of blades with finite spacing can be 
found. For the two-dimensional solution (ref. 7), only the enthalpy 
function need be prescribed. While airfoils of finite thickness can be 
designed in this way, the numerical example of reference 7 is actually 
for a cascade of line (zero -thickness) airfoils with shapes approximating 
closely the streamlines found for the axisymmetric solution and with small 
lift coefficients. A further extension to the viscous-flow case is made 
in the appendix of reference 7 . The methods developed in references 5 to 
7 are instructive, as they indicate that the blade -to -blade variations 
with finite numbers of blades of finite thickness can be treated as per- 
turbations on a mean, ' "frozen" streamline. However, in the nonviscous 
case (e.g., ref. 7), the Bauersfeld condition that, for a nonviscous 
fluid, the force field must be perpendicular to the streamlines defining 
the blade surfaces was not considered. And in the treatment of the 
viscous-flow case (appendix of ref. 7), it was not possible in the one- 
step perturbation method to satisfy some boundary conditions and obtain 
closure of the nose and trailing edges of the blades. 

In a series of reports (refs. 18 to 20 ) , a treatment of the viscous 
flow through infinitely many thin blades is developed and extended, using 
the frozen-streamline notion, to develop the theory for an iteration proc- 
ess for the viscous, laminar, incompressible flow through blade rows 
with a finite number of blades of finite thickness. The application of 
this considerably more complex procedure greatly improves the solutions 
and makes possible the closure of the blade surface at the nose and 
trailing edge. Even with this procedure, however, it is necessary to 
relax the boundary condition of zero velocity (no slip) at the blade sur- 
faces in order to linearize the problem sufficiently for possible 
solutions . 

Through-flow theory . - A further generalization beyond the simpli- 
fied axisymmetric -flow approach, the through -flow theory (ref. 8), con- 
siders the flow along an arbitrary surface S(r,0,z) = C. Retaining 
the blade force terms in the equations of motion partially takes into 
account the circumferential variations of pressure (enthalpy) and density. 
The development of the analysis presents a unified theory; that is, the 
direct and inverse problems are solved for compressible flow, either sub- 
sonic or supersonic, for arbitrary blade and wall shapes, and for high- 
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s °lidity, thin blades. A principal equation is developed from the con- 
tinuity equation, the equation of motion in the radial direction, and 
tnrough use of a stream function. Two main groups of designs are con- 
sidered. In the first group the designer prescribes the variation of 
the angular momentum. This group includes the free -vortex type, the 
wheel type, the symmetrical-velocity-diagram type, and so forth. In the 
second group of designs a relation between the tangential and axial veloc- 
ities is prescribed. This group includes such radial -blade-element con- 
figurations as are found in high-speed centrifugal and mixed-flow 
impellers . 

Criteria are established for both groups to determine whether the 
principal equation is elliptic or hyperbolic, roughly whether the flow 
is subsonic or supersonic. Two methods are presented for solving the 
elUpllo case. In one method the equations can be expressed in differ- 
ence form and solved either by relaxation procedures or by a suggested 
iterative procedure if a high-speed large-scale digital computing machine 
is available. The relaxation procedure, for which the machine can also 
be used, is preferred. The other method suggested, machine solution of 
the set of simultaneous • equations by a matrix process, is much quicker 
especially when a number of solutions is to be found. The details of 
this matrix method are given in reference 21. 

Blade thickness . - In standard design procedures, the axisymmetric 
solutions provide "mean-line" information that can then be corrected for 
the effects of blade thickness by use of experimental data. A simple 
extension of the through-flow theory (ref. 8) incorporates some of the 
blade-thickness effects directly in the design procedure. For blades that 
are not thin, an approximate blade thickness factor b is included in 
the definition of the stream function. Better physical understanding of 
the significance of such a blade thickness-correction factor is obtained 
(refs. 13 and 14) by analyses of the effects of blade thickness on flow 
along a mean streamline on a blade-to-blade flow surface. 

In a thick -bladed turbine configuration (in order to emphasize the 
effects) with subsonic incompressible flows, the mean streamline based 
on mass flow in the channel has less curvature than either the mean 
channel line or the mean camber line. The variation in the axial com- 
ponent of flow is nonlinear across the channel; the specific mass flow 
pVz a long the mean streamline was about 4 percent higher than that ob- 

taxned by a one -dimensional calculation based on channel-width reduction. 
Furthermore, the influence of blade thickness extends a short distance 
upstream and downstream of the channel. The tangential velocity on the 
mean streamline rises above its inlet value before the leading edge and 
decreases rapidly at first through the channel and then more slowly to a 

value below its exit value for some distance downstream of the trailing 
edge . ° 
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For compressible flows, the mean streamline approximates the position 
of the mean channel line better than for incompressible flows but still has 
a lower curvature. The effects of blade thickness on tangential veloc- 
ities of the mean stream and on specific mass flow are similar to, albeit 
somewhat larger than, the corresponding effects in the incompressible 
case . The variation in specific mass flow was higher than that given by 
the one -dimensional calculations based on channel width, and the effect 
was observed outside the channel. 

For supersonic flows (ref. 14) in a configuration with higher solid- 
ity and thinner blades, the mean streamline conformed more closely to the 
mean camber line than for the other cascade with lower solidity and thick- 
er blades. The analysis using the thickness- correction factor b shows 
that the specific mass flow along the mean streamline increased an average 
of 9 percent more than anticipated from a one -dimensional calculation. 
Comparison of the specific mass flow in the axial direction with the vari- 
ation in channel width likewise showed a 9-percent increase on the average 
in specific mass flow axially over the area reduction. This increase, it 
will be noted, is more than twice the value obtained for the previous sub- 
sonic cases. The variations of axial and tangential velocity components 
on the mean streamline are correspondingly increased. 

For the symmetrical nozzle configurations (no turning), the increase 
in specific mass flow along the mean streamline at supersonic flow con- 
ditions was about 8 percent higher than expected from a one -dimensional 
calculation. 


\ 
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Three-Dimensional Theory 

A general three-dimensional, nonviscous, compressible -flow theory is 
developed in reference 10 for subsonic and supersonic turbomachines with 
finite numbers of blades of finite thickness. The theory is applicable to 
axial-, radial-, or mixed-flow turbomachines for both the direct and in- 
verse problems. Such a theory may be required/ror the case of low hub- 
tip radius ratios and for highly loaded stages with high inlet Mach num- 
bers, where two-dimensional solutions may be inadequate. 

As in earlier reports, the equations of motion, energy, and con- 
tinuity are expressed in terms of the velocity components, entropy, and 
the quantity I (a modified total enthalpy) . Estimated entropy changes 
due to shock waves, heat transfer (turbine cooling), and viscous effects 
can be accommodated in the calculations. 

Analysis . - A three-dimensional-flow solution is obtained by com- 
bining solutions for mathematically two-dimensional flows on two different 
kinds of intersecting relative stream surfaces (fig. l) • A stream sur- 
face S-j^ of the first kind is one traced out by fluid particles initial- 
ly, at some axial position, on a circumferential circular arc of fixed 
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radius about the axis of the machine. The blade -to -blade variations of 
flow can be computed on such surfaces (which extend from the suction sur- 
face of one blade to the pressure surface of the adjacent blade) in an 
essentially two-dimensional fashion. Suitable stream functions are de- 
fined that facilitate the solutions- 

These S-^ surfaces will in general be twisted (fig. 2); that is, 

the flows are not restricted to surfaces of revolution as in quasi- 
three-dimensional solutions developed elsewhere. The Sq surfaces 

can be modified and redefined in order to cope with the large circum- 
ferential derivatives that result from cases of large surface twist. 
Complications arise in regions where, because of secondary flows, for 
example, particles leave the walls and flow onto the blade surface, or, 
as is more likely, leave the blade surface and flow onto the wall or even 
out into the passage. In these regions it is necessary to approximate a 
solution by assuming that the flow follows the hub and casing walls. 

A relative stream surface of the second kind S g is one traced out 

by fluid particles which, at some axial position, were initially along a 
radial or nearly radial line. The most important surface is the one 

that starts midway between two blades (fig. l) and divides the mass flow 
in the channel between the blades into two approximately equal parts. 

The through-flow solution obtained for large numbers of thin blades 
is a special case of Sg stream surface solution. The problems of 

surface twist and complications near the boundaries for Sg surfaces 
are similar to those already described for surfaces . 

In general, the three-dimensional solutions for both the direct and 
inverse problems employ the solutions on both these two kinds of surfaces. 
The correct solution on one kind of surface often requires information 
obtained from solutions of the other kind. For example, determination 
of flow on S surfaces requires information concerning the radial vari- 
ation of the velocity components that is obtained from solutions along 
the S 2 surfaces. Consequently, iterative solutions between the two 

kinds of surfaces may be required. However, the computations are essen- 
tially two-dimensional and can be handled by present computational tech- 
niques. A general method is provided for solving the flow equations 
manually or by high-speed digital machine computations. 

In the direct problem, the solution starts with an assumed flow sur- 
face and proceeds with successive alternate solutions on the two kinds 
of flow surfaces until a satisfactory approximation is obtained.' The 
better the first approximation, the shorter the computation. 
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The process is usually shorter for the inverse problem. The calcula- 
tion begins on the mean S 2 surface on which the designer has one degree 

of freedom and an estimated blade thickness distribution B to specify. 
After the solution on this S 2 surface has been obtained, the blade co- 
ordinates are determined by extending the solution circumferentially. 

Initial approximations . - The computations of the general theory 
for three-dimensional flows can be shortened materially by starting the 
iteration procedure with a reasonably good first approximation of the 
detailed flow variation. Reference 22 presents a quick approximate solu- 
tion for the two-dimensional, compressible, subsonic, nonviscous flow past 
arbitrary turbomachine blades on arbitrary surfaces of revolution. 

The first step in this particular solution is to estimate a mean 
streamline shape and the specific mass flow (product of velocity and den- 
sity) along it. (For alternate methods, see ch. IV (ref. 2).) Equations 
for the flow along stream filaments of revolution are then solved to ob- 
tain values of the density and velocity components separately and of their 
derivatives in the circumferential direction. Next a Taylor series ex- 
pansion in the circumferential direction using these values, together with 
mass-flow integrations, provides calculated blade shapes. Finally, an 
iteration procedure is set up in which the variance between the calcu- 
lated blade shapes and the actual blade shapes provides the information 
required as a starting point for the second cycle. According to ref- 
erence 22, depending upon the configuration and the original estimates, 
the detailed flow variations can be suitably obtained in two to four 
computation cycles. 

Solutions on flow surfaces and Sg . - The three-dimensional 

analysis of reference 10 can provide a clearer understanding of the flows 
uncomplicated by viscous, secondary-flow effects than was obtainable from 
the simplified solutions. More complete knowledge about the effects of 
the main stream on the development of viscous boundary layers may then 
aid in understanding the secondary-flow behavior in the turbomachines. 

The practical utility of the more accurate flow representation of 
reference 10 depends, of course, upon its susceptibility to accurate and 
quick computation. Reference 23 is an investigation of the mechanics of 
obtaining solutions for the principal flow equations of the general three- 
dimensional- flow theory. 

It will be recalled that the three-dimensional solution was obtained 
by combinations of mathematically two-dimensional solutions on two kinds 
of intersecting relative stream surfaces, designated and Sg. The 

principal flow equations for both kinds of surfaces are similar, and the 
methods of successive approximations used for their solution are similar. 
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If it can be shown that the solution on one of the surfaces converges 
readily, the solution on the other should converge as well. Reference 

23 evaluates three methods for obtaining solutions on the So surfaces: 

/ \ . “ * • •» 

(1) a relaxation method using hand-operated desk calculator, (2) a matrix 

method on an IEM card-programmed electronic calculator, and (3) a matrix 
method on a Univac. The actual machine analyzed was a single-stage axial- 
flow turbine, but the results are equally meaningful to compressor design. 
Free-vortex variation in tangential velocity and cylindrical bounding 
walls were specified to reduce radial-flow effects. The blades are quite 
long, however, with hub-tip radius ratio of 0.6. 


For both relaxation and matrix solutions, the nonlinear partial dif- 
ferential principal equation is replaced by a number of finite -difference 
equations representing the principal equation at the number of grid 
points in the flow region. The equations are solved by a method of suc- 
cessive approximations. The accuracy of such solutions depends upon the 
grid size (number of points), the degree of the polynomial representation 
used, the size of the residuals accepted, and the number of successive 
cycles completed for convergence. 

Convergence was readily obtained in all cases of the investigation. 
The indications are that the matrix methods were quicker and somewhat 
more accurate than the relaxation solutions. In any event, the calcu- 
lations were feasible and not overly difficult for the solution of the 
flow on a flow surface, one step in the over-all three-dimensional— flow 
solution. 


Information concerning the detailed flow distribution (ref. 22) and 
particularly concerning the relations of the pressure gradients and 
blade shape to radial -flow components (ref. 23) is discussed in the 
next main section of this chapter. 

Evaluation and relation to previous methods . - Because of the com- 
plexity of the over-all three-dimensional design theory, very little has 
been recorded about experience in its use. Little information is avail- 
able concerning the convergence of the iteration procedures or the magni- 
tudes of the random errors of the computational methods. At present, this 
three-dimensional theory may serve best as a useful guide for evaluating 
experimental data. 

As noted in reference 10, the through-flow solution (ref. 8) can be 
considered as a limiting case for the more general three-dimensional solu- 
tion. It may be regarded, for example, as the solution for the flow along 
the S 2 mean stream surface that divides the mass flow equally when the 

circumferential variation of the velocity components approaches zero. 

Thus, the through -flow solution serves to indicate trends when the effects 
resulting from having a finite number of blades are small or constant. 
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In this connection, the use of a blade thickness factor, based on informa- 
tion about blade thickness effects such as obtained, for example, in ref- 
erences 13 and 14, should improve the solutions considerably. 

The effects of compressibility, spanwise variation of circulation 
V 0 r, and radial components or distributed-force vector & upon 

the radial variations of gas state in a single-stage and in a seven- stage 
subsonic compressor with symmetrical velocity diagram are studied in ref- 
erence 15. The results of these studies are presented briefly in the 
next main section. The investigation includes a brief discussion of the 
comparison between simplified-radial-equilibrium solutions and the solu- 
tions according to reference 3, while employing solutions obtained by 
means of the through-flow and three-dimensional theories (refs. 8 and 10, 
respectively) as criteria for accuracy. In this comparison, at axial 
stations in front of and behind the rotor of the single-stage compressor 
the simplified-equilibrium solution and the limiting solutions of ref- 
erence 3 (zero and infinite aspect ratios) produced rather poor approxi- 
mations to more complete solutions. The simple approximation to the 
streamline path suggested in reference 3, with an assumed sinusoidal path 
through the rotor, gave a good approximation to the three-dimensional 
solution in the case investigated in reference 17. 


The formidability of the complete three-dimensional design theory 
makes its application to compressor design somewhat impractical at this 
time. Nevertheless, considerable information about the three-dimensional 
aspects of the actual fluid behavior in compressors is required for de- 
sign purposes. Such information has been obtained most successfully from 
many experimental and theoretical studies, each directed and confined to 
a particular phase of the real flow. By restricting the scope of a 
particular study, the investigator can make sweeping assumptions which 
simplify his solutions greatly. He need only be careful that his assump- 
tions do not qualify the particular* aspects of the flow being investiga- 
ted. In the following subsections, several such phases of the over-all 
three-dimensional-flow behavior are described briefly, such as the ef- 
fects of radial variations of circulation and of blade loading, radial 
components of flow within and between the blade rows, the effects of 
compressibility and of blade-force components, and some secondary-flow 
effects. Only steady-flow phenomena are considered here. The time- 
unsteady flows are considered in the next main section of this chapter . 


In order to facilitate the investigations of the effects of radial 
variation of circulation, the flows are generally assumed axially 
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symmetric and nonviscous, with constant entropy and enthalpy radially at 
the inlet. Even for these conditions, the solutions for the governing 
equations are simple only for the incompressible case of vortex distri- 
bution of the tangential velocity component, that is, constant circula- 
tion spanwise. For this condition only, the flow is two-dimensional 
and the streamlines all lie on cylindrical surfaces. For conditions 
of inconstant circulation radially, according to Prandtl's theory, 
vortices trail from the blades with their vorticity vectors downstream 
in the flow direction. The flow equations are then nonlinear, nonhomogen- 
eous partial differential equations; and the flow itself is no longer 
confined radially to cylindrical surfaces. The aerodynamic advantages 
to be gained by use of nonvortex designs (i.e., lower relative velocities 
in the case of solid-body rotation design) must be weighed against the 
radial-flow components which arise and which can be calculated only with 
difficulty. Nevertheless, the aerodynamic advantages associated with non- 
vortex designs have frequently been beneficial enough to outweigh any 
detrimental effects. 

Radial-flow shifts . - The radial-flow displacement that occurs with- 
in blade rows, both rotating and stationary, is discussed in reference 3. 
Here the use of a sinusoidal approximation to the probable flow path was 
suggested in a calculation procedure based on this kind of assumed curve. 
For a subsonic single-stage and a subsonic seven-stage compressor de- 
signed for symmetrical velocity diagram at all radii, reference 15 com- 
pares the simplified-radial-equilibrium solution, the assumed sinusoidal- 
flow-path solution (single stage only) (ref. 3), the through-flow solu- 
tion (ref. 8), and the three-dimensional solution (ref. 10) . Using ref- 
erences 8 and 10 as criteria, reference 15 found that, in the single-stage 
compressor, the sinusoidal-f low-path assumption gave answers that agreed 
closely with the more complete solutions. The simplified-radial- 
equilibrium solution did not agree well. 

One conclusion reached in reference 15 is that, while compressibility 
does not change the streamline shapes very much, it does affect the veloc- 
ity components a great deal. Another conclusion is that the gas under- 
goes an oscillatory radial motion in passing through the compressor. The 
period of the oscillatory motion is equal to the length of a stage. The 
gas (e.g., ref. 15) shifts inward through the inlet guide vanes and the 
first rotor and then outward in the first stator, the effects of this 
oscillatory motion being greatest in high-aspect-ratio stages. In gener- 
al, the shift through the guide vanes, if present, is always inward. The 
shift through the rotor depends upon the particular velocity diagram and 
may be inward (for velocity distribution that is wheel type in the direc- 
tion of the rotor rotation), may not shift (free vortex), or may be out- 
ward (wheel type in opposite direction to rotor rotation) . In a velocity- 
diagram analysis, reference 24 shows that for inward radial shift in 
a rotor the negative radial gradients of the axial velocity components 
behind the rotor lead to undesirable diffusion factors at the rotor tip 
and high stator-inlet Mach numbers. 
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By choosing a wheel-type flow distribution at the rotor inlet counter 
to the rotor direction with vortex distribution in the rotor, a radially 
outward shift in mass flow may be obtained. This should lead to more 
favorable diffusion-factor and Mach number distributions. 

Reference 23 points out that the axial component of velocity is 
constant radially for free -vortex blading only for the case of simplified 
radial equilibrium. In the more general case, including, for example, 
the effects of radial variation of entropy and enthalpy, considerable 
radial variation of the axial velocity components results for both in- 
compressible and compressible flows. In all such cases described in ref- 
erence 23 (turbine configurations), there was a negative radial gradient 
of axial velocity ahead of the rotor. 

Reference 23 indicates that the actual path within the blade row may 
be far from sinusoidal and depends upon such factors as radial twist of 
the stream (due to , radial component of the distributed-force term) 

and compressibility of the gas. 

Flow near blade rows . - Reference 16 provides information about the 
flow near a blade row, just upstream or just downstream. It is first 
noted in reference 16 that the three-dimensional- nonviscous incompressible- 
f low solution is simple only for the case of vortex distribution of 
the tangential velocity component. For this condition, the blade circula- 
tion spanwise is constant and there are no radial components or axial 
variations. For varying circulation spanwise, it is still possible to 
calculate the difference between the axial velocity profiles far upstream 
and far downstream of the blade row fairly readily by neglecting radial 
transport of vorticity shed from the blades. But to determine the veloc- 
ity distribution of the flow field near the blade rows is a more diffi- 
cult problem, involving nonlinear, nonhomogeneous, partial differential 
equations. 

In reference 16, the flow is considered nonviscous, incompressible, 
and axially symmetric, with no inner- or outer-shroud taper. It is 
further assumed that there is no self -transport of vorticity; that is, 
the vorticity is transported only by the mean velocity and not by its 
own induced velocity. This last qualification reduces the problem to 
the solution of a linear, nonhomogeneous, partial differential flow 
equation. The solutions thus obtained provide an approximation to the 
velocity field for any blade-loading distribution. The results are use- 
ful, then, for such conditions in which self -transport is negligible - 
that is, for moderate -turning, high- solidity configurations. 

For the particular case where the blade chord approaches zero (actu- 
ator disk), the linearized partial differential equation describing the 
tangential velocity component becomes homogeneous as well and can be 
solved directly by using the given boundary conditions. Physically, this 
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assumption is equivalent to requiring the change in mean tangential com- 
ponent through a blade row to occur as a discontinuity (the actuator disk) 
in a plane normal to the axis at a chosen axial location. By appropri- 
ately choosing the location for the discontinuous jump in tangential 
velocity (the axial and radial velocity components remaining continuous 
throughout) , the direct solution for the homogeneous case is shown to be 
a useful approximation to the more exact solution for the case of finite 
nonzero blade chord, except near the lifting line, where large radial 
velocities and axial velocity gradients are generated. 

For both the finite blade chord and the discontinuous approximation, 
the linearized flow equations make possible the attainment of the incom- 
pressible solution for a multistage turbomachine by superposition of the 
flows for the individual blade rows. Exponential approximations are 
developed for rapid estimations of the velocity- component distributions, 
which provide an even simpler method of approximating the flow through a 
turbomachine. These approximations were sufficient for the particular 
case calculated in reference 16 to estimate the general order of the 
velocity components and were sufficiently simple to make these relations 
useful in estimating the interference of adjacent blade rows. 

illustrative example' is calculated in reference 16, which assumes 
a linearly increasing circulation distribution from root to tip. The 
calculations indicate sizable changes in axial velocity profile both 
upstream and downstream of the blade row. The linearized approximation 
used (with the blade loading similar at all radii and assuming no radial 
force components) makes possible the separation of the velocity components 
into the series of terms associated with the blades considered stationary 
and the additional terms due to rotation effects. Thus, the radial veloc- 
ity disturbances, important principally as they affect the axial and tan- 
gential velocity components, are analyzed. An interesting asymmetrical 
behavior is observed. The induced effects associated with the stationary 
blade attain their maximum downstream of the blade midchord position 
axially; the disturbances associated with rotation, upstream. 

Reference 25 describes two physically possible types of nonviscous 
incompressible flow for a special case of the "actuator- disk" theory, the 
limiting case of a cascade of blades with negligible chord, discussed as 
an approximation to the more exact solution of reference 16. As before, 
only the tangential velocity components have a discontinuity at 'the 
actuator-disk section, the radial and axial components being continuous 
throughout. Axial symmetry, negligible heat transfer, and isentropic 
flow are assumed. The basic equations employed are Euler's equation of 
motion, the continuity equation, and the thermodynamic entropy and energy 
equations. As shown by a numerical example, the exact solutions to the 
problems as formulated here may match desired turbomachine flow conditions 
su ^i c i eir tly closely to provide useful approximations of interest to 
designers. [Note that £ and £ should be interchanged in equations (9) 
to (11) in ref. 25.] 
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Radial adjustment and blade -row interference . - The shape of a 
stream surface as it passes through the stages of an axial turbomachine 
is investigated in reference 17 with the use of the exponential approxi- 
mation to the linearized flow solution developed in reference 16. Atten- 
tion is directed to the flow near the blade row and the manner in which 
the transition is made from the far-upstream to the far- down stream veloc- 
ity profile. For the configuration investigated in reference 15, it was 
found that the radial velocity requires more than two axial chord lengths 
upstream of the inlet guide vanes and downstream of the stator before 
becoming negligible. Reference 17 establishes a relation between the 
aspect ratio of the blades and the rate of radial adjustment. The radial 
adjustment ranges from nearly complete by the time the trailing edge of 
low-aspect -ratio blades (= 1.0) is reached, to almost negligible radial 
adjustment at the trailing edges of high-aspect -ratio blades (= 3.0) . 

This information is then brought to bear on the dual problems of the 
mutual interference of neighboring blade rows and the three-dimensional 
flows in an axial turbomachine at off -design conditions. Briefly, for 
blade aspect ratios of 1.0 or less, the effects on the velocity distri- 
bution of interference between adjacent blade rows are negligible, and 
distortion of the design axial velocity profile at off-design operation 
is small. The effects of off -design operation may increase considerably 
with higher blade aspect ratio, while the interference between adjacent 
blade rows may become a predominant influence for aspect ratios over 3 .0 . 


Secondary -Flow Effects 

General discussion. - The three-dimensional behavior of a real fluid 
is intimately associated with the three-dimensional boundary- layer be- 
havior of that fluid. The tendencies of the boundary layers to accumulate 
locally, to develop large radial and cross-channel flows in a complex of 
motions generally termed secondary flows, are discussed in chapter XV. 
Detailed experimental information on secondary-flow patterns is presented 
in chapter XV, together with the results of the more important theoret- 
ical developments. The present report is concerned chiefly with the over- 
all flow picture; only the broad aspects of secondary flows are consid- 
ered here. 

The flow through a blade grid is considered as flow through individ- 
ual channels or curved ducts in reference 26, and three distinct boundary- 
layer phenomena are discussed: (l) the cross-channel displacement lead- 

ing to thickened bound ary -layer regions at the suction surface of the 
passage, (2) the different behavior of boundary layer when adhering to a 
solid surface as contrasted with detached boundary layers such as wakes, 
and (3) the effect of centrifugal acceleration inducing radial components 
of motion affecting especially the boundary layers of moving blade rows. 

A criterion of radial stability is developed indicating that "stability 
of compressible flow depends not only upon the radial distribution of 
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total energy, as is the case for incompressible flow, but also upon the 
temperature distribution." With this criterion, the radial displacement 
of boundary layer in turbomachines is analyzed for various conditions of 
flow circulation and boundary- layer distribution. 

In reference 27, the secondary flows are attributed largely to 
tr ailing-edge vortices shed as a result of spanwise variation of circula- 
tion along the blades and nonuniform inlet approach velocities (see ch. 
w XV for discussion of passage vortices) . Reasonable orders of magnitude 

cn of three-dimensional losses are estimated by the methods of reference 27 

for the very conservative flow conditions assumed. A practical extension 
of this investigation is provided in the guide-vane analysis of refer- 
ence 28. End -wall boundary layers are shown to cause deviations of the 
real flow from blade-element-flow considerations . Some of the effects 
noted are first underturning and then overturning in the boundary layer 
as the end wall is approached, a general decrease in circulation and 
turning angle along the blade in the boundary- layer regions, and large 
induced losses in the guide-vane end regions. A calculation procedure 
for quantitative estimations of the mean flow variations induced by the 
end-wall boundary-layer effects is set up in which the distribution along 
the blades is represented by a system of vortices, the effects of which 
are calculated by the method of images, with use of an empirical correla- 
tion factor. The closing section of reference 28 considers several aspects 
of the secondary-flow problem, from the designer's viewpoint, in some 
detail. 

The more complex flow situation in rotor blading is considered in 
reference 27 . Tip-clearance and relative blade- to wall-motion effects 
are discussed in very general terms, as is boundary-layer displacement of 
the type noted in reference 26. The action of secondary flows under cer- 
tain conditions to prevent stalling and to enable blades to operate above 
the two-dimensional stalling limit is brought out. The work-done factor 
and the induced-drag coefficient are connected on the basis of these 
secondary-flow considerations. Finally, the conclusion is reached that 
ordinarily (conservative, subsonic turbomaehines) the primary flow condi- 
tions and primary losses are still due to two-dimensional blade-section 
performance. Experimental evidence (ch. XV and ref. 29) indicates that 
the secondary-flow- induced losses assume considerably more importance 
with higher flow velocities and larger turning angles. 

An interesting analysis is developed in reference 30 of the relation 
between the secondary flows and the main flow characterized by radially 
varying blade circulation and rotational incoming flow. References 30 
and 4 present a clear, understandable physical picture of three- 
dimensional flows in turbomachines. 

Commentary . - Despite the great amount of research already devoted 
to the study of secondary flows in turbomachinery, empirical information. 
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useful to designers, concerning the actual flows within the blade rows 
themselves is still largely lacking. Most analyses to date provide in- 
formation and devise design procedures about the flows encountered at 
stations between the blade rows. For design purposes, the nature of the 
flows in the blade rows themselves is almost invariably assumed. Ref- 
erences 14 and 18 give evidence that the flow patterns within the blade 
rows are quite complex, that large stream surface distortions can and do 
exist. These results must be considered to qualify the conclusions 
reached from analyses (i.e., ref. 4) based on assumed simple flow con- 
figurations in the passages between stations. 


A theory of nonstationary motion around airfoils is presented in 
reference 31. The purpose of the paper is to present the theory origi- 
nally developed by Birnbaum, Wagner, Kussner, Glauert, and Theodorsen in 
relatively uncomplicated mathematical forms. A remarkably clear exposi- 
tion of the fundamental conceptions of the two-dimensional circulation 
theory of airfoils is presented first. The report shows how a "wake of 
vorticity" is produced if the circulation around the airfoil is a timewise 
variable. The induced vorticity distributions over a thin airfoil are 
presented for such wake vortices at various distances in the wake £ 
from the midpoint of the airfoil. 

Formulas for the lift and momentum are next obtained for the thin 
airfoil, and here it is seen that the simple Joukowski formula L = pVT 
no longer will do. Instead, the expression for the lift consists of 
three parts: 


TIME -UNSTEADY FLOW 
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u velocity of motion of airfoil (or of gust of wind past airfoil) 

r 0 circulation resulting from vorticity r 0 (x) 

TqU) vorticity bound to airfoil that would be produced by airfoil 

motion (or by gust) if instantaneous velocity were maintained 
permanently 

x coordinate along blade rearward from midchord position 

r(?) vorticity in wake 

The quasi- steady lift L Q is that which would be produced if the instan- 
taneous velocity and angle of attack were permanently maintained. The 
lift. L]_ represents the forces acting on a body in an ideal fluid when 
no circulation is produced because of the reaction of the accelerated 
fluid masses. It is^obtained by integrating over the surface the "impul- 
sive pressures" p (where cp is the instantaneous potential func- 
tion) . The lift Lg represents the contributions to the lift from the 
wake itself, and contains the wake effects. A corresponding formulation 
is obtained for the moment: 

M = Mq + M-j_ + M 2 

* /, 

In these formulas, Lq and Mq as well as L-^ and M-^ require 

only solutions of steady-state problems by usual methods. The wake con- 
tributions L 2 and M 2 can be interpreted physically as the differences 

between the instantaneous and the final values of lift and moment for a 
case in which the quasi-steady lift and moment undergo a sudden change. 
Hence, L 2 and M 2 can be called the "deficiencies" caused by the non- 

uniformity of the motion of the airfoil or of the fluid velocity. 

These general results were then applied to an oscillating airfoil 
and to an airfoil entering a vertical gust with various velocity profiles. 
The general expressions for the lift and moment developed by von Karman 
and Sears (ref. 31) are applied in reference 32 to a series of alternat- 
ing up and down gusts, sinusoidally distributed. The magnitude of the 
lift decreases as the frequency of the gusts increases. As in reference 
31, the lift is shown to act, always, at the quarter-chord point of the 
airfoil. These results are applied to a wind-tunnel fan blade operating 
just downstream of a set of prerotation vanes. The vanes produce peri- 
odical disturbances through which the fan blades pass, which in turn give 
rise to periodical forces on the blades and perhaps vibrations of danger- 
ous amplitudes. An approximate calculation is made in order to apply the 
results obtained, in which it is necessary to take the two-dimensional 
flow across some mean cross section representative of the blade and to 
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consider that this mean section encounters flow conditions in its path 
that can he approximated by superimposing a sinusoidal variation of axial 
velocity on a uniform mean axial velocity. No dangerously large vibration 
amplitudes were calculated in the example given in reference 32. 

The results derived in reference 32 for an airfoil moving through a 
stationary gust pattern are extended in references 33 and 34 by means of 
a simple generalization to provide formulas for calculating the unsteady 
aerodynamic quantities for a single stator row followed by a single rotor 
row. Because the blades are thin, slightly cambered, and lightly loaded, 
this configuration resembles a compressor more closely than a turbine. 

The flow is assumed incompressible and inviscidj the blade rows are rep- 
resented by infinite cascades of two-dimensional blades. Each airfoil 
(ref. 33) is considered "to be acting in a velocity field induced by (a) 
its own wake, (b) the (variable) bound vortices of fellow members of its 
own blade row, (c) their wakes, (d) the (variable) bound vortices of mem- 
bers of the other blade row, and (e) their wakes." 

In order to obtain a solution with reasonable ease, a scheme of 
successive approximations is followed: 

(1) Assume first that the unsteady effect on the circulation of a 
blade is small compared with the steady circulation ordinarily considered 
by a designer. 

(2) The first approximation to the unsteady effects on a typical 
stator blade T r s (x) is calculated on the assumption that the only sig- 
nificant contribution arises from the steady circulation on the rotor 
blades n r r . For this first approximation, the unsteady rotor circulation 
T f (x) and the unsteady parts of the circulation of all the other stator 
blades and of all the vortex wakes except that of the chosen stator blade 
are neglected. "(Presumably this approximation breaks down for stator 
cascades of extremely large solidity, in which the adjacent blades are so 
close that their nonsteady circulation components induce large effects.)" 

(3) In order to calculate the unsteady effects on a rotor blade, in 
this same first approximation process, the significant contributions are 
assumed to arise from the steady circulation about the stator blades 
Q r S and from the effects of the rotor blades passing through the vortex 
wakes shed by the stator blades. 

The procedure thus far can be considered as the first of a series of 
successive approximations. The second step might consider the additional 
effects of Q r r but, as noted in reference 33, would very likely be 
extremely difficult to calculate. 
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On the basis of this first-approximation scheme, then, a calculation 
is made for the unsteady velocity at a rotor or stator blade induced by 
the steady circulation distribution on the blades of the other row in 
motion relative to the blade in question. From this the unsteady lift 
and moment of a stator or rotor blade can likewise be calculated. In- 
vestigations of numerical examples were made for configurations of thin, 
small-turning airfoils, with rotor and stator solidities fixed at unity, 
with a 50-percent reaction stage, and with the stagger angles 

— Q-g — 45°. The calculations were made for a range of the parameter 

t>’/ c r (ratio of axial separation between trailing edge of stator row and 

leading edge of rotor row to rotor half -chord) and over a range of djj/dg 
(ratio of pitch of rotor blades to pitch of stator blades) . 

The results showed large increase of unsteady lift with decreasing 
b '/ c r > and. appreciable change of lift with variation of d n /d g . In one 

case the unsteady part of the lift was as much as 18 percent of the steady 
lift and, for this approximation, is accordingly of practical importance. 
Also, the contribution of the stator wakes to the unsteady lift of the 
rotor blades was comparable in magnitude to the effects induced by the 
bound circulation of the stators themselves. The assumption made for the 
first approximation, namely that the unsteady effect on the circulation 
of a blade is much less than the steady circulation j T r| < < | q T was 
checked and found to be reasonable. In addition, the authors find the 
power in the vortex wakes quite small. (The power is expressed as the 
ratio of the energy transferred to the wakes per unit time to the steady 
power required to turn the rotor.) 

A further result is that the energy in the stator wake for the pres- 
ent cases is about 100 times as large as the energy in the rotor wake. 
Because the kinetic energy transferred to the vortex wakes due to periodic 
variation in circulation is proportional to | T rj 2 (ref. 35), the squared 
amplitude of variation of circulation, and therefore the unsteady circula- 
tion on the stator blades, is about 10 times as large as that on the 
rotor blades. The unsteady lift on both was about the same, however, for 
the example in reference 34 because of the differences in chordwise 
velocity distributions on the stator and rotor. In general, then, accord- 
ing to references 33 and 34, the induced circulation on a blade row due 
to the relative motion of an adjacent downstream row is considerably 
greater than that due to the effects of an adjacent upstream row. 
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CHAPTER XV 

SECONDARY FLOWS AND THREE-DIMENSIONAL BOUNDARY -LAYER EFFECTS 
By Arthur G. Hansen and Howard Z. Herzig 


SUMMARY 

A survey of experimental and theoretical research on secondary flows 
and three-dimensional boundary- layer flows as applicable to compressor 
flow phenomena is presented. The results of experimental research are 
used to construct a simple model of secondary flow in compressor blade 
rows . 


The limitations of the application of present research on secondary 
flows to flow in a multistage compressor and indications of ways this 
research might be applied to current design considerations are also 
presented. 


INTRODUCTION 

The importance of boundary -layer development in relation to compres- 
sor design procedures is discussed in chapter III (ref. l) and reference 2. 
As these references point out, there are no simple techniques that ac- 
curately account for viscous effects in current design systems. Instead, 
the effects of boundary layers are taken into account only by introducing 
some gross correction factors into calculations derived from nonviscous- 
flow theory. These correction factors, moreover, are based on empirical 
data and give only rough estimates of boundary -layer development. Never- 
theless, this method of accounting for viscous-flow effects has proved 
relatively adequate for the design of compressors of the type currently 
in use. With the trend toward high-speed and high-mass-flow turboma- 
chines, however, the influence of boundary layers becomes increasingly 
critical in design calculations. This is simply illustrated by noting 
the sensitivity of flow velocities in the transonic range to slight chang- 
es in boundary -layer-flow blockage. 

It is important to recognize that a more satisfactory description 
of boundary-layer flow cannot come from refinements of the two-dimensional 
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boundary -layer theory currently in use (ch. V (ref. l)). The reason is 
that boundary -layer behavior in blade rows of an actual turbomachine ex- 
hibits certain irreconcilable differences from boundary -layer behavior pre- 
dicted by two-dimensional theory. Two-dimensional boundary- layer theory 
predicts characteristics of a boundary layer resulting from a mainstream 
flow that has no variation in its lateral direction. In an actual blade 
row, however, lateral variations of the main stream and the associated 
boundary layer cannot be ignored. The occurrence of secondary flows - 
that is, boundary- layer flows having components normal to the mainstream 
direction - often results in sizable displacements and accumulations of 
boundary- layer material. These flows arise principally from blade end 
clearance, blade-to-blade and radial pressure gradients, centrifugal- 
force effects, and relative motion between blade ends and annulus walls 
(refs. 2 and 3). Flows of this type have no counterpart in two- 
dimensional theory. 

Losses occurring in blade end regions of compressor blade rows ac- 
count for a sizable portion of the total measured loss (ch. VII (ref. 4)). 
As blade end losses are principally the result of boundary -layer displace- 
ments and accumulations, it may be stated that future improvement of 
compressor efficiencies will depend significantly upon understanding 
the nature and causes of these boundary- layer phenomena and upon find- 
ing more realistic and accurate methods of accounting for them in design 
procedures . 

For these reasons, the analysis of secondary flows has become the 
major problem associated with research on boundary- layer behavior in 
compressors. While many important aspects of secondary-flow phenomena 
have not as yet been investigated, considerable research progress has 
been made. This chapter presents an over-all review of both experimental 
and theoretical research and indicates its relevancy to compressor design. 

At the present time, research on secondary flows has two immediate 
goals: (l) to find methods of reducing the magnitude of undesirable 

secondary-flow disturbances in blade rows, and (2) to develop practical 
theories of secondary- flow behavior that the compressor designer can 
incorporate into design methods. In attaining these goals, three basic 
problems can be recognized: (l) isolating the factors that may cause 

secondary flows, (2) analyzing the types of secondary- flow components 
resulting from these factors, and (3) determining the contribution of 
these components to the total flow behavior. The factors that cause 
secondary flows are fairly well-known and have been indicated previously. 
The state of knowledge concerning the characteristics of the associated 
secondary-flow components, however, leaves much to be desired. As will 
be evident from the discussions presented, most of the current knowledge 
is qualitative in nature. Adequate theories furnishing the quantitative 
information necessary for improving compressor designs are still to be 
formulated. 
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EXPERIMENTAL INVESTIGATION OP SECONDARY FLOWS 


Because of the importance of the problem, man y experimental and theo 
retical investigations of secondary flow in turbomachines are presented 
in current literature (surveys 212 to 240, ref. 5). In experimental re- 
search carried out at the NACA Lewis laboratory, flow- visualization tech- 
niques as well as total-pressure and flow-angle measurements were used 
in order to obtain an insight into the three-dimensional boundary- layer- 
flow patterns in typical axial-flow turbomachines. The results of the 
investigations (refs. 2 and 3) are presented here only for the over-all 
physical understanding of secondary-flow processes in turbomachines that 
they afford rather than for detailed compressor flow information. 

The following discussion attempts to build up a concept of secondary 
flow behavior in compressor blade rows by separate descriptions of the 
various types of secondary- flow components that can occur. In this re- 
gard, an analysis of secondary flows arising from cross-channel pressure 
gradients is first discussed. Next, the influence of radial pressure 
gradients that contribute to the local accumulation of boundary- layer 
material is analyzed. The size and locations of these accumulations de- 
pend upon the character Of blade boundary layers, which are, in turn, a 
function of profile shapes; hence, some indication of the effect of blade 
profile shapes on secondary flows is also included in the discussions. 
This is followed by a discussion of blade tip clearance and relative mo- 
tion between blades and annulus walls. Finally, the influence of rotor- 
stator interaction on flow behavior is presented. Comprehensive descrip- 
tions of the methods employed to obtain the results can be found in 
references 2, 3, and 6. 

The section is concluded with consideration of a model of the com- 
plete secondary-flow pattern as indicated by the experimental results 
and a discussion of ways certain aspects of secondary-flow theory might 
be applied to compressor design. 


Apparatus and procedure . - For simplicity, the study of secondary- 
flow components resulting from cross-channel pressure gradients was be- 
gun by visualization of the end-wall inlet boundary layer of a two- 
dimensional cascade at low airspeeds. It was intended, by using a smoke 
flow- visualization method (ref. 2), to isolate and to evaluate the ef- 
fects of cross-channel gradients upon the wall boundary layer while 
eliminating such complicating considerations as radial flows and possi- 
ble shock phenomena. 

A sketch of the two-dimensional cascade rig is shown in figure 1. 
The cascade section was so designed that the solidity, angle of attack, 
aspect ratio, turning angle, and blade stagger angle could be varied 
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quite readily. The two-dimensional cascades were used for tests at Mach 
numbers below 0.4. The boundary- layer flow was visualized by means of 
smoke introduced through a probe. The smoke flow- visualization method 
was used only at low mainstream velocities (about 30 ft/sec). At higher 
velocities, dispersion of the smoke due to turbulence made the method 
impracticable . 

Passage vortex formation . - The overturning in the end- wall boundary 
layer of a two-dimensional cascade with no tip clearance is illustrated 
in figure 2. The overturning results from imposition of the mainstream 
static -pres sure gradients upon the low-momentum boundary-layer fluid. 

The smoke used to trace out the flow patterns was introduced at the wall 
by means of the probe. A downstream view of a boundary- layer streamline 
crossing a channel (fig. 3) shows that, as the streamline approaches the 
suction surface, it deflects spanwise and then rolls up into a vortex - 
type flow. (The insert shows the entire streamline pattern schemati- 
cally.) Probe surveys showed that all the streamlines in the wall bound- 
ary layer converged to approximately the same region and rolled up into 
the flow vortex (fig. 4(a)). The pattern of vortex formation was such 
that, as the point of smoke introduction was shifted toward the suction 
side, the streamlines along the end wall exhibited increased spanwise 
deflection as they approached the region of convergence, where they 
rolled up into the central portions of the vortex, as shown schemati- 
cally in figure 4(b). 

This secondary-flow vortex is called the "passage vortex" in order 
to emphasize the fact that it is a passage wall and not a blade trailing- 
edge vortex due to circulation changes along the blade. The size and 
vorticity of the passage vortex increase with increasing main-flow turn- 
ing. When the turning is large enough (fig. 5), the outermost layer of 
the vortex may come from boundary- layer flow on the pressure surface that 
deflects onto the end wall and flows all the way across the channel until 
it reaches the suction surface. 

At low airspeeds where smoke could be used, passage vortex forma- 
tion was observed for other configurations, including cascades of NACA 
65- (12)10 blades. At higher Mach numbers, surface indications, obtained 
by use of hydrogen sulphide traces on white lead paint, show that the 
cross-channel deflection pattern remains unchanged (ref. 2). 

It should be noted that the cross -channel component of boundary- 
layer flow can be considered as a "double" boundary layer (fig. 6). The 
component normal to the main stream must have zero velocity at the wall, 
rise to some maximum value, and then fall to zero again in the main 
stream. The outer portion of this cross -channel boundary layer rolls up 
to form the passage vortex. The "sub-layer" next to the wall has vor- 
ticity of the opposite sign to the outer portion, and when it rolls up 
produces vortices opposite in direction to passage vortices. Under these 
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test conditions, the diffusion of vorticity forces from this sub-layer 
was rapid enough to cause this portion of the boundary-layer vorticity 
to disappear rapidly. Photographs of this sub-layer roll-up are found 
in reference 6 and in the motion-picture supplement to that report. 

Passage vortex behavior and effects . - Once the passage vortex has 
been formed, it tends to resist turning and does not follow subsequent 
mainstream turnings as it proceeds downstream. Figure 7 shows how in 
tandem cascades a vortex formed in the upstream cascade resists the turn- 
ing in the downstream cascade. Test observers could see the passage vor- 
tex ricochet off a pressure surface of the downstream cascade and cause 
flow separation in the region of impact. The phenomenon has been ob- 
served in accelerating as well as decelerating cascades. 

Thus, the accumulation of low-energy material near the suction sur- 
face of a turbomachine passage causes flow disturbances and losses lead- 
ing to flow-angle deviations and poor angles of attack in subsequent 
blade rows. Furthermore, the vortex behavior as it passes downstream 
can lead to flow disturbances on the blade surfaces that it impinges 
upon and to additional losses there. This behavior may account for a 
large part of the losses variously attributed to secondary flows. The 
mixing action of the vortex behavior likewise represents a large devia- 
tion from the kind of simplified boundary- layer behavior assumed in de- 
sign procedure . 


Radial Secondary Flows in Stators 

Just as the cross-channel pressure gradient imposed by the main 
stream causes cross-channel secondary flows, so the radial pressure 
gradient causes radial boundary-layer flows. Given a boundary- layer 
region extending from the inner to the outer shroud in a stator row, 
radial transport from the tip to the root regions can occur. The quan- 
tity of such transport depends upon the thickness of the radial boundary- 
layer region or flow path and the magnitude of the radial pressure gra- 
dient (a function of mainstream turning and velocity). 

In rotors, the flow picture is further complicated by the centrif- 
ugal forces on the rotor blade boundary layers. In general, for com- 
pressors where the blade speeds are higher than the mainstream tangential 
velocity component, the boundary layer will be forced radially outward 
(see ref. 5, section II-F). 

Apparatus and procedure . - The effects of radial pressure gradients 
and higher flow Mach numbers were studied in an annular-cascade test 
unit, shown schematically in figure 8. The cascade blades investigated 
therein were of several types (ref. 3). However, attention is confined 
initially to the tests in a cascade of high-turning vortex blades 
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designed for smooth two-dimensional blade surface velocity profiles. 

While these blades are not typical of those found in compressor units, 
the tests conducted provide sufficient information to formulate theories 
that apply to annular blade rows in general. 

The annular cascade was used for a range of hub discharge Mach num- 
bers up to about 1.5. As mentioned previously, smoke flow- visualization 
tests were unsatisfactory for flow velocities much in excess of 30 feet 
per second. Consequently, for high speeds, two other flow- visualization 
techniques were employed. In the first, the surfaces of the blade pas- 
sages were painted with a lead carbonate base paint. Hydrogen sulfide 
gas (which has a density comparable to air) was then introduced into the 
boundary- layer region, and boundary-layer motion was indicated by the 
brown trace made by the reaction of the hydrogen sulfide with the paint. 
Unfortunately, this method provides indications of flows along boundaries 
only; and, because of the turbulence at higher Mach numbers, the traces 
indicate the flow paths of a region of the boundary layer instead of 
individual streamline paths. The second flow- visualization method was 
based on paint flow traces. The paint used was a lead carbonate paint 
deliberately made nondrying and capable of flowing with the surface flow 
gradients at the higher Mach numbers investigated. 

Since hydrogen sulfide and paint traces can at best give indications 
of boundary flows directly on blade surfaces and annulus walls, the sig- 
nificance of these traces is interpreted only on the basis of previous 
information obtained either by the smoke visualization method or by quan- 
titative measurements. 

It should also be noted that total pressures, flow angles, and wall 
static pressures were measured at a discharge measuring station in the 
annular-cascade investigations. The measurements were made on three 
sets of blades and at two flow conditions for each set of blades. These 
flow conditions are designated, respectively, "lower Mach number" (high 
subsonic flow) and "higher Mach number" (supersonic flow) . The measur- 
ing probes and hot-wire anemometers used are described in reference 3. 
Great care was taken in the fabrication and use of these instruments in 
order to make the results as reliable and accurate as possible. Never- 
theless, because of the large pressure and angle gradients involved in 
the flow regions of chief interest in this report, the results are dis- 
cussed in qualitative terms only. 

Indications of radial flows based on downstream measurements . - 
Contours of loss in inlet kinetic energy for the annular cascade of vor- 
tex blades are presented in figure 9. The hub loss accumulation is much 
larger than the outer-shroud loss accumulation for both the subsonic and 
supersonic flow conditions, despite the fact that the "wetted" area is 
greater in the outer half of the passages. This fact indicates radial 
flow of boundary-layer material. The decrease in outer-shroud loss core 
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and the increase in inner- shroud core with increasing Mach number indi- 
cate the development of additional or larger paths for radial transport 
of low-energy fluid at the higher flow Mach number. 

Visual indications of radial flows . - In the presence of a radial 
pressure gradient in the annular cascade, the radial transport of siz- 
able quantities of low-energy material can be expected in blade boundary- 
layer regions having low viscous shear forces along the blade span. Such 
a path, for example, might be provided by the blade trailing-edge re- 
gions. Another possible radial pathway might be provided on the suction 
surface of each blade at supersonic flow conditions when a shock exists 
across the passage to cause thickening of the blade suction- surface 
boundary layer. 

One method used to detect such paths was to apply narrow bands of 
paint on the suction surfaces of certain blades in the cascade. The 
paint traces found after a test then indicated paths al nng which low- 
energy material might be transported radially . Such traces are shown 
in figure 10. For this photograph, bands were painted on the suction 
surfaces of blades 1, 2, and 3 at the inner-shroud, midspan, and outer- 
shroud radial positions, respectively. Two such paths are shown in the 
figure, one at about midchord on the suction surface and the other along 
the blade trailing edge-. 

v ... a-jillXv. • • 

Evaluation of radial components of secondary flow . - The existence 
of radial flow of low-energy material as indicated in the previous sec- 
tion was proved and the quantity of such flows at the supersonic flow 
condition was evaluated by the following rather simple device (ref. 3) . 
Flow fences were fastened to the blades at the midspan position as in 
figure 11. The full flow fence (fig. 11(a)) was intended to interrupt 
radial flows both along the trailing edge and in the thickened boundary- 
layer region indicated in figure 10. The reduced flow fence (fig. 11(b)) 
was modified by being cut back so that it now affected only the trailing- 
edge radial flows. The results are presented in figure 12. Because of 
possible losses due to the fences themselves, the reduction in inner- 
shroud loss core is used to measure the quantities of radial transport. 

At the supersonic flow condition for this set of vortex blades, radial 
transport of boundary layer accounted for 65 percent of the low-energy 
material in the inner- shroud loss core at the blade-exit station. Of 
this 65 percent, 35 percent came through along the trailing edge, and 
30 percent through the thickened boundary- layer paths on the suction 
surfaces. Thus, radial transport of boundary- layer material may be con- 
siderable under certain conditions. 

Loss accumulations and passage vortices . - Briefly, measurements 
downstream of a cascade of vortex blades at a high subsonic flow Mach 
number (fig. 9(b)) indicate the presence at the measuring plane of (l) 
a large accumulation of boundary-layer material near the hub corner, 

(2) a much smaller accumulation near the outer shroud, and (3) a 
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well-defined wake between. The interpretation (ref. 3) is straight- 
forward. Radially inward flow of boundary- layer material originating 
either on the outer shroud both upstream and within the cascade or on 
the blades themselves must; of necessity; take place somewhere upstream 
of the measuring plane. Most likely; radial-flow regions are on the 
suction surfaces of the blades and behind the trailing edges. At higher 
flow Mach numbers; the measured outer-shroud losses decrease further; 
the wake between remains nearly unchanged; and the inner-shroud loss 
core increases further. There being little reason to assume smaller 
outer-shroud losses at the higher Mach numbers; it is concluded that in- 
creased radial flows must occur at the higher Mach numbers for these 
vortex blades. Judging from the relative sizes of the inner- and outer- 
shroud loss cores and the total, absolute values of the losses; the 
radial -flow mechanism must serve to transport sizable quantities of 
boundary-layer material. The flow-fence tests on the vortex blades 
proved that this is the case and located the radial-flow paths behind 
the blade trailing edges and in a shock- thickened boundary-layer region 
along the blade suction surface. 

The loss measurements at any position do not indicate the losses 
that actually develop at that radial position on the blade. Presumably; 
even in the radial- transport regions; through- flow components of the 
boundary- layer flow exist; and some of this material is shed and appears 
in the measured wakes at all radial positions. Since there is no ap- 
parent increase in the measured wakes when the shock- thickened suction- 
surface radial-flow path is established; it might be speculated that 
little of the boundary- layer material from this radial-flow path is shed 
to contribute to the measured wakes. 

For comparison with the preceding results obtained on vortex blades ; 
tests were conducted on two sets of constant -discharge -angle blades at 
comparable flow conditions. For one set of these blades ; designated 
set A, the measured results (fig. 13) indicate very closely the same 
kind of radial-flow mechanism as for the vortex blades for both the low- 
er and higher flow Mach numbers. Thus, the differences in the circula- 
tion distribution of the vortex blades and the constant-discharge-angle 
blades are not potent factors affecting the over-all secondary- flow pic- 
ture. There are no indications from measurements on either of these 
sets of blades that outer- shroud passage vortices are ever formed. For 
the other set of constant-discharge-angle blades ; designated set B ; the 
measured loss distributions (fig. 14) appear quite different. At the 
lower flow Mach number in particular (fig. 14(a)); the measured loss 
pattern near the outer shroud certainly implies the existence of a pas- 
sage vortex. The different kind of loss pattern here requires further 
consideration to establish possible reasons for the differences. 

The flow Mach numbers and inlet Reynolds numbers are the same for 
all three sets of blades. The over-all apparatus setup is the same. 
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This means that the boundary-layer conditions at the inlets are the same 
and measurements show that this is so (ref. 3). The main-flow turning is 
nearly the same for all three blades. As mentioned, the circulation 
variation between the two types does not appear to be a significant 
factor. 

One particular difference noted in reference 3, however, is that at 
the tip section there were definite peaks in the blade suction- surf ace 
velocity profile for set B. The other vortex blades and set A had fairly 
smooth suction- surface velocity profiles at the tips. All three sets of 
blades had fairly smooth suction- surface velocity profiles at midspan and 
near the hub. According to boundary- layer theory, velocity peaks and 
subsequent decelerations on a blade suction surface lead to relatively 
thick and perhaps even to separated boundary layers on the blades down- 
stream of these peaks. By comparison, smooth velocity profiles are more 
likely to lead to thinner blade boundary layers. Smoke flow tests on 
the blades in question substantiated this predicted boundary- layer be- 
havior, albeit at low Mach numbers. 

Thus, it is a fair assumption that, all other things being equal, 
the boundary layer on the suction surface in the tip region for set B 
is likely to be thicker than for the other blades. On this account, 
reference 3 proposes that, when the cross -channel boundary-layer flow 
on the outer shroud encounters the relatively thicker blade boundary 
layer, roll-up and passage vortex formation occur. The boundary-layer 
material on and near the annulus outer wall becomes entrained in this 
passage vortex. Judging from the size of the measured tip loss region, 
the passage vortex formation in this manner reduces the material avail- 
able for secondary-flow radial transport. For the subsonic case (fig. 

) , the occurrence of this phenomenon could conceivably account for 
measured loss patterns observed; that is, (l) a large tip loss 
region, (2) a small hub loss region as compared with both the tip re- 
gion of this blade and the hub regions of the other two blades (figs. 

12(a) and 13(a)), and (3) smaller measured wakes in between. 

At the higher Mach number, once again the shock- thickened radial- 
flow path is formed, providing an additional path for boundary- layer re- 
moval to the inner- shroud region. This path is formed well up on the 
blade suction surface, nearer the point of passage vortex formation 
than is the blade trailing-edge region. This additional flow path may 
serve (ref. 3) to drain off some of the tip-region boundary- layer mate- 
rial before (or despite the fact that) it rolls up into the passage 
vortex. This criterion is somewhat borne out by the reduction in meas- 
ured tip loss region at the higher flow Mach number and the great in- 
crease in measured hub loss region (fig. 14(b)). Again, if this cri- 
terion is correct, the radial flows through the thickened boundary-layer 
region on the blade suction surface appear to contribute little to the 
measured wake losses. 
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Flow in Blade End Regions with Clearance 

In the blade passages of turbines and axial-flow compressors, large 
flow disturbances tend to occur in blade end regions. Furthermore, in 
passages having blade end clearance, the magnitude of the clearance has 
a direct influence on losses and flow behavior in the blade tip regions. 
In order to understand better the manner in which tip clearance influ- 
ences flow behavior, flow- visualization studies were made in two- 
dimensional cascades provided with tip clearance and in a two-dimensional 
cascade modified to provide relative motion between the blades and an 
end wall (ref. 2). This latter case was chosen to approximate more 
closely conditions that exist in an actual compressor or turbine. 

Tip clearance . - The initial studies of blade tip-clearance regions 
were made in two-dimensional cascades having 0.060- and 0.014-inch tip 
clearances (l.7- and 0.4-percent span, respectively). These studies 
disclosed that flow along the blade pressure surface in the tip vicinity 
and in the wall boundary layer near the pressure surface deflected under 
the tip and formed a vortex lying against the suction surface (shown in 
fig. 15 for 0.060-in. clearance). Figure 16 shows that the passage vor- 
tex previously described still exists; however, it has been displaced by 
the tip-clearance vortex. These two vortices rotate side by side in 
opposite directions with little apparent mixing. Furthermore, the forma- 
tion of the tip-clearance vortex appeared to influence the magnitude of 
the passage vortex only to the extent that some of the flow on or near 
the blade pressure surface, which in the case of no tip clearance would 
have flowed into the passage vortex region, now becomes part of the tip- 
clearance vortex. Consequently, the formation of the two vortices, when 
tip clearance exists, constitutes a much larger flow disturbance in the 
blade end region than would exist with no clearance. 

Relative motion between blades and wall . - In order to study flow 
in a blade end region when relative motion exists between the blades and 
an end wall, one of the end walls of a two-dimensional cascade was re- 
placed by an endless moving belt (fig. 17), the direction and speed of 
which could be varied at will (see ref. 2). Smoke flow- visualization 
tests were conducted in this modified cascade for various wall speeds. 

The test disclosed two interesting phenomena. The first was that 
a blade surface which was "leading" relative to the wall motion ex- 
erted a scraping effect on boundary layer entrained on the moving wall. 
One effect of this phenomenon was to impart a rolling motion to the 
boundary layer as it is piled up near the pressure surface (fig. 18) . 
Another consequence of this scraping action in a compressor is that flow 
along the pressure surface that would normally have deflected under the 
blade tip with a stationary wall is deflected away from the wall when 
relative motion exists. This flow deflection is shown for a stationary 
wall in figure 19(a) and for a wall moving at moderate speed (approxi- 
mately equal to airspeed) in figure 19(b) . The second result of interest 
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was that the motion of the wall exerted an "aspirating" effect on low- 
momentum air on the blade surface that was trailing relative to the 
wall motion and deflected this air toward the moving wall. Figure 20 
depicts the significant increase in flow deflection toward the wall 
caused by aspiration on the suction surface. 

For both the stationary and moving wall, smoke tests indicated that 
the flow over the blade surface at midspan showed no spanwise deflections 
on either the pressure or the suction surface. Therefore, if it is as- 
sumed that the midspan conditions have not changed much, the deflection 
off the pressure surface near the tip (fig. 19(a)) indicates the static 
pressure to be lower there than at midspan. Smoke tests on the blade 
suction surface showing a deflection of the blade tip surface flows 
toward midspan indicate an increased static pressure at the blade suction- 
surface tip region as compared with midspan. Thus, tip-clearance effects 
can result in a smaller pressure differential across the blade tip sec- 
tion than at the midspan section - in effect, reduced blade tip loading. 
The scraping and aspirating effects of relative motion (figs. 19(b) and 
20 (b)).» which show that these tip streamline deflections can be pre- 
vented or reversed, indicate that the relative -motion secondary-flow ef- 
fects may even benefit a compressor by increasing the blade tip loading. 


Rotor- Stator Interaction Effects 

The interference effects of a rotating blade row upon a stationary 
row upstream are shown by high-speed flash in figure 21. (While the 
blade rows depicted are more typical of a turbine configuration, the ef- 
fects should be qualitatively the same for compressor blade rows.) Fig- 
ure 21(a) shows that the pressure field associated with the rotor blad- 
ing at certain rotor positions causes thickening of the boundary layer 
on the suction surface and along the trailing edge of the upstream 
blades, and increased radial flow results. At the second rotor position 
(fig. 21(b)), this thickening does not occur. Further tests indicate 
that these effects depend on the blade stagger angles, pressure distri- 
bution, rotor speed, and mainstream Mach number. The motion-picture 
supplement to reference 6 shows these effects very clearly, as well as 
blade boundary-layer development and shedding in annular-cascade con- 
Surat ions , radial boundary-layer flows, secondary-flow double— boundary- 
layer roll-up, and others. 


A Model of Secondary Flow in Compressor Blade Rows 

On the basis of the experimental results presented herein, it is 
possible to construct a model of secondary flow in compressor blade 
rows. However, two important factors are not accounted for in the ex' 
perimental tests: (l) the effect of centrifugal forces on flow in a 
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rotor, and (2) the effect of upstream stages on flow in either stators 
or rotors. Therefore, before such a secondary- flow model can be assumed 
realistic, further knowledge of these factors is required. 

Insight into the influence of both of these factors can be obtained 
from tests conducted on a multistage compressor (ref. 7). The results 
presented give indications of outward radial flow of boundary- layer ma- 
terial in rotor blade passages and subsequent accumulation of this ma- 
terial in the blade tip region. In stators, inward radial flow is indi- 
cated. As boundary-layer air flows through the various stages, the 
comparatively large secondary- flow displacements produce a mixing of 
this boundary- layer air with the main stream. This mixing action pre- 
vents continuous boundary- layer buildup on flow surfaces and tends to 
make the mainstream velocity more uniform. It also makes possible more 
direct application of the secondary-flow studies in cascades to flow 
analyses of multistage compressors. If continuous boundary- layer growth 
took place on compressor annulus walls, a situation would occur in which 
flow conditions would be significantly different from those occurring in 
the cascade studies. Theories of compressor flow behavior based on cas- 
cade studies would then be of doubtful validity even in a qualitative 
sense. 

The above-mentioned factors, along with the experimental results pre- 
viously presented, are used to predict the probable secondary-flow pat- 
terns in the various types of blade rows of axial-flow compressors. 

Flow in shrouded stators . - Pressure gradients in inlet guide vanes 
or in a shrouded stator transport wall boundary layers toward the suction- 
surface side of blade passages and transport blade surf ace boundary lay- 
er and boundary layer that accumulates near blade tips radially inward. 
Radial transport of boundary layer takes place in regions where viscous 
shear forces are low; for example, in blade wakes. The paths by which 
the secondary- flow mechanism transports boundary layer are indicated in 
figure 22. 

Boundary layer that accumulates near a blade suction surface at the 
hub generally rolls up into a pair of flow vortices rotating side by 
side in opposite directions. In physical extent, this vortex pair is 
dominated by the passage vortex. On the outer annulus walls, vortices 
may or may not form. As indicated by these experiments, a vortex is 
likely to form if the boundary layer on the suction surface is either 
separated or relatively thick - a condition associated with "poor" 
suction- surface velocity profiles. If suction- surface boundary layers 
are thin and unseparated, cross-channel boundary layers tend to flow 
radially inward in the wake region rather than to roll up at the blade 
tip. 
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Because of the pressure rise through a given stage, there may be 
flow leakage around a shroud ring causing local disturbances at the in- 
let to a stage. This would tend to qualify to some degree the secondary- 
flow model presented. 

Flow in unshrouded stators . - In unshrouded stator passages, two 
secondary-flow components exist in addition to those noted previously: 

(l) tip- clearance flow through the gap between the blade ends and the 
hub, and (2) flow caused by the relative motion between the blades 
and the rotating hub. The effect of this relative motion appears to 
be aspiration of boundary-layer material from the blade suction sur- 
face with attendant transport of this boundary- layer air in the direction 
of the rotating hub. As these two flow components oppose the motion of 
cross-channel secondary-flow components, the resultant flow pattern is a 
function of the respective magnitudes of the various components. As such, 
the resultant flow depends upon such factors as the size of the blade 
end-clearance space, blade end loading, magnitude of cross-channel pres- 
sure gradient, boundary- layer accumulation on blade surfaces, and speed 
of the rotor relative to the blades. Because of the motion of the hub, 
accumulations of boundary- layer material that would occur near a blade 
suction surface for a stationary hub will now occur nearer the pressure- 
surface side of a passage. As indicated in the tests of the two- 
dimensional cascade with a moving wall, boundary- layer material may be 
swept completely across a blade passage and roll up against the pressure- 
surface side. 

Flow in rotors . - Experimental information concerning secondary flow 
in rotors indicates that radially outward flow of boundary-layer material 
will probably take place because of the predominance of centrifugal -force 
effects over radial pressure gradients. At present, details of flow be- 
havior in the blade tip region must be inferred from knowledge of sec- 
ondary flows in other types of configurations. On this basis, it is 
highly probable that flow behavior in the tip regions should not differ 
markedly from the behavior predicted in the hub region of unshrouded 
stators . 


The limitations inherent in the types of experimental analysis of 
secondary flows considered leave several important problems to be in- 
vestigated. One of these problems is quantitative prediction of varia- 
tions in thermodynamic properties of the fluid that result from the de- 
velopment of secondary flows. Another problem is the establishment of 
the physical basis or underlying causes for certain observed phenomena 
(e.g., vortex roll-up near a blade suction surface). Problems of this 
nature are perhaps best attacked by means of theoretical investigations. 


THEORETICAL INVESTIGATION OF SECONDARY FLOWS 
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To date, theoretical research on secondary flows has been limited 
because of mathematical complexities. However, certain special aspects 
of secondary- flow behavior have been treated analytically by use of sim- 
plified theories. A fair amount of progress, for example, has been made 
on the calculation of boundary- layer crossflows and on the calculation 
of vorticity components associated with secondary flows in two-dimensional 
cascades and channels. While much of the work has been restricted in 
scope, important groundwork has been provided for more extended 
investigations . 

In the following sections a review of representative analyses from 
the body of current theoretical research is presented and discussed. It 
is the purpose of this review to provide insight into methods of analyt- 
ically attacking secondary-flow problems, to illustrate the nature of the 
mathematical theory involved, to indicate application of solutions to spe- 
cific problems, and to point out possible bases for further research. 

As will be noted, the analyses discussed are categorized on the basis 
of assumptions made in current secondary-flow, theory regarding the nature 
of the fluid analyzed. The two major categories are (l) nonviscous-flow 
analysis and (2) boundary-layer-flow analysis. The analyses are dis- 
cussed in this way because particular analyses in one of these categories 
are necessarily restricted to the consideration of specific types of 
physical flow phenomena. As a consequence, only certain special aspects 
of secondary flows observed experimentally can be treated within the 
framework of the theory. A division of the discussion into "analysis 
types" is therefore equivalent, in a sense, to a division into specific 
types of problems having certain common characteristics. 


With only minor exceptions, the theoretical research on secondary 
flows has been concerned with steady, incompressible flows. Such flows 
are described in their most general form by the Navier-Stokes equations 
along with the equation of continuity. This system of four equations in 
rectangular coordinates is as follows: 


Discussion of Methods 



(la) 





(1c) 



( 2 ) 
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where u, v, and w are components in the x, y, and z directions, p 
is e density, p the static pressure, and v the kinematic viscosity. 

Solutions to the complete set of equations are almost impossible to 
obtain for boundary conditions of the type usually occurring in aerody- 
namic problems. In general, it is necessary to make such simplifying 
assumptions concerning the nature of the flow problems that the corre- 
sponding simplifications in the equations make them mathematically 
tractable. Two typical simplifying assumptions occurring in secondary- 
flow research are now considered. 

One of the ways to simplify the Navier-Stokes equations greatly is 
to assume a nonviscous flow, that is, v =0. Although secondary flows 
are almost always a result of viscous action in a fluid, the assumption 
of nonviscous fluid flow is considered reasonable in certain instances. 
One of the most common is the case where the flow paths under considera- 
tion are not large in extent (e.g., flow in cascade passage) and where 
viscous shear forces are not likely to be high. The flow crossing the 
boundary of this region is considered to have a velocity gradient, and 
hence vorticity, by virtue of viscous action upstream of the boundary. 
Within the region, however, the basic assumption is that the effects of 
viscosity over the short flow path are negligible compared with effects 
of the vorticity associated with the flow. 

It should be noted at this point that, with the assumption v = 0, 
the flow equations are reduced to first-order equations and it is no 
longer possible to satisfy the two boundary conditions for a real flow; 
that is, that the normal and tangential components of the flow at a sur- 
face be zero. The single boundary condition specified is that the flow 
normal to the surface is zero and hence the condition of "no-slip" at 
the surface is not assured. In actual application of nonviscous -flow 
analyses, this defect is generally of secondary importance. 

In flow problems where viscous shear forces near bounding surfaces 
are likely to be high, it is desirable to retain the friction terms 
> v r °) in the Navier-Stokes equations. One of the ways in which this 
is done, while still simplifying the general form of the equations, is 
by use of boundary- layer theory. The principal physical assumption made 
here is that the effects of viscosity are predominant only in a very 
thin region (the boundary layer) in the neighborhood of the fluid bound- 
aries, while the rest of the flow is regarded as frictionless. Further- 
more, the pressures associated with the frictionless region of the flow 
are assumed known and are superimposed on the boundary-layer flow. 
Mathematically, the governing equations for the boundary layer can be 
obtained in several ways, with the various derivations stressing either 
intuitive physical considerations or rigorous mathematical theory. 

(See ref. 8 ch. 4 for the physical approach and ref. 9 ch. 18 for the 
mathematical approach.) To illustrate the simplifications in the 
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Navler-Stokes equations that result from boundary- layer hypotheses, the 
boundary- layer equations for flow oh a nonrotating, flat (or slightly 


where x, y, and z are rectangular coordinates with x and z paral- 
lel to the bounding surface and y normal to the surface; u, v, and w 
are boundary- layer velocity components in the x, y, and z directions, 
respectively; and U, V, and W are the velocity components of the non- 
viscous region of the flow in the x, y, and z directions, respectively. 
These velocity components of the nonviscous region are assumed known. 

The third equation necessary for solution (the continuity equation) has 
the same form as equation (2) . 

Although equations (3a) and (3b) indicate that the Navier- Stokes 
equations have been greatly simplified, solutions for the system of equa- 
tions (2) and (3) are difficult to obtain for even relatively simple 
three-dimensional conf igurations . In fact, almost all existing analyses 
require the application of numerical methods to obtain solutions . 

The boundary- layer approach to secondary- flow ^behavior should be 
satisfactory for flow problems where frictional effects or energy gradi- 
ents are confined to the neighborhood of the fluid boundaries and flow 
separation does not exist. 

It might be noted that a few investigations of secondary flows have 
dealt directly with the Navier-Stokes equations without assuming any 
special properties for the flow. This approach is practical only if the 
aerodynamic configuration is simple in form. At the present time, analy- 
ses of completely viscous flow that might have had significance for 
secondary-flow research in turbomachines have been confined to the study 
of flows in pipes and channels (refs. 10 to 13). Unfortunately, the so- 
lutions presented in these references have been achieved only for very 
low Reynolds numbers and for the case of fully developed flow; that is, 
flow in which the effects of the centrifugal forces acting on the energy 
particles and the effects of viscous dissipation in the fluid are in 
balance. In turbomachine blade rows, this condition of equilibrium is 
generally not achieved; and, hence, the secondary flow is a function of 
the turning. Although theoretical studies of viscous flows of this type 
are of great interest in their own right, further discussion of these 
studies will not be undertaken in the present chapter. 


curved) surface are given: 




dz ^ y 2 dx dy dz 


(3b) 
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Nonviscous-Secondary-Flow Theory 


The study of secondary flows through application of incompressible 
nonviscous-flow theory has been principally restricted to investigations 
of flows in pipes or rectangular channels such as formed by airfoils in 
cascades. The fairly large number of reports dealing with this topic 
make a complete review of the theoretical literature prohibitive. Con- 
sequently^ the review is restricted to four reports (refs. 14 to 17) 
which are closely associated with flow through cascades and which incor- 
porate basic notions common to most nonviscous-flow analyses. 

Flows in channels and two-dimensional cascades . - Two reports (refs. 
14 and 15) have become classical references in nonviscous-secondary-flow 
research. Both papers consider, in general, secondary flow in a guiding 
passage (pipe, channel, blade row, etc.) which results from a nonuniform 
total-pressure distribution upstream of the passage inlet. Mathemati- 
cally, the analyses are based upon three governing equations for flow of 
a steady, incompressible, inviscid fluid. These equations are 


where V and 2 are, respectively, the velocity and vorticity vectors 
of the flow. 

From equations (4) to (6), reference 14 derives an expression for 
the vorticity component in the through-flow direction downstream of a 
two-dimensional cascade. Knowing the magnitude of this vorticity com- 
ponent, it is then possible to obtain an approximation to the secondary- 
flow velocities. This derivation is based upon a perturbation analysis 
that considers the two-dimensional potential flow through the cascade as 
a first approximation to the actual flow. Consequently, the applica- 
bility of the analysis is restricted to a class of flows for which the 
perturbation assumptions are reasonable. 

The expression for the vorticity component in the through-flow 
direction was actually evaluated for flow in a circular-arc channel in 
which the basic flow was given as that of a free vortex. Before the 
calculations were completed, however, a further assumption was made 
which is physically equivalent to assuming that the channel is very 
narrow. This leads to the following expression for the vorticity com- 


curl (V X 2 ) =0, the equation of motion 

div 2 = o, the conservation of vorticity 


( 4 ) 

( 5 ) 

( 6 ) 


div V = 0, the continuity equation 


ponent : 
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where 


^1 magnitude of vorticity component in through-flow direction at cas 


cade exit ($ = 0 at inlet) 


e total turning of channel 

U inlet flow velocity 


z distance measured normal to base of channel 

From the expression for £ ^ > the secondary-flow velocity components were 

obtained and a plot of secondary- flow streamlines calculated (ref. 14). 
These theoretical results were compared with experimental data taken in 
a circular-arc turning section. The flow in the experimental tests had 
an induced inlet velocity variation of the type required in the analysis; 
that is, small velocity gradient. For the velocity profile shown in 
figure 23, agreement between theory and experiment was fairly good. 

Reference differs from reference 14 in that the former analysis 
begins with equations (4) to (6) and develops a general expression for 
the change in secondary circulation" along a streamline in a perfect, 
incompressible fluid. The secondary circulation is proportional to 
€/q where £ is the component of vorticity in the direction of fluid 
flow and q is the magnitude of the flow velocity vector. 

The expression for the change in secondary circulation along a 
streamline is obtained from equations (4) to (6) by applying certain 
well-known results from vector analysis and differential geometry. The 
final form of the expression is given by 


Pq total pressure 
P density 

<P angle between direction of principal normal to streamline and 

normal to Bernoulli surface (surface of constant total pressure) 
on which streamline lies 

R radius of curvature of streamline 



where 


s 


streamline arc length 
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and the subscripts 1 and 2 indicate arbitrary points on the stream- 
line. It follows at once that, if <p = 0 (R / 0) , then (£/q) P = 

that is , there is no change in secondary circulation along the stream- 
line. Furthermore, from differential- geometric considerations, 
l/Rg = sin <p/R where l/Rg is the geodesic curvature of the streamline 

on the Bernoulli surface. Therefore, <P = 0 (R / 0) implies that 
l/Rg = 0. Reference 15 summarizes these results by stating, "Hence 
strea m lines along which the secondary circulation remains unchanged are 
geodesics on the Bernoulli surface." 


It is pointed out that the simplest examples to which the general 
theory may be applied are those in which the initial flow has a uniform 
static pressure and a velocity varying in one direction only. Such 
flows may exist in the boundary layer of a large straight duct or in 
an open channel whose width is large compared with its depth. 


From a physical standpoint, when a stream enters a bend whose plane 
is parallel to the Bernoulli surfaces, a secondary circulation is created 
and the ensuing secondary flow will eventually distort the Bernoulli 
surfaces so that all semblance to the original velocity and total-pressure 
distribution may be lost. However, if the distortion of the Bernoulli 
surfaces is assumed small, jgrad (pq/p)| and <p in equation (7) can be 

considered constant and a first-order solution obtained for the secondary 
circulation. As an illustration, the method (with these assumptions) is 
applied to the problem posed in reference 14. The resulting equation 
for change in the vorticity component in the through-flow direction is 
identical to that obtained in reference 14. 

Even though nonviscous-flow analyses represent a simplified ap- 
proach to secondary-flow problems, solutions of the governing equations 
still are difficult to obtain. A question always exists as to the 
meaningfulness of results obtained by introducing further simplifying 
assumptions in the flow model to obtain solutions. A partial answer to 
this question is found in reference 16, which considers secondary flow 
in a 90° bend of rectangular cross section. The secondary flow is first 
calculated by means of a perturbation analysis and then compared with a 
"simplified solution." Theoretical results are finally compared with 
experimental data. 

In carrying out the perturbation analysis, the stagnation pressure 
is assumed to vary in a direction perpendicular to the plane of the bend, 
and the secondary- flow velocities are assumed small compared with the 
main-flow velocities. The basic flow is defined, as in reference 14, 
to be the flow in a free vortex. The perturbation velocities are then 
shown to be determinable from the solution of a Poisson equation. This 
solution is expressed as an infinite series involving Bessel functions. 

The series, however, converges slowly, and a great deal of calculation 
is required to obtain answers of reasonable accuracy. 
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The simplified analysis presented incorporates further assumptions 
than those made in the perturbation analysis, and the problem is finally 
made comparable to the one considered in reference 14. A particular 
solution to the problem is then calculated by assuming a linear varia- 
tion in stagnation pressure at the entrance of a bend having the geometry 
of the author's test apparatus. The velocities obtained by the simpli- 
fied method are compared with the more exact perturbation solution men- 
tioned earlier, and the agreement is found to be good for this particu- 
lar case. 

The theoretical results are then compared with experimental results 
in a 90° bend (ref. 16). For a turning angle in the bend comparable to 
that found in compressor cascades, a comparison of the theoretical and 
experimental radial velocities falls within the limits of experimental 
accuracy. Therefore, for the types of nonviscous-flow analysis under 
consideration, the extra labor involved in improving the solutions to 
secondary flow in a channel by the more exact calculations would appear 
to be unwarranted as long as the secondary-flow velocities are assumed 


A few attempts have been made to develop methods which are exten- 
sions of the type of analysis initiated in references 14 and 15 and 
which potentially are capable of yielding more exact solutions to 
secondary-flow problems. One such method is outlined in reference 17. 

In this report the secondary flow in channels and cascades of airfoils 
is considered calculable by a successive-approximation technique. The 
flow is assumed to become asymptotically parallel and nonuniform at up- 
stream infinity. A velocity field is postulated for the region to be 
investigated which has zero normal velocities on the flow boundaries 
and which assumes the given asymptotic values at upstream infinity. 

This velocity field is chosen to satisfy the continuity equation though 
not necessarily the momentum equations. From the prescribed velocities, 
a vortex field is calculated by means of the Cauchy vorticity equations. 
The vortex field is then integrated to give a new velocity field, and 
the process is repeated until discrepancies between successively calcu- 
lated velocity fields are small. 

Reference 17 points out, however, that the computational labor in- 
volved in the approximation scheme makes more than one step unlikely . 

A realistic choice of the initial velocity field is required, and 
usually enough is known about the desired solution to make this possible. 

Evaluation and conclusions . - The various analyses discussed out- 
line approximate methods for predicting secondary flows in channels and 
two-dimensional cascades. The principal restriction applying to these 
analyses is that they assume a variation in inlet velocity that extends 
well into the flow passage (see fig. 23) . In most two - dimens ional- 
cascade investigations, the variation is likely to be confined to a thin 


small 
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boundary layer . Tests in such cascades indicate a pronounced cross- 
channel flow and a concentration of vorticity near the suction- surface 
side of the passage. As would be expected, none of the examples worked 
out by nonviscous-flow methods predict such a phenomenon. There are 
indications, however, that this type of approach may be a first step in 
treating secondary flow in the final stages of a compressor where varia- 
tions in velocity are of the type required and viscous effects on the 
primary flow pattern are of secondary importance. A complete analysis, 
of course, would have to include the effects of tip clearance and radial 
pressure gradients. It might also be possible to combine nonviscous- 
flow theory and boundary- layer theory in a manner that would allow for 
calculation of secondary flows in the inlet stages of a compressor. 

Reference 15 is of particular interest, in that the equations de- 
rived are general in form. However, it should be noted that the formula 
for secondary circulation 



( 7 ) 


is not an explicit relation for the change in secondary circulation. 

This follows from the fact that the velocity q is affected by K, and 
hence the integrand is in turn a function of K. Consequently, equation 
(7) is actually an integral equation for the secondary circulation or 
the vorticity component K . The cases where the formula for a change 
in secondary circulation can be readily simplified are those in which it 
is assumed that the Bernoulli surfaces remain flat. The formula then 
becomes 



s 2 

1 



Experimental studies have shown, however, that this assumption (with- 
out further modifications) will be invalid for many problems of practical 
interest (see experimental section of the present chapter) . This fact 
is recognized by the author of reference 15 in a discussion of flow in 
bent circular pipes. In this case, simplification was achieved by con- 
sidering only the path of a particle of maximum total pressure near 
the outside wall of the pipe and assuming that the velocity and 
| grad (p Q /p)| remain constant on a streamline. 

References 16 and 17 emphasize the mathematical difficulties in- 
volved when more exact methods are used in calculating secondary flows 
by use of nonviscous-flow theory. However, the reports also indicate 
that the simplified solutions give fairly adequate results for the type 
of problem under consideration. 
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Three-Dimensional Boundary-Layer Flows 

One of the early theoretical papers on three-dimensional "boundary 
layers is reference 18, which points out two effects in three- 
dimensional boundary-layer flows that are not present in the two- 
dimensional case. The first effect is the result of lateral expansion or 
convergence of streamlines in the "potential flow region" that are paral- 
lel to the bounding wall. This convergence causes changes in boundary- 
layer thickness and profile shape. The second effect is the displacement 
of the boundary layer toward the concave side of the potential stream as 
a result of lateral curvature of that stream. This results in boundary- 
layer crossflows such as shown in figure 2. As indicated in reference 
18, theoretical calculation of such flows entails difficulties not pres- 
ent in two-dimensional boundary- layer studies. 

The theoretical investigation of secondary flows in blade passages 
through application of boundary- layer theory has, in the past, been re- 
stricted in scope. Almost all analyses bearing on compressor secondary- 
flow problems have been confined to the study of boundary- layer cross- 
flows of the type noted in the experimental section. Because of the 
assumptions generally made in classical boundary-layer theory, investi- 
gation of such phenomena as vortex roll-up and tip-clearance flows is, 
of necessity, severely limited. 

In the following sections, reports dealing with basic boundary- 
layer theory and the application of this theory to secondary- flow prob- 
lems are discussed. Although reports that employ momentum- integral 
concepts play an important part in the study of boundary layers in tur- 
bomachines, this class of reports is excluded from the discussion. This 
restriction is made because momentum- integral methods require a priori 
assumptions concerning the character of the velocity profiles in the 
boundary layer, and at present some important questions remain as to 
how to make these assumptions realistically for three-dimensional flows 
(ref. 19). Consequently, reports that evolve basic concepts and deter- 
mine fundamental flow characteristics are considered principally. 

All the reports that give solutions to specific secondary-flow 
problems assume that the boundary layer under investigation is laminar, 
as a result of general inability to apply current mathematical tech- 
niques to the vastly more complicated problems of turbulent viscous-flow 
phenomena. However, as boundary layers in turbomachines are not likely 
to be laminar but rather turbulent, the question may arise as to the 
significance of laminar- flow studies in relation to turbomachines. In 
this regard, past experience indicates that the factors having an im- 
portant influence on laminar-boundary- layer flow behavior are qualita- 
tively the same for turbulent flow. 


CONFIDENTIAL 


3475 


NACA RM E56B03b 


CO CNTIAL 



187 


Investigations of three-dimensional boundary- layer equations . - 
Because of the complexity of the boundary- layer equations, it has been 
profitable to examine the nature of the equations without actually 
carrying out solutions of specific problems. Several reports, for ex- 
ample, give derivations of the boundary- layer equations in various cur- 
vilinear coordinate systems followed by detailed examination of the 
equations in these systems to determine their important characteristics. 
Some of the basic reports of this type that can be considered ultimately 
applicable to secondary-flow analysis in turbomachines are summarized 
briefly. 

The equations in reference 20 are derived for incompressible 
boundary- layer flow in a general orthogonal curvilinear coordinate 
system, and the influence of curvature of the main flow on boundary- 
layer behavior is discussed. Compressible boundary- layer equations in 
orthogonal curvilinear coordinates are developed in reference 21, along 
with the energy equation. The results of reference 21 are, therefore, 
more widely applicable than those of reference 20. Following the gen- 
eral development, the boundary- layer equations are derived for various 
special cases and the nature of the equations is discussed. The special 
cases include flow over a body of revolution, cylindrical flow, and 
conical flow. For treatment of more general cases, the equations are 
derived for an orthogonal coordinate system determined by the external 
flow streamlines, the orthogonal trajectories of those streamlines, and 
a line mutually perpendicular to the streamlines and their trajectories. 

In the discussion of the boundary- layer equations in the system 
designated, reference 21 shows that, in the absence of a lateral body 
force, external stream curvature is needed to produce crossflow. There- 
fore, if the curvature is small and the flow unseparated, the crossflow 
velocity will probably be small. This then suggests that it might be 
possible to simplify the boundary equations by considering a "small- 
crossflow" approximation. In such an approximation, the terms of higher 
order than unity in the crossflow velocity or lateral derivatives would 
be neglected. This approximation is carried out, and it is shown that 
the equations for the flow velocity in the streamline direction (the 
"principal velocity") can be put into the precise form of the two- 
dimensional boundary- layer equations and independently solved. Once 
such a solution has been achieved, it is possible to solve for the 
crossflow component. Solving for this component ^ however, is difficult, 
and it is suggested that the boundary layer be considered as divided in- 
to two parts . One part would consist of the outer region of the bound- 
ary layer where viscous forces are not large. By setting the viscous 
terms in the governing equation equal to zero, a "stripwise" solution 
for this region can be obtained along a given external streamline. The 
other part of the boundary layer, termed the "boundary sub-layer" would 
consist of the region adjacent to the surface where viscous forces are 
large . By assuming that the principal velocity component is linear in 
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this region, an approximate solution for the crossflow component can be 
obtained that is valid in the region close to the wall. This sub-layer 
solution can then be joined to the solution obtained for the upper re- 
gion of the boundary layer to give a result valid for the entire bound- 
ary layer. 


The equations for steady, compressible three-dimensional boundary- 
layer flow in Cartesian coordinates and in an "implicit" orthogonal co- 
ordinate system applicable to flow over bodies of revolution and conical 
bodies are derived in reference 22. A discussion of the energy equa- 
tion, along with a simplification of the energy equation for a Prandtl 
number of 1, is then presented. By introducing a vector potential, the 
number of dependent variables in the boundary- layer equation can be re- 
duced by one. This is accomplished by properly defining the boundary- 
layer velocity components in terms of the components of the vector po- 
tential. The boundary- layer equations and the energy equation are then 
transformed to a system of equations including the components of the 
vector potential as dependent variables. In incompressible flows, these 
components are the only two dependent variables. 

Various applications of the equations to specific types of problems 
are also discussed in reference 22. Among the conclusions reached are 
the following: (l) For flow with plane or axially symmetric boundary 

conditions, the three-dimensional equations reduce to two-dimensional 
form by Mangier 's transformation; and (2) in cases of flow over flat 
plates at zero angle of attack, when the leading edge is some arbitrary 
curve, the flow viewed in planes parallel to the stream and perpendicu- 
lar to the plate is given by the plane Blasius solution. 

The effect of angular rotation of the coordinate system on the 
boundary- layer equations is considered in references 23 and 24. The 
boundary- layer equations are obtained in reference 23 for a Cartesian 
coordinate system rotating with a constant angular velocity about a 
fixed axis in space. In this report the additional forces caused by 
rotation of the system and the influence of blade rows in a turbomachine 
on the boundary layer are qualitatively discussed. In reference 24 the 
boundary- layer equations are derived for an orthogonal coordinate sys- 
tem rotating with a constant angular velocity. Both the laminar and 
the turbulent forms are given. These equations are then used to develop 
generalized momentum-integral equations. 

Boundary-layer crossflow over flat plate with leading edge . - 
Initial research on boundary- layer crossflow on flat or slightly curved 
surfaces was principally concerned with calculations of two special 
types of boundary-layer flow over an infinite flat plate. The first 
was the result of rotating the plate about an axis normal to its surface 
in a uniform stream (ref. 25). The second was the result of imposing a 
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flow having circular streamline ( e.g . , a free-vortex type flow) on the 
plate surface (ref. 26) . In neither of these cases, however, is there 
any variation of boundary- layer properties with mainstream turning, nor 
is there any concept that allows boundary- layer development in the di- 
rection of the mainstream flow relative to the plate. The results ob- 
tained, therefore, do not directly apply to the type of crossflow ob- 
served in two-dimensional cascades and channels (fig. 2) . As a first 
approximation to the latter type of secondary flow, several investiga- 
tors have calculated boundary- layer crossflows over flat plates having 
a leading edge. In this type of problem, both the variation of the 
boundary layer with mainstream turning and the development of the bound- 
ary layer in the mainstream direction can be studied. 


One of the early papers dealing with this problem is reference 27. 
This analysis considers laminar-boundary -layer development over a semi- 
infinite flat plate placed in a flow with concentric circular streamlines. 
Both incompressible flow and a compressible flow with Prandtl number of 
1 are investigated. The method of solution for the incompressible case 
is similar to that employed in two-dimensional boundary -layer theory. 

The boundary- layer equations are first expressed in a curvilinear sys- 
tem of the type outlined in reference 24. A "similarity parameter" tj 
is then defined; and, with suitable definitions for the boundary -layer 
velocity components in terms of unknown functions F(t]) and G(t|), the 
boundary- layer equations are simplified to two simultaneous total dif- 
ferential equations for F and G. However, certain terms in these 
equations have as a coefficient the square of the total turning of the 
main flow from the plate leading edge. The analysis is then restricted 
to apply to the region of the flow where the total turning is small, 
and all terms containing the square of the total turning are discarded. 
This approximation simplifies greatly the equations for the unknown 
functions F and G, and solutions are obtained for the special case 
of a mainstream flow of the free-vortex type. The results show that 
the velocity component u in the direction of the main flow and the 
component w normal to the main flow direction and parallel to the 
plate surface can be expressed by 


u = UjF' (r)) 


and 


w = etljG'Cn) 

where is the mainstream velocity and 9 is the total turning of 

the flow. 

Typical velocity profiles are shown in figure 24. The analysis of 
reference 27 also discloses that there is a limiting deflection of the 
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"boundary layer at the plate surface, which for the particular case dis- 
cussed is a function of the total mainstream turning. Limiting deflec- 
tion has also "been noted in visualization studies of crossflows. 


Further progress in the investigation of crossflow phenomena is 
made in references 28 and 29. Both analyses treat a flow over a flat 
plate which is of a type that makes possible the exact solution of the 
boundary-layer equations. Their solutions, therefore, are not subject 
to the restrictions inherent in reference 27 because of the assumption 
of small mainstream turning made in that reference. The special two- 
dimensional mainstream flow considered in references 28 and 29 is de- 
fined by 


U = constant 
W = a + bx 


where 

U mainstream component normal to plate leading edge 
W mainstream component parallel to leading edge 
a,b constants 

x distance from leading edge measured along plate surface 

This rotational flow has streamlines that are parabolic in form. Fur- 
thermore, the entire streamline pattern can be obtained by simply 
translating a given streamline in a direction parallel to the plane 
leading edge (fig. 25) . 

The solutions of the boundary-layer equations in this problem are 
obtained in the usual way of defining a similarity variable and reduc- 
ing the boundary-layer equations to ordinary differential equations . 

In both reference 25 and reference 29, solutions are obtained for the 
case where the mainstream flow has 0° inclination to a line perpendicu- 
lar to the plate leading edge. Reference 28 also considers two other 
cases where the inclinations are 60° and -60°. The streamline patterns 
for these flows are obtained by merely shifting the parabolas in figure 
25 to the left or to the right. 

In the three cases discussed in reference 28, regions exist in the 
flow field for which the total pressure in the boundary layer exceeds 
that in the mainstream. The reason that particles in the boundary layer 
can have a larger total pressure than those in the mainstream follows 
the postulation of a total-pressure gradient for the main flow parallel 
to the leading edge of the plate. Consequently, boundary- layer 
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streamlines (which curve more sharply than those in the main stream, 
fig. 25) may transport particles of high total pressure underneath main- 
flow streamlines of lower total pressure. 

Reference 28 also discusses the problem of "three-dimensional sep- 
aration" (i.e., separation of the actual flow profile as distinguished 
from separation of a single velocity-component profile that may not 
indicate separation of the total flow). The reference shows that such 
three-dimensional separation does not occur, because the crossflow 
prevents separation (in the example presented) by transporting fluid 
with high energy to the "critical" regions. 

In addition to the research mentioned, there is one other publica- 
tion known to the authors that includes detailed treatment of crossflow 
over flat plates, namely, reference 19. In this report a group of prob- 
lems for which the mainstream flow has small curvature in the lateral 
direction are analyzed. The velocity components of the mainstream are 
characterized by 

U = U 0 + U*(x,z) 

W = W*(x,z) 

where U is the velocity component in the direction normal to the lead- 
ing edge of the plate (the x-direction), and W is the velocity compo- 
nent parallel to the leading edge of the plate (the z-direction, fig. 

26) . It is also assumed that 

Uo = constant 

W* < < u 0 
U*< <u 0 

By a perturbation method, the velocity profiles of the crossflow in 
the x- and z-directions are calculated for a variety of incompressible 
mainstream flows for which U and W are expressible as 

U* = bx 11 ^ 1 


and 


W* = ax n z^ 

In this analysis, the boundary-layer velocities u,' w, and v in the 
x, z, and y directions, respectively, are then considered to be of the 
form 
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U = Uq + u 


w = w 



where uq and vq are the boundary- layer velocity components in the 
well-known Blasius solution for a uniform flow of velocity Uo over a 
flat plate. The quantities u*, w*, and v* are the perturbation veloc- 
ities on this basic boundary- layer flow. 

It can be seen that one of the flows considered in references 28 
and 29 is a special case of the family of flows investigated here; for 
example, U* = 0, W * = ax. This special case is worked out with the use 
of the perturbation analysis; and, in this instance, the perturbation 
analysis is equivalent to the type of analysis employed in references 
28 and 29. 

By considering a range of values of the exponents m, i, n, and k, 
the effect of various flow patterns on velocity profiles and boundary- 
layer displacement thickness is investigated at some length. As in ref- 
erences 28 and 29, certain rotational flows give rise to boundary-layer 
velocites that exceed mainstream values. The effects of angular rota- 
tion of the coordinate system and compressibility on crossflow velocities 
are briefly analyzed. The results of the analysis of angular rotation 
are applied to flow on surfaces of compressor blades. It is concluded 
that, if the main flow deflects toward the blade tip near the suction- 
surface side and toward the hub near the pres sure -surface side, then the 
effect of angular rotation is to increase the crossflow on the suction 
surface and decrease the crossflow on the pressure surface. 

The effect of compressibility is discussed for the flow defined by 
W* = ax and U* = bx. The conclusion reached is that compressibility 
has the over-all effect of increasing the boundary-layer perturbation 
velocities . 

Flow over flat plate with thick boundary layer . - In the previous 
discussion of boundary-layer flow over a flat plate, the boundary layer 
developed from a definite leading edge and was immediately subjected to 
lateral pressure gradients that gave rise to secondary flows. For flow 
in turbomachine configurations, this is usually not the case. Generally, 
the boundary layer develops for a distance in the absence of lateral 
pressure gradients before secondary flows develop. This is true, for 
example, in flow through the inlet of a channel or cascade or along the 
casing of a compressor between blade rows. Reference 30 attempts to 
gain some insight into the effect of this boundary- layer growth on 
secondary-flow behavior. The problem analyzed is that of a thick 



3475 


3475 


NACA RM E56B03b 


CONFI] IAL 



193 


boundary-layer flow over a flat plate where the boundary layer is sub- 
jected to a sudden lateral perturbation caused either by a pressure 
gradient or a sudden movement of a part of the plate surface over which 
the flow develops. 

The analysis presented is a small- crossflow perturbation analysis 
of the type employed in reference 19. In obtaining solutions f or • 
boundary-layer velocities, an approximate but rapid method of solution 
is employed. This method is based on the assumption that the flow can 
be considered to be composed of a nonviscous outer region and a viscous 
inner region adjacent to the wall. In view of this assumption, separate 
solutions are obtained for these two regions. These solutions are then 
joined at a distance from the wall that is determined from the analysis. 

As most of the report is devoted to the development of methods, 
only two simple applications are given. In the first, a boundary layer 
flowing two- dimensionally from the leading edge of a plate encounters 
at some fixed distance from the edge a surface moving laterally with a 
constant velocity. At a given distance from the edge of the moving sur- S 

face, the crossflow velocity is a function of the Blasius similarity 
variable t). Near the leading edge of the moving plate, these functions 
have a steep slope, which indicates rapid rise of velocity from the 
plate surface to the main stream. Farther downstream, they approach the 
well-known Blasius solution for flow over a flat plate with zero pres- 
sure gradient. 

The second example given is the case of a thick boundary layer 
which, at a given reference line parallel to the leading edge, encoun- 
ters a pressure field arising from a "parabolic" mainstream flow; for 
example, a flow having a lateral velocity component that varies as the 

n^ power of the distance from the fixed reference line. Solutions are 
carried out for various values of these powers and for various distances 
from the reference line. Near the point where the pressure perturbation 
is first felt, the solutions indicate that the thick boundary layer de- 
velops greater crossflow velocities than in the case where the boundary 
develops from the leading edge. It is possible in this analysis to 
compare the solutions obtained for flow at a great distance from the 
reference line with the more exact solutions worked out in reference 
19, for here the two theoretically must agree. Progressively better 
agreement results from taking larger values of the powers defining the 
mainstream lateral velocity. 

Boundary- layer flow in corners . - One of the important problems 
mentioned earlier was that of analyzing secondary flows in the corner 
formed by the side of a channel or blade row and the end wall of the 
flow passage. As outlined in the experimental section of this report, 
a fair amount of information on boundary- layer behavior in corners has 
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been obtained in visualization studies. Theoretically, however, the 
analysis of boundary- layer behavior in corner regions is still in a 
very preliminary stage of development. 


Early analyses of flow in corner regions (e.g., refs. 31 and 32) 
are generally confined to special cases in which there is no pressure 
gradient in the main flow and the corner region is formed by the inter- 
section of plane walls. Reference 19 considers flows over surfaces with 
very sharply varying lateral curvature (equivalent to a corner with a 
fillet). Perturbation assumptions of the type employed in the analysis 
flow over a flat plate in the same reference are employed in this 
case. In particular, the mainstream velocity is considered to be the 
resultant of a constant "axial" velocity and superimposed perturbation 
velocities of very small magnitude in the axial and lateral directions. 

The boundary-layer equations in reference 19 are solved numeri- 
cally for two choices of mainstream flow in a corner having a hyperbolic 
cross section. For the first flow analyzed, the axial perturbation 
velocity is assumed zero and the lateral perturbation velocity is 
assumed constant. In the second case, the axial perturbation velocity 
is again assumed zero, but the lateral perturbation velocity is as- 
sumed to vary as the first power of the axial distance. Plots of ve- 
locity profiles and deflections of the crossflow from the mainstream 
direction are presented. The results indicate that, for the case of 
constant lateral perturbation velocity, the corner establishes a 
crosswise pressure gradient that causes boundary- layer air to flow 
from the upper part of the wall into the corner region. For the second 
example, the results indicate that the external flow possesses a cross- 
wise pressure gradient before it reaches the corner and that this pres- 
sure gradient not only opposes the one established in the corner but 
also causes a strong crossflow from the corner region up onto the side 
of the wall. 


Evaluation and conclusions . - Application of boundary-layer theory 
to the analysis of secondary flow in turbomachines has the advantage of 
accounting for viscosity in the fluid and thereby allowing the compu- 
tation of secondary flows that are principally the result of viscous 
action, for example, cross-channel flows. However, the application of 
the boundary- layer studies outlined in this chapter to compressor flows 
is severely limited. For example, the theories in general have assumed 
steady, incompressible, laminar -boundary- layer flow. In compressor 
blade rows, such flows will be primarily unsteady, compressible, and 
turbulent. (To date, of course, it has not been possible to give an 
adequate mathematical treatment of flows of this type.) Furthermore, 
the present state of boundary- layer theory does not allow the ready 
computation of flows in the presence of blade rows. Although some 
progress has been made in this direction (ref. 19), the computations 
of secondary flows arising from lateral pressure variations in the 
main stream are principally confined to flows over surfaces that are 
essentially flat. 
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In spite of these restrictions, several advantages can be gained from 
present boundary-layer analyses. As mentioned earlier, they can serve as 
the first step in a more comprehensive study of secondary flows and can 
possibly be combined with analyses treating other aspects of the flow. 
Secondly, they can be used in their present form to explain and interpret 
experimental findings in relatively simple flow configurations . (The 
"limiting crossflow" phenomenon found in both experimental and theoreti- 
cal studies is an example.) Finally, calculations of velocity-profile 
shapes and basic parameters are useful in the application of more general 
theoretical treatments that presently exist (such as the momentum- integral 
methods). The determination of profile shapes, in fact, was one of the 
principal motivations for the analysis presented in reference 19 . 


CONCLUDING REMARKS 

The survey of experimental and theoretical research on secondary 
flows and three-dimensional boundary- layer effects indicates in broad 
outline the present state of knowledge in this field. It is evident from 
the work discussed that, at best, only an elementary understanding of the 
basic flow behavior has been achieved. 

The experimental work indicates how such phenomena as flow dis- 
turbances caused by relative motion between blade ends and annulus walls, 
cross-channel and radial flows, and vortex formation in blade passages 
may occur in simple compressor configurations. In a multistage unit, 
however, the pattern of flow is greatly complicated by the interaction 
these effects and the influence of other compressor phenomena (e.g., 
rotating stall) that have not been considered in conjunction with these 
studies. The experimental studies, therefore, are best used as a guide 
for interpretation of experimental findings in multistage compressors and 
as a basis for constructing more- comprehensive models- of the actual flow 
behavior. With proper caution, however, the results can be used in their 
present form to guide certain design considerations. In the past, for 
example, shrouding of blade rows has at times been advocated for the re- 
duction of losses in blade end regions (ref. 33). The tests concerning 
relative motion between blade ends and annulus wall, however, indicate 
that smaller flow disturbances and better performance are likely to occur 
in unshrouded blade passages (with due regard for clearance, of course) 
than in shrouded passages. 

Theoretical research on secondary flows and three-dimensional 
boundary- layer effects has been severely handicapped by the mathematical 
complexity associated with even the simplest types of problems. It is 
probably sufficient to hope that present theories can be used to predict 
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"orders of magnitude" of various quantitative aspects of the flow and to 
provide a better physical understanding of the mechanisms that give rise 
to observable flow patterns. 
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Figure 1. - Two-dimensional steady-flow cascade (ref. 2). 
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Figure 2. - Overturning in end- wall boundary layer due to secondary flow, 
at inlet (ref. 2). 
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(a) Convergence of streamlines (ref. 2). 
Figure 4. - Passage vortex formation. 
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(b) 

Figure 
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Spanwise deflection and vortex roll-up. 

4. - Concluded. Passage vortex formation. 
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Figure 5. - Deflection of flow off blade pressure surface and across passage to roll 
up into outer layers of passage vortex (ref. 2). 
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Figure 6. - Boundary-layer velocity and vorticity 
profiles for cross-channel component of boundary- 
layer flow (ref. 6) . 
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Figure 7. - Resistance to turning of passage vortex generated by upstream cascade causes 
it to strike pressure surface of blade in downstream cascade. Smoke introduced through 
probe on wall at inlet to upstream cascade (ref. 2). 


C-31G4C 




t 


Cl TrC 


206 CONFIDENTIAL NACA EM E56B03b 




i 


t 


> 


cn 



Figure 8. - Schematic view of annular- cascade test unit (refs. 2 and 3). 
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(a) Subsonic flow condition (lower Mach number). 

Figure 9. - Contours of kinetic-energy loss at exit measuring station of 
vortex blades (ref. 3). 
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Figure 9. - Concluded, Contours of kinetic -energy loss at exit 
measuring station of vortex blades (ref. 3 ). 
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Figure 10. - Paint traces showing location of shock and radial 
flow in thickened boundary regions on suction surfaces of 
vortex blades (ref. 3). 
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(a) Flow fence to Interrupt radial flow along blade trailing edge and In 
thickened boundary- layer region. 



(b) Modified flow fence to Interrupt radial flow along blade trailing edge only. 


Figure 11, - Sketches of flow fences located on blades at midspan position (ref. 3). 
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and along suction surface . 


Figure 12. - Contours of kinetic-energy loss at exit of vortex blades, 
stowing results of radial-flow fences. Higher Mach number (ref. 3). 
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(b) Modified flow fence Interrupts radial flow along trailing edge only. 

Figure 12. - Concluded. Contours of kinetic-energy loss at exit of vor- 
tex blades , showing results of radial-flow fences. Higher Mach number 
(ref. 3). 
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(a) Lower Mach number. 


Figure 13. - Contours of kinetic-energy loss at exit measuring station of 
constant-discharge-angle blades, set A (ref. 3). 
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(h) Higher Mach number. 


Figure 13. - Concluded. Contours of kinetic-energy loss at exit measuring 
station of constant-discharge-angle blades } set A (ref. 3). 
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(a) Lower Mach number. 


Figure 14. - Contours of kinetic -energy loss at exit measuring station 
of constant-discharge-angle blades, set B (ref. 3). 
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(b) Higher Mach number. 

Figure 14. - Concluded. Contours of kinetic-energy loss at exit measuring 
station of constant-discharge-angle blades, set B (ref. 3). 
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Figure 15. - Deflection of flow off pressure surface at 
blade end and through tip- clearance region to roll up 
as vortex near suction surface (ref. 2) . 
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Figure 17. - Schematic diagram of apparatus used for studying tip-clearance effects 
with relative motion between wall and blades (ref. 2) . 
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Figure 18. - Streamline pattern showing scraping effects at leading surfaces 
of blades with relative motion between blades and wall (ref. 2). 
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(a) Stationary wall. 



(b) Moderate- speed wall. 


Figure 19. - Effects of scraping action on streamline 

deflections on pressure surface of blade for "compressor 
configuration.” Probe on nose of blade (ref. 2). 
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(a) Stationary wall. 



(b) Moderate- speed wall. 


Figure 20. - Aspirating effects on streamline deflections on suction surface of blades. 
Probe on nose of blade (ref. 2). 
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(a) First rotor position. 



(b) Second rotor position. 

- Effect of rotor blade position on radial flow (ref. 6). 
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Figure 22. - Schematic sketch of secondary-flow paths in annular-nozzle cascade 
(ref. 3). 
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Figure 24. - Typical boundary- layer velocity profiles (ref. 27). 
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Figure 25. - Parabolic mainstream flow over 
flat plate with crossflow in boundary layer 
(refs. 28 and 29) . 
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Figure 26. - Coordinate system for flow along semi-infinite 
flat plate (ref. 19). 
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CHAPTER XVI 

EFFECTS OF DESIGN AND MEASUREMENT ERRORS ON COMPRESSOR PERFORMANCE 
By Robert J. Jackson and Peggy L. Yohner 


SUMMARY 

Effects of design errors on compressor performance parameters and of 
measurement errors on calculated values of performance parameters are 
analyzed. Formulas and charts are presented from which the changes in 
blade -element performance and calculated parameters due to the design and 
measurement errors can be determined. 

The use of the design-error charts during the design calculations 
and in the analysis and interpretation of data is discussed. The charts 
can be used to evaluate the . sensitivity of a given velocity diagram to 
design errors and to determine whether iterations of design calculations 
are warranted. To a limited extent, the uncertainty intervals in blade - 
element performance can be calculated from the charts. 

The measurement -error charts can be employed along with the proce- 
dure devised at the Gas Turbine Laboratory of the Massachusetts Institute 
of Technology for the estimation of uncertainty intervals in calculated 
performance and can also be of assistance in the evaluation of data and 
in the planning of instrumentation for research or development. 


INTRODUCTION 

The attainment of design rotor pressure ratio for an axial-flow- 
compressor stage depends upon the correct prediction of blade-element 
turning angle and loss, upon an accurate design distribution radially of 
the local specific mass flow downstream of the rotor, and upon the agree- 
ment between the actual and design rotor-inlet flow distribution. Rotor 
blade-element design errors can result from the approximate nature of 

design-data correlations, from blade manufacturing tolerances, 
and from the necessary simplifications in the design equations. Dis- 
crepancies between the actual and design rotor-inlet flow distribution 
can result from the foregoing types of design errors in preceding blade 
rows. (The design variables and their sources of error are identified 
and discussed in the section ANALYTICAL APPROACH.) 
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A means for estimating the error in a performance parameter due to 
an assumed error in a blade -element design variable or to an error in the 
inlet flow conditions is useful to both the compressor designer and to 
the research worker. Therefore, an analysis of this problem was made, 
the results of which are presented in this chapter. From the available 
equations relating blade-element performance parameters to the design 
variables , differential formulas were calculated that relate a small 
change in a design variable to the consequent change in the performance 
parameter. The formulas are presented in this chapter in the form of car- 
pet plots, and the significant trends are discussed. 

An analysis of this type may be expected to indicate the degree of 
design control required for a given velocity diagram as evidenced by its 
sensitivity to design errors. Among a group of suitable design velocity 
diagrams, the analysis may show that one diagram is relatively insensitive 
to design errors, thus indicating that it would be the best choice for the 
design. The charts can also be employed to determine, in certain cases, 
whether an iteration of the design calculations is warranted. 

The interpretation of experimental data requires some consideration 
of measurement errors. • This problem is particularly relevant to the work 
of the researcher and also to the compressor designer, since correlations 
of design variables are based on experimental data, and compressor devel- 
opment programs depend on the interpretation and application of experi- 
mental data. Differential formulas were calculated that give the error 
in a performance parameter caused by a measurement error in one of the 
flow properties. These formulas are presented in this chapter in the form 
of carpet plots. A method for combining the effects of several measure- 
ment errors is outlined. 


SYMBOLS 


The following symbols are used in this chapter: 


a 


speed of sound 


D 


diffusion factor 


H 


total or stagnation enthalpy 




total enthalpy calculated from change of moment of 
momentum 


static enthalpy 


M 


Mach number 


P 


total or stagnation pressure 
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P 

R 

r 

T 

U 

V 

P 


r 



p 


I 

Q 

O) 

Subscripts: 

d 

h 

id 

l 

sys 

t 

u 

. z 


static or stream pressure 


gas constant 
radius 

total or stagnation temperature 
rotor speed 
air velocity 

air angle, angle between air velocity and axial direction, 
deg 

ratio of specific heats 

deviation angle, angle between outlet-air direction and 
tangent to blade mean camber line at trailing edge, deg 

adiabatic' efficiency 

density 

solidity, ratio of chord to spacing 

quantity - ^ - ld - 1 
2 

total-pressure -loss coefficient 


design value 

hub 

ideal 

lower limit of uncertainty interval 

denotes systematic error 

tip 

upper limit of uncertainty interval 
axial direction 




I 
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station ahead of guide vanes or stators 
station at rotor inlet or stator exit 
station at rotor exit 
denotes variable in error 

indicates quantity relative to rotor 
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ANALYTICAL APPROACH 

Consider a function of several variables /(x-^xg., . . . x n ) . The 
change in / caused by a given set of small changes in x-^xg, . . . x n 
is given approximately by the following formula (ref. 1, ch. IV): 

A/ = + ^2 + ’ * • + ^n (!) 

The n^* 1 term of formula (l) 

Aj n = ^ ^n ( 2 ) 

can be directly calculated (for an assumed value of Ax n ) and plotted as 
a function of the parameters that fix the value of d//cbc n . This pro- 
cedure is used in the present report. 

The degree of approximation of formula (2) depends upon the way / 
varies with x n and upon the magnitude of Ax n . The accuracy of the 

formulas presented in this report for reasonable magnitudes of design 
errors was spot -checked by means of sample calculations and plots. The 
results of these calculations are given in appendix A. These checks do 
not constitute a general proof of the accuracy of the formulas, but do 
verify their applicability for certain conditions of flow and velocity 
diagram. 


Design Errors 


A brief outline of the blade -element approach to single-stage - 
compressor design follows in order to clarify the application of formula 
(l) to the analysis of design errors. 
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For given design values of pressure ratio, mass flow, rotational 
speed, and tip diameter, the huh profile and the preliminary velocity 
diagrams are calculated by methods discussed in chapter VIII (ref. 2) . 
These preliminary velocity diagrams determine approximate values of 
diffusion factor and other blade-loading and blade-configuration param- 
eters. This information permits the estimation of the radial distribu- 
tion of the relative total-pressure- loss coefficient co (or go') for each 
blade row as discussed in chapter VII (ref. 2) . The velocity-diagram 
calculations (including the radial-equilibrium calculation) are then re- 
peated in order to incorporate the effects of the loss estimation. Fi- 
nally, the methods of chapter VII (ref. 2) can be employed for the se- 
lection of blade-section cambers, incidence angles, and deviation angles. 

The employment of blade elements in this design procedure (as dis- 
cussed m ch. Ill (ref. 3)) requires the estimation or calculation of the 
radii to each blade element at the axial stations upstream and downstream 
of the rotor. Thus, since r ± is assigned by the designer, r 2 is identi- 
fied as a design variable. For a rotor, the design method outlined in the 
preceding paragraph_requires predictions of relative stagnation-pressure 
loss (in terms of go') and of deviation angle. The radial-equilibrium cal- 
culation and the condition of continuity determine the values of axial ve- 
locity or local specific mass flow downstream of the rotor for each blade 
element. Three additional design variables are, therefore, go', P 2 , and 

( P V Z ) 2 - use of the local specific mass flow (pV z ) 2 was found to 

be more convenient in this analysis than the axial velocity V z 2 .) 

Errors in the design rotor-inlet flow distribution can be caused by 
design or blade manufacturing tolerances or errors in any of the upstream 
blade rows. At the design mass flow, these errors can lead to off -design 
values of rotor-inlet stagnation pressure P]_, absolute air angle p ] _, 

local specific mass flow (pV z ) 1 , and stagnation enthalpy H-^ 

In summary, then, the design variables for rotor blade elements are 
identified as P-^ p ] _, (pV z ) L , go', p£, (pV z ) 2 , and r g . Instead of 

the general design variable P-^ the loss parameter go for the adjacent 

upstream stationary blade row can be used. The agreement between the 
actual and design values of a performance parameter (such as P 2 ) depends, 

within the limitations of the design system, on the agreement between the 
actual and design values of these design variables . 

In the following discussion, the foregoing design variables are 
identified by the lower-case Roman numerals i to viii as follows: 




\ 

CONFIDENTIAL 


P^ or go 

Pi 

i — i 

a 

H i 


^2 

<PV Z ) 2 

r 2 

i or (i) 

ii 

iii 

iv 

V 

vi 

vii 

viii 
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The symbol denoting the error in a performance parameter due to a design 
error in any one variable (assuming for the moment that all other vari- 
ables are correct) is identified by the appropriate lower-case Roman num- 
eral subscript. For instance, (AH2/H2)i denotes the error in H2 due to 
an error solely in Pp. The stator (or guide-vane) loss parameter to is 

not an independent design variable; an error in to is one of many sources 
of error in Pp, and it is denoted by parentheses around its identifying 
number . 


Some sources of errors in the variables are as follows: 


Design variable 

Some sources of error 

a5 T 

(l) Accuracy of loss parameter and incidence- 
angle correlation system (ch. VII (ref. 2)) 

02 

(2) Accuracy of deviation-angle correlation 
system 

(3) Blade-fabrication tolerances 

(pV z ) 2 

(4) Degree of simplification of radial- 
equilibrium equation 

(5) Effects of errors in of and on 

radial -equilibrium calculation 

(6) Inaccurate allowance for wall boundary- 
layer development 

r 2 

(7) Same as (4), (5), and (6) if r 2 is 
calculated 

(8) If rg is assumed, error depends on 

degree of radial shift in flow as gas 
crosses rotor 


The foregoing types of design errors in blade rows upstream of a given 
rotor contribute to discrepancies between actual and design values of 
P l> ( p Vr and For the inlet stage of a compressor, an addi- 

tional source of such errors lies in the performance of the inlet dif- 
fuser section. 

A basic source of disagreement between actual and design performance 
is contained in certain simplifications to the equations of motion as ap- 
plied to the blade-element design method (e.g., the assumptions of axial 
symmetry and steady flow). This source of error is not amenable to ana- 
lytical investigation and is not considered in this chapter. 
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THe design variables P x , 0 1; (p» z ) 1 , Hl , 5', (pv^, and r,, 

in conjunction with known inlet conditions, determine the value of a com- 
pressor hla.de -element performance parameter. For the purposes of this 
investigation, then, any of the blade-element performance parameters can 
be designated as a function of these eight design variables: 


/-/ [ P r v (pv A’ V op (pv z ) 2 . 


( 3 ) 


Formula (1) (the total differential of /) is particularized as fol- 
lows i or application to the analysis of design errors: 


V ^l + 3^ + 5^0- A(pv 2 )i + 3/ 


Bh7 ^i + 


Bod’ + ^2 + <^(pV z ) 2 A K>2 + ^2 


(la) 


The partial-derivative coefficients of formula (la) can be calculated 
rom the available blade -element performance equations. Each individual 

term (such as |p- AP-^ represents the contribution to the total error in 

/ caused by a design error in one variable only (AP]_, e.g.), with all 
other design variables assumed correct. 

For the calculations and the plotting of the results, it is conven- 
ient to make all terms of formula (la) dimensionless in order to reduce 
zhe number of parameters determining the value of each error term. For- 
mula (la) is modified as follows: 


A/ = £l b/ APp x a/ 


(pv z )l a/ A(pV z ) I % a/ AH X 


+ 


1 /WH 

* y sr 7f <“>) 


/ / Pl / Ap i + — 7 - wj 

AP- + — V 2 w ^ A(pV z) 2 . r 2 V Ar 2 
7 Sen’ 7 5Pj^2 J— d( P V z ) 2 Xp\)7 

For cases where a performance parameter is associated with axial 
station 2 (/ 2 ) , any one of the first four terms might contain as many as 

eight design variables. A degree of further simplification in the plot- 
ting of some of these formulas is achieved by the use of certain 
performance -parameter error terms as intermediate variables. In certain 
cases the formula for one term of (lb) takes the following form: 

APt 


/v 2 \ 

— 


~ — . 

II 

I5 

03 * ^2’ K>2' r 2 

Z 

p !> ( pY zh’ H 1 


( 4 ) 
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A formula for error in a performance parameter associated with axial sta- 
tion 1 might "be 



P l> ^l' ( pV z )l> H l 



( 5 ) 


In this case, formula (4) can he expressed in terns of the intermediate 
variable as follows : 



(pv ) 2 , 



Formula (lh) can he written as follows : 



(4a) 


(lc) 


Each tern of formula (lc) represents the contribution to the relative 
error in / of an error in the particular design variable identified by 
the subscript . 


Formula (lc) gives a value of relative error in / caused by a given 
set of errors in the design variables. The only case for which a set of 
errors in design variables is known is the case of analysis of experimen- 
tal data. For this case, formula (lc) can be applied to determine, at 
least approximately, what design errors may have caused a measured dis- 
crepancy between the actual and design values of a performance parameter. 
This use of the design-error charts is outlined in a later section. 

The estimation of a probable discrepancy between the actual and de- 
sign values of a performance parameter requires that the design errors 
be identified as either random errors or as systematic errors . For the 
purposes of this investigation, random errors are defined as errors that 
are unpredictably positive or negative. Systematic errors are predict- 
able in sign, and in some cases an approximate estimate of their magni- 
tudes can be made. An example of a systematic design error is the error 
in local specific mass flow (or axial velocity) caused by neglect of the 
entropy gradient during the radial-equilibrium calculation. This type 
of design error depends on the design flow distribution and the radial 
distribution of blade losses. 


The approximate nature of the available correlations of design data 
(deviation angle and loss) leads to random design errors. The actual 
causes of such discrepancies are not known; their influence cannot, at 
present, be correlated with the various combinations of velocity-diagram 
parameters . 
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For the analysis of random errors, an uncertainty interval in a de- 
sign variable can be estimated on the basis of past experience. An un- 
certainty interval in p x , for instance, can be defined as a finite in- 


terval in p, , such as p 


l,u 


Pi, i ) for which a definite statistical 


probability exists that the value of p x will lie. For example, if, for 

a design value of p_ L = 30°, 80 percent of the actual values of p for 

different design cases fall in the interval from p^ = 29° to p^ = 31°, 

then the uncertainty interval corresponding to odds of 4 to 1 is 2°. The 
1 o/ ' ,A 


term 


7 $7 ^l = [t ). . represents the corresponding uncertainty in- 
1 J / ii 


= 


terval in / due to that in P^ only. For the uncertainty interval in 

/ due to the uncertainty intervals corresponding to the same odds in all 
the design variables, the second-power formula of reference 4 can be 
employed: 



T e uncertainty interval in / due to the uncertainty intervals in 
of the design variables for a given probability can be calculated 
approximately for a mean-radius condition only. The reasons for this 
limitation are given in the section entitled Use of Design-Error Charts 
(p. 258). As an example of the use of formula (6), uncertainty intervals 
in a)' and p£ would be combined as follows to give the corresponding 
interval in the performance parameter f\ 


A/ 

/ 




If all the uncertainty intervals of the design variables are estimated 
on the basis of the best available information so that the same odds (say 
b to 1) can be quoted that the value of each variable will lie within 
its interval, then, according to reference 4, statistical analysis shows 
that the odds will be b to 1 that the actual value of .the performance 
parameter / will fall within the uncertainty interval given by formula 


The errors in axial velocity caused by neglect of the entropy gradi- 
ent in the radial-equilibrium calculation cannot be interpreted as un- 
certainty intervals but as estimated corrections to the design values. 

An investigation of these errors (wherein the error is discussed in terms 
of axial velocity rather than the local specific mass flow) and a method 
of making the corrections are reported in reference 5. These estimated 
corrections and uncertainty intervals can be combined as follows; 
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( 7 ) 

The second term of formula (7) constitutes the estimated corrections to 
the design value of / for the systematic design errors, and the last 
term represents half the uncertainty interval in / due to the uncertain- 
ty intervals in each of the design variables. 

The eight terms of formula (lb) were calculated (where applicable) 
for each of the following blade-element performance parameters: axial 

velocities v z ^]_ 2 > relative stagnation enthalpies and H£, 

stagnation enthalpy K^, stagnation pressures and P^, relative air 

angle B £, absolute air angle and diffusion factor D. The stagna- 

tion pressure P 1 , which is one of the rotor design variables, is a per- 
formance parameter only in the specialized sense that is affected by de- 
sign errors in stationary-blade -row loss parameter co. The resulting 
formulas are presented in this report in the form of carpet and lattice 
plots. For the purpose of preparing the charts, unit errors were as- 
signed to the design variables (l percent, 0 . 01 , or 1 °, as applicable) . 

The technique of preparing plots of two or more independent parameters 
(carpet and lattice plots) is discussed in reference 6 . 

The analysis was made for a rotor of any stage of a compressor. The 
results are given for blade-element performance parameters only; the esti- 
mation of uncertainty intervals in the radially averaged over-all per- 
formance of a stage is not discussed in this report. This problem in- 
volves considerations of statistical and probability theory that are 
beyond the scope of the present investigation. 


Measurement Errors 


For the analysis of measurement errors, formula (l 
lowing form: 

A/ = ^- AP X + |^ Api + ^- + 3 — AT 


+ Apg + APs + ^4 m 


assumes the fol- 


+ 


(Id) 


Formula (id) can be applied directly only in cases where, for a 
specific experiment, each of the error terms is known. This situation, 
of course, is never realized. When the best methods of calibration are 
used, measurement errors are considered as random errors and can only be 

CONFIDENTIAL 


3479 


MCA RM E56B03b 


239 


COKFI^HAL 

j 

estimated; thus, the statistical approach outlined in the preceding sec- 
tion was applied also to the analysis of measurement errors. The terms 
of formula (id) are interpreted as uncertainty intervals for the function 
/ due to uncertainty intervals for the same prescribed odds in each vari- 
able. The uncertainty interval in / due to all the estimated errors 
can be calculated from the following formula (in dimensionless form) : 



( 8 ) 

Formula (8) is valid only for the estimation of uncertainty inter- 
vals due to random errors. That is , as the number of observations of each 
variable approaches infinity , the mean of all observations should approach 
the true value of the variable . 

The error terms of formula (8) were calculated, and the results are 

presented in chart form for the following performance parameters: pV , 

z 

3’, CO, co * , T] ad , H m ^ 2 , and D. 


CALCULATION AND PRESENTATION OF FORMULAS 

In the following presentation, all formulas are designated by a 
lower-case letter, a capital letter, and a lower-case Roman numeral. The 
letters d and m denote, respectively, the analysis of design and meas- 
urement errors. The capital letter identifies the performance parameter 
under analysis, and the lower-case Roman numeral identifies the variable 
in error. The following tables provide this identification: 


Case d - Design-error performance parameters 

Performance 

parameter 

P 1 

V 

=1 


S 2 

V z,2 

H 2 

P 2 

P 2 

D 

Formula 

symbol 

A 

B 

C 

D 

E 

F 

G 

H 

J 

K 
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Case d - Design variables 

Design 

variable 

P^ or cd 

P 1 

Kh 

H i 

CD 1 


Kb 

r 2 

Formula 

numeral 

i or (i) 

ii 

iii 

iv 

V 

vi 

vii 

viii 


Case m - Measurement -error performance parameters 

Performance 

parameter 

K> 

P’ 

0) 

(JO 1 

^ad 

v 

D 

Formula 

symbol 

A 

B 

c 

D 

E 

F 

G 


Case m - Flow variables 

Flow 

variable 

Pi 

p i 

T 1 

Pi 

p 2 

P 2 

T 2 

P 2 

Formula 

numeral 

i 

ii 

iii 

iv 

V 

vi 

vii 

viii 


The symbol for the error in the performance parameter under consideration 
is given a subscript to identify the source of error. This subscript is 
the lower case Roman numeral of the appropriate table. 


Design-Error Formulas 

The design-error differential formulas were calculated from the fol- 
lowing equations: 


P 1 - p o 


1 - CO 




V 


, A = ifz (H x - h-jJ 1 / 2 COS (3-^ 


^ = H 1 + I uf - U lVzA tan 


U-, 


tan P7 = — - tan p, 

V z,l 


( 9 ) 

( 10 ) 

( 11 ) 

( 12 ) 


\ 
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K 2 


H i + I u i 


^ - i 


\.2 = ^ (HJ, - h^ 1 / 2 cos PI 


z, 2 


(13) 


(14) 


H„ = 


H 1 + U 1 (if) ' U 1 Vs tan P 2 " U l V z,l tan P 1 


(15) 


*-(T< 


1 ' •" ffli. 


r Q U- 




r ~ 
h.\r-i 


2 U 1 


tan P 2 ~ r L V z 2 ' tan ^2 


D = 1 + Sin p i _ A + Sin PJ) V z , 2 cos Pj 


2a 


2a J V zA cos P£ 


(16) 

(17) 

(18) 




T-l 


^ - 1 H 1 1%, 


(Hi 


h-^) 1 ^ 2 cos (3-^ 


(19) 


(P V z) 2 = 


Jlr p 2 _ 
r - 1 l H- 


M r ’ 1 


(H- - 


hg) 1 / 2 cos 0' 


( 20 ) 


3 L 


r 


( 21 ) 


(Formula (18) was obtained from the form given in ref. 7 by rearranging 
terms.) Some of the resulting differential formulas included terms which 
were considered sufficiently small that they could be neglected. Two 
specific examples of the general procedure used in deriving the differen- 
tial formulas are presented in appendix B. 


The design-error formulas contain certain parameters that are pre- 
sented in the form of carpet and lattice plots. The formulas for these 
parameters are as follows: 
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(fig. 1) 



(23) 
(fig. 2) 

The following differential formulas were obtained from the analysis 
of errors in design variables: 




1 A 1 + H a 4) r_1 


1 - 


0) 


1 - ( l + L^i Mq 


- r 

\ r-i 


=r An 


'AV, 


z^l' 


1 ^1 


\ V z,l /i 1 - P 1 


'AV 


,V„ 


jiM x tan 8 X 

,1 / ii 180 (1 - m|) 


zj-l 


AP X 


/AV 


z,l 


1 A (P V z)l 


\ V z,l /iii 1 - M2 (PV Z ) X 
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(dA-( i) ) 
(fig. 3) 


(dB-i) 
(fig. 4(a)) 


(dB-ii) 
(fig. 4(b)) 


(dB-iii) 
(fig. 4(a), 
substitute 
pV z for P, 
multiply 
result by 
- 1 ) 
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(dB-iv 
(fig. 4(c) 


M 2 sin P-^ cos p^ (tan P-^ + tan P£) Mv z -A 
H 1 /i,iii i + M 2 cos 2 P]_ sec 2 P£ vz,l /i,iii 


(dC-i,iii) 
(fig. 5(a)) 


/AH-j\ «(t - l) M 2 (sec 2 pj_ - M^) cos 2 P^ (tan P]_ + tan P£) 


1 /ii 


1 r — AP-. 

180 (l - M 2 ) ( 1 + T. ~ 1 M| cos 2 P^ sec 2 P-[ J 


(dC-ii) 
(fig. 5(B)) 


/ATT 1 ' 
1 

VH-I 


1 + I..T, A M? 

P -L 


C i hx + l_z _ _1 m 2 cos 2 Pi sec 2 P {Vi - M 2 ) 

P ? ym? 

1 ~ Mn cos^P^ (l - tan P-, tan P-J ) - = sin P-i cos p n (tan P n + tan p,' ) 

l + y " 1 Mr 1 1 - 1 - 

p 1 


ah 2 


(dC-iv) 
(fig. 5(c)) 


tePi)i,iii,iv = cos2p i ( tan p i + tan ^(vTT/i 1±i iv 


(cLD-i,iii,iv) 
(fig. 6(a)) 


(AP{) 


2 

cos PJ^ 


ii 


cos 




M- 


1 + i-— sin P^_ cos p^ (tan P-^ + tan P-[) 


1 - M- 


AP-l (dD-ii) 
(fig. 6(B)) 


'AH'\ 

) - = (^ " - 1 -) 


2 / viii 



(dE-i-iv) 
(No fig. necessary) 


ffj 

r 2 


(dE-viii) 

(fig- 7) 
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_ i i\ i ^ , 

O'z , 2 / i r - 1 ! . (m ,)2 WA ' 1 - (M if h (fig. 8^aj| 


'AV. 


z .2 


i*ni (Mi.) 2 


,,z) H,iii"r-1 x )2 


l Hi 


\ y z , 2 


‘2 /ii,iii 
1 + ( M P 2 /AHA' 


(dF-ii,iii) 
(fig. 8(b)) 


A = r % _ 1 + 2~ (M P /£4\ 

2 /iv ( r - 1) [l - (M>) 2 ] H 1 ( r - l)[l - (M>) 2 ] \ 2 /iv 


/AV 


z^_2 ' 


z, 2 /V (D 


' [1 - (H|) 2 ] 


Ajd 1 


/AV 


Z JL 2 ' 


«(MA) 2 


2i tan P 2 ^2 


Vz,2/vi 180 Jl - (M£) 2 ] 


^ AV z, 2 \ 1 ^2 

Yz,2 All 1 - (M^) 2 (P y z ^2 


/AV 


z^2' 


'z, 2 / vlii 


(r - i) [: 




(dP-iv) 
(fig. 8(c)) 

(dF-v) 
(fig. 8(d)) 


(dF-vi) 

(fig. 4(b), substitute 
M£, for M x , p 1 , * 
respectively) 

(dF-vii) 
(fig. 4(a ) y substitute 

W 2> ( pV z>2 f ° r 
respectively, 
multiply result by -l) 


1 + (M*) 2 



viii 



— TT, 



+ ♦ 


/AV 


z,2 > 


■ 2 /i,iv \ n 2 /i,iv \ V z,2/i,iv 


(dF-viii) 
(fig. 8(e)) 

(dG-i,iv) 


(p = 


1 + (M£) 2 


1 -f 1C 


(Mi,) ^ cos 2 j3 2 sec 2 p. 


(fig. 9^)j 
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* = - 


/AH, 


(r - l)(M') 2 sin 0' cos 0' (tan 0 + tan 0’) 

— ^ ^ 2 2 

1 + ^ ~ 1 (M|) 2 cos 2 P£ sec% 2 
1 ^ 


(25) 

(fig. 9(b)) 


J 2 /ii,iii 1 + 1-^1 (Mg) 2 cos 2 0£ sec 2 0 2 

(M ^) 2 

+ ~( M ') 2 Sln ^ C ° S ^ (tan P 2 + tan 4) 



lH 1 / 

1 2 


(fig. 10) 


/AH r 
c IL 




(dG-v,vii) 
(No fig. necessary) 


where 



•2 /vi 


*2 /v,vii \z,2 /v,vii 

“ i)^) 2 [sec 2 0£ - (m 2 ) 2 ~| cos 2 0£ (tan 0 2 + tan 0/>) 

— — A0,' 


180 [l - (Mg) 2 j |l + 3 LaJ: (m^) 2 cos 2 0£ sec 2 0 2 ] 



„ -Kp + J^\ 

' H 2/viii r 2 \ V z,2/viii 


(dG-vi) 

(fig. 5(b), substitute 
M>, 0*, 0g for M-^ 

y P-[, respectively) 
(dG-viii) 


^ _ (f " 1 )( M 2 ) 2 cos 2 0£ (tan 0 2 + tan 0£) (2 tan 0 2 + tan 0£) 
1 + L ~- (M£) 2 cos 2 0g sec 2 0 2 


'apA ap-, 



/ap. 



• (clH-i) 
(No fig. necessary) 


p 2 Al,lli,vi-vlii T - 1 \Hg / ii^iii^vi-viii 

f 


dH-ii ,iii,vi-viii) 
No fig. necessary) 



_2 _ r 


2 /iv r - l 


/AH\ AH, 
\ H 2 / iv ‘ \ 


(cLH-iv) 
(No fig. necessary) 
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(Ap 


^2^vlii “ 


where 


and 



r _ (m ,> 2] + r(M£) 2 sin pj, cos p£ (tan p 2 + tan pj,) [ Av Zf 
2 1 + I-£-i (M£) 2 cos 2 P£ sec 2 P 2 \z ; 2 


■*) 

.2 /v 


(dH-v) 
(fig. 11) 


C^i-v^vli = -^pcos 2 p 2 ( tan ^2 + tan P 2 ^hT^) 

\ z,2 / i-v,vii 


(dj-i-v,vii) 
(fig. 6(a), substitute 

»2- V z,2 fOT H' 
Pi' v z,l> 
respectively) 


) 


2„ 

cos P 2 
vi ?~7 

cos^P 2 


(MJ 


1 + “ sin p ’ cos pi (tan P 2 + tan p*) 

1 - (Mp 2 


*4 


(dj-vi) 

(fig. 6(b), substitute 

M 2' P 2> P 2 for M l> 
respectively) 


cos 2 P 2 (tan P 2 + tan P£) 


(»j) 2 , 


1 1 2 


1 + ^ cos^PA (tan p_ + tan pi) 

1 - (MJ) 2 2 2 2 


Ar c 


/AV AV -\ 

(AD)i_ iv = a(ap^)^_ 1v + r( - L - ■*— J 

\ z,2 z,l /l-iv 


(dJ-viii) 
(fig. 12) 


(dK-i-iv) 


A = - — — + (l - D) tan p. 1 

2 a cos pj % 1 


(27 

(fig. 13(a) 


r = 


sin P£ 
2a 


+ (1 - D) 


(28) 

(fig. 13(b)) 


'AV, 


(AD) = r . 

'v,Vil,V!Xl \V g#2 


z , 2) 


(dK-v, vli,viii) 
(No fig. necessary) 


\ 
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2a 
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(dK-vi) 
(fig. 14) 


Measurement -Error Formulas 

Measured quantities include the rotational speed, the inlet pressure and tem- 
perature, and the following flow properties: static pressure p, stagnation pressure 

P, absolute air angle P, and stagnation temperature T. In the following table, the 
calculated performance parameters are listed in the left column, and the flow prop- 
erties of which they are explicit functions are listed in the right column: 


pV z 


P' 


03 

P 0 ,P 0' P 1 

03* 

P l' P l'Vl' P 2' T 2 

^ad 

P 1' T 1' P 2> T 2 


P 1-’ P 1' T 1' |3 1' P 2' P 2' T 2 , ^2 

D 

P 1' P 1' T 1> |3 1 ,P 2' P 2 ,T 2' ,3 2 


The equations for the performance parameters in the foregoing table, as explicit 
functions of the measured flow properties, are as follows (for convenience in writing, 
some of the functions are given in terms of absolute velocity V) : 


PV 


z 



l l 

izi 

2r. 

2 p (A r 

i (*\ r 

(r - i) RT 

w 

1 " W 


tan P 1 



U 



1 

2 


cos 


p 


- tan p 


03 = 



P 

P 


1 

0 


03 * = 



1 



Pi 



r 

r- 1 


H, 


+ 2 U 1 


- Wl 


sin p lyl 


(19a) 


(12a) 


(9a) 


(16a) 
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r=i 

, .£Li 

^ad m 

=2-1 


(29) 


V2 " *1 + U 2 V 2 Sln P 2 " U 1 V 1 Sin P 1 


D = 1 - 


+ V 2 - 2U 2 V 2 sin 3 2 Y^ 2 u ! - u 2 + Y Z sin P 2 " V 1 sin P 1 


> U 1 + V i " 2U i V i sin Pi 


2a (u^ + V ^ - 2U 1 V ] _ sin P 1 )' 


1/2 


(15a) 

(18a) 


The analysis of measurement errors yielded the following formulas, which give 
the relative uncertainty interval in a performance parameter due to the correspond- 
ing uncertainty interval in the measurement of one flow property: 


A(pVj 


PV„ 


A(pV z ) 


pv „ 


a i (l - iW 

±,y r V M 2/ p 

-iAi_ + r - iW 


ii,vi ^ \M^ 


A(pV z ) 


pv . 


iii ,vii 


1 AT 
’2 T 


A(pVj 


_ p ^z Jiv,viii 


= - tan p AP 
180 


(aq 1 ) 180 cos 2 P f (tan p + tan p 1 ) Ap 

* tm 2 p 

TAB 1 ^ cos2 P 1 (tan P + tan p 1 ) AP 

K ; ii,vi " " it rM 2 P 


(mA-i,v) 
(fig. 15(a)) 

(mA-ii,vi) 
(fig. 15(b)) 

(mA-iii,vii) 
(No fig. necessary) 

(mA-iv,viii) 
(fig. 15(c)) 


(mB-i,v) 
(fig. 16(a)) 


(mB-ii,vi) 
(fig. 16(a), prefix 
minus sign to re- 
sult, substitute P 
for p) 


(AP’)iii,vii = ~T cos2p ' ( tan P + tan (3 * ) ^ 


(AP ') iv ,viii = - cos2 P' (1 - tan P tan P') AP 


(mB-iii,vii) 
(fig. 16(b)) 

(mB-iv,viii) 
(fig. 16(c)) 
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M 


ii 


L - l 1 + JL iH 


r 

r-i 


CD 


AP, 


(mC-ii) 
(fig. 17) 


-i AP, 

(fi')ii-tp r 


(mD-ii 
(fig. 18 


-» at 1 


(/&') =~ r -- — 

V. 'iii r - 1 2 T. 


(mD-iii) 
(fig. 18, multiply 

re suit by - ^L., 
substitute T-^ 
for P 1 ) 




, — X CD ^ 

(Ao 1 )^ s =-'Q m 


(mD-vi) 

(fig. 18, prefix minus 
sign to result, sub- 
stitute P 2 for P-^) 


(Ad 1 ) 


_ r cd' ^2 

vli r - 1 2 T ? 


ni 


ii “ y* 


^ad 


® r 


r-i 

\ T 


- 1 


(mD-vii) 
(fig. 18, multiply 

result by — 

r-i 

substitute Tg 
for Pp) 


(fig 


(mE-ii) 
. 19(a)) 


'Had T 1 AT 1 

( AT lad) iii = Tl tT~ 

=£ - 1 1 
T 


(mE-iii) 
(fig. 19(b)) 


Z-k 



AP. 


(mE-vi) 

(fig. 19(a), multiply 
result by -1, substitute 
AP 2 /P 2 for APj/pp 
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T2 

n ad T, ATo 

(At) ,) 1 2 

'adVii t 2 T 2 

Tl " 

(mE-vii ) 

(fig. 19(b), prefix minus 
sign to result, substitute 
AT 2 /T 2 for ATj/T-l ) 

(S,aA 

r _ •]_ sin 3^^ cos 3-j^ (tan 3^. h 

- tan 3{) Ap-j_ 

(mF-i) 
(fig. 20(a)) 

\ H 1 A 

r 

P 1 


r _ 3 _ sin 3]_ cos 3 -l (tan 3 -l + 

tan (3-[) AP-j_ 

(mF-ii) 
(fig. 20(a ) , 

V H i Ai 

r i + H+'Z 

p i 


sign to re- 
sult, sub- 
stitute P-j_ 

for 


/ H, 2 \ 

, H 1 /ill 


1 - 


£ ~ ^ sin 3p cos 3p (tan 3p + tan 3£) 


1 + JL r 1 4 


AT-[ 
T T 


(mF-iii) 

(fig. 20(c), substitute 
subscript 1 for 2 
and subtract from l) 


«(r - i) m| cos^P-j_ (tan (3-^ + tan P-[) 

180 (l + £. ~ . 1 Mf) A3] 


1 /iv 


r - 1 Sin ^2 COS ^2 ( tan ^2 + tan p^) A Pj 
2 /v £ 




r “ 1 sin ^2 COS ^2 ( tan ^2 + tan P£) ^2 

V%,2 /vi " r ! + H 1 m| 

2 ^ 


(mF-iv) 
(fig. 20(D)) 


(mF-v) 
(fig. 20(a ) , 
substitute 
subscript 2 
for 1 and 
prefix minus 
sign) 

(mF-vi) 
(fig. 20(a), 
substitute 
subscript 2 
for 1, and 

P 2 f ° r P i> 


\ 
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1 + m| 


CM 

CD 


^, 2 \ 

^M,2 /will 


jt(y - 1) M 2 cos 2 P 2 (tan 3 g + tan 3£) 


180 (^i + LA_1 m 2 ) 


A3, 


(mF-vii) 
(fig. 20(c)) 


(mF-viii) 
(fig. 20(b ) , 
substitute 
subscript 2 
for 1 and 
multiply re- 
sult by -l) 


wf (AD) ± = 


COS 2 P-[ 


cos Pj^ (tan Pj_ + tan p-£) /sin p ’ \ 

* ” ( — g a — + 1 - Dj(l - tan P^_ tan P-[) 


2a 


A Pi 


(mG-i) 
(fig. 21(a)) 


(AD) 


2 

cos P£ 


ii 


cos P£ (tan pj^ + tan Pj_) /sin P T \ 

1 2 cr 1 +1 " 7 f 1 ~ tan ^1 tan P{) 


2a 


AP-, 


(mG-ii) 
(fig. 21(a), prefix 
minus sign to re- 
sult, substitute 
for p x ) 


Wui - 


C°S 2 P* 


cos P£ (tan p^ + tan P-[) /sin p^ 


2a 


2a 


+ 1 - dJ (l - tan p^ tan P^) 


at 2 

T r 


(mG-iii) 
(fig. 21(a), multiply 
result by -y/ 2, sub- 
stitute T-^ for p^) 


Wit - -IS5 “» 2 *i 


o V* cos 2 3* 

M 2 v| Mr - -T 1 


cos 3{ (l - tan 3i tan 3f) /s in 3-i' \ 

25 + ( 2n + 1 " D ) ( tan 3 l + tan 3{) 


A3 n 


(mG-iv) 
(fig. 21(b)) 


( sin P 2 \ cos 31 

1 + — ^ — 1(1 - tan 3 2 tan 3£) ^ — (tan 3 2 + tan 3£) 


f*2 

Po 


(raG-v) 
(fig. 21(c)) 
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? v l 

m| yT (AD) 


2 

cos P 2 


vi 


11 + 


2 or 


)(l-tan P 2 tan P£) - 


cos P£ 
2a 


(tan P 2 +tan P£) 


AP. 


(mG-vi) 
(fig. 21(c), prefix 
minus sign to re- 
sult, substitute 
P 2 for p 2 ) 


V-f 

vT <“>vli * 


cos 2 p^ 


sin Pi\ cos 

1 + £ J(i - tan p 0 tan p * ) 

2 a / ^ d 2 a 


*i> 


(tan P 2 + tan p^) 


AT. 

tT 


(mG-vii) 
(fig. 21(c), multiply 
result by -Tf/2, sub- 
stitute T 2 for p^) 


V4 

yT (AD) 
2 


viii 


= ^ CO s 2 p; 



P ? +tan pi) +- 


cos pi 


2a 


(l - tan P 2 tan P * ) 


AP. 


(mG-vlii) 
(fig. 21(d)) 


The measurement-error formulas give the effects of independent measurement 
errors. For instance, formula (mE-ii) gives the error in calculated value of blade- 
element efficiency due to a measurement error solely in P^. However, in many experi- 
mental compressors, the measured value of P depends on the measured value of P , 
such as when P^ is obtained by adding a measured pressure rise to the value of P-^. 
For such cases AP., = AP^, and the effects of AP^ on a) 1 and T) a( ^ become quite 

small because of the similarity, except for sign, of the -ii and -vi formulas. The 
same situation prevails for measurements of T^ that depend upon T^. 


Reading of Carpet Plots 

As discussed in reference 6, carpet and lattice plots permit the charting of 
two or three independent variables and provide a means for interpolation among these 
variables. A fourth variable can also be charted by the use of an ordinate scale 
that is a function of the dependent variable and the fourth independent variable. 

An example of a four-variable chart is figure 1, the plot of the formula for rela- 
tive stagnation enthalpy ratio (formula (22)), for which the independent variables 
are ^2 9 ^2 } M 2' an(i r 2^ r i* char ‘ t consists of nine carpets in P 2 and p^, 

each of which corresponds to a given value of M£ and r 2 /r- 1 _. The carpets for dif- 
ferent values of are displaced horizontally by distances proportional to the 

changes in M^, thus forming three lattices for three values of r 2 / r ]_* order to 
provide a means for interpolation of r 2 /r-j_, these lattices are displaced horizontal- 
ly by distances proportional to the changes in r 2 / r 1 - It is then necessary, for 

clear reading of the charts, to displace the lattices vertically and to incorporate 
r^/r^ into the ordinate function. A value of H^/ H^ for given values of p^, p^, 
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Mg, and. r 2 / r i i- s obtained in principle from the chart as follows (in 
practice, many of the steps illustrated here can be omitted). 

The first step is to locate on each of the nine carpets a point cor- 
responding to the given values of (3g and as follows: It will be 

observed that each curve, in effect, has its own abscissa scale. On each 
of the curves for constant 0£, the given value of 0 2 can be located; 

a curve sketched through these points will yield a curve for varying 0£ 

at the given value of 0g, whereupon the desired point on each carpet can 

be located. Appropriate points on the nine carpets are then connected by 
curves so as to form three curves of varying Mg, each having its own 

constant value of r 2 /r . The three points corresponding to the given 
are then located. This is done by marking off a proportional hori- 
zontal distance along each curve from a known reference point. The three 
points thus obtained determine a curve of given P 2 , P 2 , M 2 , and varying 

Tg/r^. It will be noted that the carpets are staggered horizontally two 

major grid divisions for a change of 0.2 in r 2 /r^; therefore, the point 

corresponding to the given r 2 / r ]_ can ^* e located and the value of the 

ordinate scale obtained. The final step is to equate this value to the 
ordinate function (Hg/H-p + [( r 2 / r 1 ) " °* 9 ] an<i so l ve for 

The foregoing procedure appears to be laborious, but in practice not 
all the various points need actually to be joined by curves; the inter- 
polations can be made by an appropriate placing of French curves or 
splines on the charts and the desired points located directly. The work 
involved is, of course, much greater for the four-variable charts than 
for the three- or two-variable charts. For some formulas (formula 
(dG-i,iv), e.g.)> two charts are employed, and the values obtained from 
each chart are combined to obtain the desired value of the dependent 
variable . 


DISCUSSION OF FORMULAS AND CHARTS 

In order to facilitate discussion of the formulas and charts, values 
of design and measurement errors were obtained from the charts for four 
velocity diagrams. These velocity diagrams are representative of inlet- 
stage rotor tip and hub operation at two Mach number levels. The 
velocity-diagram specifications are as follows: 
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Case 1 

(tip condition) 

Case 2 

(hub condition) 

Design (a) 

Design (b) 

Design (a) 

Design (b) 

M' 

1 

1.15 

1.00 

0.81 

0.70 

Mi 

CO 

LD 

• 

.50 

.58 

.50 


60° 

CD 

o 

o 

cn 

o 

o 

LO 

h 

0° 

0° 

0° 

0° 

M^ 

.90 

.75 

.60 

.50 

m 2 

.64 

.55 

.73 

.63 

^2 

o 

o 

LO 

o 

o 

LO 

H 

cn 

o 

15° 

- Z 

24.6° 

28.2° 

38.3° 

40.1° 

CD r 

.080 

.080 

.050 

.050 

a 

.80 

.80 

1.5 

1.5 

D 

.34 

.43 

.41 

.44 

r 2/ r l 

1.00 

1.00 

1.1 

1.1 

p 2/ p l 

1.35 

1.30 

1.42 

1.32 

t 2 /t x 

1.10 

1.09 

1.11 

1.09 

lad 

.86 

.87 

.95 

.95 


Sample Design and Measurement Errors 

Values of design errors and measurement errors for the foregoing 
velocity-diagram cases were read from the charts. For each case, an ar- 
bitrary assumption of 1-percent error in independent variable was made 
_(_except that the assumed error in flow angle was 1° and that in or 
a>' was 0.01). Design errors in V z ± , (B-[, V z ^ 2 , H 2 , P 2 , P 2 , and D, 

and measurement errors in pV z , 0» , oj' , i\ eL and D were obtained as 
follows: u 11 


nni\TPT"nTOT r PTAT 
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Error term 


Design 
case : 

errors , 
number 


Ka) 

i(b) 

2(a) 

2(b) 

( Av z,l/V z ,i). 

-0.0150 

-0.0133 

-0.0150 

-0.0133 

ii 

0 

0 

0 

0 

iii 

.0150 

.0133 

.0150 

.0133 

iv 

.0125 

.0118 

.0125 

.0118 

(ap’) 

1 i 

0.38 

0.33 

0.44 

0.39 

ii 

.25 

.25 

.60 

.60 

iii 

-.38 

-.33 

-.44 

-.39 

iv 

-.31 

-.30 

-.36 

-.34 

( av z , 2 /v z , 2 ) 1 

-0.0520 

-0.0220 

-0.0150 

-0.0140 

ii 

.0460 

.0166 

.0079 

.0052 

iii 

0, 

0 

0 

0 

iv 

.0550 

.0240 

.0150 

.0140 

V 

.0310 

.0110 

.0050 

.0037 

vi 

.0885 

.0270 

.0028 

.0015 

vii 

.0525 

.0230 

.0155 

.0133 

viii 

-.0447 

-.0140 

-.0049 

-.0037 

(ah 2 /h 2 ) i 

0.0124 

0.0038 

0.0006 

0.0004 

ii 

-.0143 

-.0056 

-.0021 

-.0016 

iii 

0 

0 

0 

0 

iv 

-.0041 

.0051 

.0085 

.0088 

V 

-.0074 

-.0019 

-.0002 

-.0001 

vi 

-.0303 

-.0112 

-.0025 

-.0018 

vii 

-.0125 

-.0040 

-.0006 

-.0004 

viii 

.0150 

.0059 

.0026 

.0020 

(^> 2 /p 2 ) l 

0.0534 

0.0233 

0.0119 

0.0113 

ii 

-.0500 

-.0196 

-.0074 

-.0056 

iii 

0 

0 

0 

0 

iv 

-.0494 

-.0171 

-.0058 

-.0039 

V 

-.0326 

-.0117 

-.0039 

-.0031 

vi 

-.1060 

-.0392 

-.0088 

-.0063 

vii 

-.0437 

-.0140 

-.0020 

-.0013 

viii 

.0525 

.0206 

.0091 

.0070 

(AP 2 )i 

4.05 

1.69 

0.56 

0.52 

ii 

-3.59 

-1.26 

-.29 

-.19 

iii 

0 

0 

0 

0 

iv 

-4.29 

-1.84 

-.56 

-.52 

V 

-3.42 

-.84 

-.20 

-.14 

vi 

-8.90 

-3.90 

-.70 

-.70 

vii 

-4.10 

-1.76 

-.57 

-.49 

viii 

4.60 

2.00 

.63 

.52 

(ad) ± 

0.0583 

0.0244 

0.0078 

0.0045 

ii 

- .0410 

-.0078 

.0045 

.0067 

iii 

.0005 

.0004 

.0042 

.0028 

iv 

-.0618 

-.0268 

-.0085 

-.0079 

V 

-.0350 

-.0124 

-.0040 

-.0030 

(Vj/V£) (AD) vi 

-.1790 

-.0815 

-.0130 

-.0120 

(AD)vii 

-.0594 

-.0260 

-.0124 

-.0106 

viii 

.0505 

.0158 

.0049 

.0030 
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IAL 


Error term 


Measurement errors, 
case number 

f 



1(a) 

id) 

2(a) 

2(1) 

[a(pV z ) 

L pV *_ 

i 

-0.0150 

-0.0220 

-0.0150 

-0.0220 


ii 

- .0250 

-.0310 

.0250 

.0310 


iii 

- .0050 

-.0050 

-.0050 

-.0050 


iv 

0 

0 

0 

0 


V 

- .0110 

-.0170 

-.0070 

-.0115 


vi 

.0210 

.0270 

.0160 

.0210 


vii 

-.0050 

-.0050 

- .0050 

-.0050 


viii 

- .0080 

-.0090 

-.0130 

- .0140 

(Ap^i 


0.58 

0.71 

0.67 

0.82 

ii 


-.58 

-.71 

-.67 

-.82 

iii 

-.13 

-.13 

-.15 

-.15 

iv 


-.25 

-.25 

-.50 

-.50 

V 


.73 

1.16 

.74 

1.13 

vi 


-.73 

-1.16 

-.74 

-1.13 

vii 

-.20 

-.20 

-.30 

-.30 

viii 

-.19 

-.15 

-.76 

-.72 

(Ad'),, 


0.0170 

0.0205 

0.030 

0.036 

iii 

-.0595 

- .0717 

-.105 

-.126 

vi 


-0.0170 

-.0205 

-.030 

-.036 

vii 

.0595 

.0717 

-.105 

-.126 

( AT lad)ii 

-0.030 

-0.034 

-0.028 

-0.038 

iii 

.094 

.106 

.096 

.118 

vi 

.030 

.034 

.028 

.038 

vii 

-.094 

-.106 

-.096 

-.118 


0 

0 

0 

0 


ii 

0 

0 

0 

0 


iii 

.0100 

.0100 

• 0100 

.0100 


iv 

-.0038 

-.0029 

-.0020 

-.0016 


V 

- .0016 

-.0019 

- .0014 

-.0015 


vi 

.0016 

.0019 

.0014 

.0015 


vii 

.0007 

.0005 

.0005 

.0005 


viii 

.0038 

.0028 

.0037 

.0016 

m| (ad) 

i 

-0 .0010 

-0 .0010 

-0 .0017 

-0-0017 


ii 

.0010 

.0010 

.0017 

.0017 

(AD)-,,, 

.0007 

.0007 

.0012 

.0012 

iv 


-.0105 

-.0105 

- .0136 

-.0136 


.0017 

.0017 

.0039 

.0039 

V' 

vi 

-.0017 

-.0017 

- .0039 

-.0039 

— i (AD) 
v* 

V 2 

vii 

-.0012 

-.0012 

-.0027 

-.0027 


viii 

.0138 

J I x 

.0138 

.0127 

.0127 
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The foregoing sample values of error terms provide data for the dis- 
cussions of the following sections. 

Interpretation of numerical values . - The numerical values of error 
terms obtained from the design-error charts must be carefully interpreted. 
Their main utility is in an evaluation of the sensitivity to design errors 
of one velocity diagram as compared with another. Secondarily, for a 
mean-radius condition where the local specific mass flow (pV ) can rea- 

Z cL 

sonably be assumed constant at a given annular mass flow, the values ob- 
tained from the charts can be combined to yield uncertainty intervals in 
blade -element performance. 

The precautions concerning the interpretation of numerical values of 
error terms, such as those listed in the table, are partly involved with 
the fact that some of the design variables can be considered independent 
only for blade-element flow. In actual compressor operation, the condi- 
tions of radial equilibrium and continuity impose a dependence between 
local specific mass flow and deviation angle and loss. Therefore, sweep- 
ing conclusions cannot be drawn from any one chart (one chart represents 
only one term of formula (7)) . 

An example of the dependence of local specific mass flow on devia- 
tion angle occurs for the case M’ = 0.90. At this Mach number, the local 

specific mass flow is very near its maximum value. A quite small increase 
in can cause a choking-flow condition, and any additional increase in 

3 2 will necessarily be accompanied by a decrease in the value of ( pV^ ) ^ • 

The tabulated values of error terms show that the effects of an increase 
in 3g and decrease in (pV z )2 are opposite in sign and therefore tend 

to nullify each other to some extent . 

If the value of 3g is smaller than expected, the choking-flow con- 
dition will not arise, but, even in this case, the value of (pV ) will 
probably change because of the effect of the error in 3’ on the radial- 

u 

equilibrium condition. No method is available for estimating this effect 
without recomputing the entire flow field for a specified set of errors 
at all radii . 

The foregoing discussion indicates that, to ensure the achievement 
of design mass flow, deviation angles near the upper limit of their un- 
certainty intervals should be employed for high Mach number designs. 

Trends exhibited by sample design errors . - The trend most apparent 
from an examination of the tabulated values of design error is that, for 
case 1 (the tip operating condition), a Mach number level of M^ = 0.90 

is accompanied by error terms much greater in magnitude than those for 

\ 
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Mg - 0.75. This difference in magnitude is a consequence of the term 

l/[l - whicl1 appears in many formulas. It is possible that the 

various errors would tend to cancel out; but it would apparently be ad- 
vantageous, in the design of transonic rotors, to hold the value of M' 

2 

as low as is consistent with reasonable values of diffusion factor D 
and, of course, to employ the highest possible degree of design control in 
the choice of the design variables. It would probably be warranted to 
employ the continuity condition in the design calculations for the choice 
of r 2 because of the large effects indicated in the table for an assumed 


error in r 2 of 1 percent. The results also indicate no error in per- 
formance parameters at station 2 due to error in inlet local specific mass 
flow (pV z ) 1 for the case 0 = 0, except for a very small effect on dif- 

fusion factor D. However, errors in (pV ) do cause errors in (3', 

z 1 1 

hence in incidence angle. For high Mach numbers where the low- loss range 
of incidence angle might be narrow, this effect can lead to design errors 
in co' and deviation angle. 


Trends exhibited by sample measurement errors . - For many of the 
parameters, the effects of measurement errors are greatest at low Mach 
numbers. This trend is especially evident for the loss parameter a>' 

p “I 

is caused by terms like l/M and in the measurement -error 


formulas. Case 2(b), for an inlet Mach number M| of 0.70, shows an 

error in cd' of -0.036 due to an assumed error of 1 percent in the meas- 
urement of stagnation pressure Pg. This trend shows that the accurate 

determination of of from low-speed data requires very precise measure- 
ment of stagnation pressure (and temperature) . 


Use of Design-Error Charts 

Suggested uses of the formulas and charts which were obtained from 
the analyses of design and measurement errors are outlined in this section. 

For the preliminary velocity-diagram calculations, a common practice 
is to assign r 2 at the same proportion of the passage depth as the cor- 
responding r^; or, perhaps, r 2 is located so that the same proportion 
of flow area is contained between r 2 and the hub as between the corre- 
sponding r n and the hub. After the calculations are made, r can 
^ 2 
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easily be determined as a function of r ± by application of the continu- 
ity condition. The charts of the formulas for design errors in r can 

then be employed to determine whether an iteration with the new values of 
r^ is warranted. 

Similarly, the preliminary radial-equilibrium calculations may neg- 
lect the effects of entropy gradient on the radial distribution of axial 
velocity. The order of magnitude of the consequent design errors in 
axial velocity can be estimated from the results of the investigation 
reported in reference 5. The design-error charts can then be consulted 
to determine whether the blade-element losses should be included in the 

radial -equilibrium calculation. 

Certain refinements in the design calculations (such as the inclu- 
sion of blade -element losses in the radial-equilibrium calculation) may 
appreciably change the values of D factor. These new D factors will 
lead to changes in the design values of of, and, again, the charts can 
be consulted to determine whether an iteration is warranted with the new 
values of of . 

For any general blade element , the formulas and charts can be em- 
ployed as a test of the sensitivity of a particular velocity diagram to 
design errors and manufacturing tolerances. Thus, the appropriate degree 
of design control can be applied to the problem, and, in some cases, the 
sensitivity to design errors and manufacturing tolerances can be employed 
as one of the criteria by which choice among several otherwise suitable 
velocity diagrams can be made. 

The charts can be employed by the research worker in the analysis of 
data. Discrepancies between actual and design performance of an experi- 
mental compressor that cannot reasonably be accounted for by measurement 
errors are caused mainly by design errors of the type herein analyzed. 
(Some of these discrepancies are undoubtedly caused by simplifications 
introduced into the equations of motion on which the design system is 
based, such as the assumption of axial symmetry.) The approximate con- 
tribution of the design error in each design variable to the measured 
discrepancy in a performance parameter can be obtained from the charts. 

The sum of these terms (formula (lb)) can be compared with the measured 
discrepancy between actual and design values of a performance parameter. 

Such comparisons may serve as an additional means of evaluating 
measurement errors and may indicate just which phase of the design prob- 
lem requires the highest degree of design control. 

Within certain limitations, the design-error charts can be employed 
by the compressor designer to estimate an interval about the design point 
within which the performance of a given blade element should lie. The 
limitations on this procedure are involved with the estimation of un- 
certainty intervals in local specific mass flow. 
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Estimation of uncertainty intervals . - Local specific mass flow: 

The uncertainty intervals in local specific mass flow are caused ty blade- 
element design errors. As evidenced hy the radial -equilibrium equation, 
the radial distribution of flow is a function of flow angles and blade 
losses at all blade elements. Discrepancies between actual and design 
values of these quantities lead, therefore, to discrepancies between ac- 
tual and design values of local specific mass flow. 

Unfortunately, no method is known for relating uncertainty intervals 
in local specific mass flow to uncertainty intervals in blade-element de- 
sign data. This fact restricts the applicability of formula (7). How- 
ever, at the design mass flow, the actual and design values of local spe- 
cific mass flow must necessarily agree for at least one blade element. 

It would appear reasonable to assume that this blade element would be 
near the mean radius. 

Loss parameter: A set of mean-radius loss data reported in chapter 

VII (ref. 2) was employed in an investigation of the uncertainty intervals 
in loss parameter cd' . The design values of loss parameter cd^ for each 

observation were obtained by the use of the loss -correlation method of 
chapter VII, and the quantities (a)' - op were calculated. Frequency 

ratios for increments in. (a)’ - op of 0.02 were calculated and are plotted 

in figure 22 as an approximate frequency-distribution curve. The frequen- 
cy ratio plotted in figure 22_is the ratio of the number of observations 

within an increment in (cd 1 - cd!) of 0.02 to the total number of observa- 

d _ _ 

tions. For instance, the value of 0.132 plotted at (of - op equal to 

-0.02 denotes that 13.2 percent of the values of (of - of) fall within 

d 

limits of from -0.03 to -0.01. The total number of observations for this 
set of mean-radius loss data was 68. 

The curve of figure 22 indicates that the discrepancies between the 
design and measured values of cd' plot in a rough approximation of a 
random distribution, although there is some bias in the direction of posi- 
tive errors. These mean- radius data indicate that an interval of from 
-0.03 to 0.03 in (co - top (an uncertainty interval of 0.06) contains 

82.4 percent of the observations; the corresponding odds for this inter- 
val are 4.7 to 1.0. 

The data of figure 22 represent a combination of measurement errors 
and design errors; thus, the uncertainty interval for design errors only 
corresponding to odds of 4.7 to 1.0 would be less than the value of 0.06 
obtained from these data. 

Deviation angle: An approximate frequency-distribution curve for 

mean-radius design errors in deviation angle was prepared in the same way 
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as the corresponding curve for loss parameter. The resulting curve, which 
was prepared for intervals of 1°, is plotted in figure 23. For these data 
89.1 percent of the observations were within an interval in (5° - 6^) of 3 

(-1.5° to 1.5°), which corresponds to odds of 8.2 to 1.0. As was the 
case for design error in loss parameter, this interval for the quoted odds 
in design error only would be smaller than 3°. 

Radius to blade element: Design errors in the choice of r ^ as a 

function of r^ are involved with the radial -equilibrium condition and 

are mainly systematic errors that depend on the design flow distribution 
and the compressor configuration . It can probably be assumed, therefore, 
that the uncertainty interval for random errors in r^ is negligible 

compared with the other errors introduced. 

Calculation of uncertainty intervals in performance . - For the esti- 
mation of the limits in blade-element performance near the mean radius, 
formula (7) is employed. 


Use of Measurement-Error Charts 

The charts for the analysis of measurement errors can be employed in 
several ways: (l) for the calculation of uncertainty intervals in per- 

formance parameters corresponding to estimated uncertainty intervals in 
the measured data, (2) for the evaluation of measured data based on the 
consistency evidenced by plots of performance parameters, and (3) as an 
aid in planning instrumentation. 

Uncertainty intervals in performance . - For measurement errors of 
the random type, the procedure outlined in reference 4 can be followed. 
Intervals are estimated for each measured datum within which the same 
odds (b) can be quoted that the true value will lie. The uncertainty 
intervals in a performance parameter due to errors in each measured vari- 
able are then obtained from the charts and are combined by means of for- 
mula (6) . The final result will be an interval in the performance param- 
eter for which the odds are b that the value of the performance param- 
eter will lie. 

Evaluation of data . - Plots of performance parameters against mass 
flow or incidence angle can sometimes be employed, along with the charts, 
to evaluate the accuracy of measured data. For instance, figure 18 shows 
that the calculated values of oo' are very sensitive to errors in P 
and T. If, therefore, a plot of rotor oV against incidence shows only 
a slight scatter from a smooth curve, the measured values of P and T 
can be considered very consistent. Also, figure 20(b) shows that the 
calculated values of stagnation enthalpy (or stagnation temperature ) by 
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change of moment of momentum are sensitive at high Mach numbers to meas- 
urement errors in flow angle (3. Even if a discrepancy of 2° F were 
observed between the measured stagnation temperature and the value ob- 
tained by change of moment of momentum, this could be accounted for by a 
measurement error of less than 1° in flow angle (for the conditions 
M 2 = 0.64, p >2 = 25°, = 50°). This example illustrates the difficulty 

of checking the measurement of temperature at "high Mach numbers by the 
temperature calculated from the change of moment of momentum across a 
rotor. At a Mach number of 0.5, the effects of errors in flow angle and 
static pressure on change of moment of momentum would be approximately 
the same; at lower Mach numbers, the static-pressure errors would have 
the greater effect (figs. 20(a) and (b) ) . For many conditions of veloc- 
ity diagram, an error of 1 percent in static pressure would cause an 
error in change of moment of momentum equivalent to approximately 1° F in 
temperature rise . Since 1° F is also a reasonable error to be expected 
in the direct measurement of temperature, no advantage in accuracy is 
indicated either for the direct measurement of temperature or for the 
calculation of change of moment of momentum at low Mach numbers . 

Instrumentation . - The charts can be used as a guide in choosing in- 
strumentation of sufficient accuracy for the expected test conditions and 
combinations of flow parameters . The relative air angle (3 ' or (3 ' is 

1 2 

an important parameter in the correlation of data, since these flow angles 
determine incidence, deviation, and turning angles. Figures 16(a) and (c) 
show that measurement errors in static pressure (or stagnation pressure) 
can cause greater error in the calculated value of (3 1 than would a rea- 
sonable error in the measurement of absolute air angle (3, especially at 
low Mach numbers. Thus, the necessity for careful design and calibration 
of static-pressure probes is emphasized. 


CONCLUDING REMARKS 

An analysis was performed of effects of design errors on compressor 
performance parameters, and of effects of measurement errors on calculated 
values of performance parameters. The following results were obtained; 

1. Formulas and charts were prepared and presented from which the 
changes in blade-element performance parameters caused by design errors 
and the errors in calculated performance parameters due to measurement 
errors can be determined. 

2. The use of the design-error charts during the design calculations 
and in the analysis and interpretation of data is discussed. The charts 
can be used to evaluate the sensitivity of a given velocity diagram to 
design errors, to determine whether iterations of design calculations are 
warranted, and, to a limited extent, to calculate the uncertainty inter- 
vals in blade -element performance. 
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3. The measurement -error charts can he employed along with the pro- 
cedure devised at the Gas Turbine Laboratory of the Massachusetts Insti- 
tute of Technology for the estimation of uncertainty intervals in calcu- 
lated performance and can also be of assistance in the evaluation of data 
and in the planning of instrumentation. 
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APPENDIX A 


ACCURACY OF FORMULAS 


The accuracy of the design-error and measurement -error formulas for 
reasonable magnitudes of errors was spot-checked by means of sample cal- 
culations for various combinations of Mach number and absolute and rel- 
ative flow angles. 


A sample calculation of the actual effects (within the limitations 
of the design system) of certain assumed design errors was made as fol- 
lows: A transonic-inlet- stage rotor design was calculated. The rotor- 

outlet air angles were then increased by 1° and a direct -problem 

calculation of the rotor performance was made. The consequent changes 
in various performance parameters were then compared with the correspond- 
ing results obtained from the charts. Similarly, the design values of 
rotor od' were increased by 25 percent, the rotor performance was again 
calculated, and appropriate comparisons were made between the changes in 
performance and the predictions of the charts. 

It should be pointed out that, in a direct -problem calculation of 
this type, the specified error in Pg is propagated through the radial- 
equilibrium calculation and causes changes in local specific mass flow. 
Thus, the calculation yields the combined effects of errors in p^ and 
(pV z )2 on the performance parameters. These combined effects cannot be 


obtained from the charts alone; the charts provide no means for obtaining 
A(pV as a function of API,, because in blade-element flow Pg and 

(pV z )2 are treated as if they were independent. The values of A(pV z )2 

obtained from the calculation were therefore employed along with the 
specified error of 1° in Pg to obtain the chart predictions of changes 

in performance. The values obtained from the charts for effects of errors 
in Pg and from the charts for effects of errors in were added 

algebraically, as specified by formula (lc). 

The design assumptions were as follows: 

(1) M^ = 1.10 at rotor tip. 

(2) p^ = 60° at rotor tip, p^ =. 0° at all radii. 


Design-Error Formulas 


(3) (r 1 /r t ) h = 0.5. 

(4) Hg - H varied linearly from 300,000 ft-lb/slug at hub to 


400,000 ft-lb/slug at tip. 
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An approximate calculation of density ratio was made to determine 
the annular-area ratio for no change in average axial velocity. This 
calculation yielded a value for (r 2 /r t ) h of 0.6. 

The radial-equilibrium calculation was based on simplified radial 
equilibrium including entropy gradient (ref . 5) . An arbitrary assumption 
of a>' was made, varying from 0.040 at the hub to 0.100 at the tip 
( nonlinear ly) . 

The following table lists values of performance parameters obtained: 
the range given is the variation from hub to tip: 


P 2 

13.61° - 48.52° 

^2 

40.94° - 34.19° 

^2 

0.512 - 0.752 

Mg 

0.659 - 0.603 

%/ H l 

1.096 - 1.128 

P 2/ P l 

1.363 - 1.445 


The direct -problem calculation, employing values of 0 » increased 
by 1 at all radii, resulted in small changes in the local specific mass 
flow at the different radii of from -1.2 to 0.8 percent because of the 
propagation of the assumed error in 0 ' through the radial-equilibrium 
calculation. 

The changes in blade-element stagnation-pressure ratio were analyzed. 
The pressure ratio was reduced by the assumed decrease in turning angle, 
together with the consequent changes in (pV z ) 2 , and the net decrement in 

pressure ratio obtained from the charts agreed very closely with the cal- 
culated values, as follows: 


Radius ratio, 
r i/ r t 

Net A(P 2 /P^) due to A0^ = 1° 
and to consequent A(pV z ) 2 

Calculated 

From charts 

0.5 

-0.0104 

-0.0103 

.6 

-.0145 

-.0141 

.7 

-.0186 

-.0185 

.8 

-.0236 

-.0233 

.9 

-.0278 

-.0278 

1.0 

-.0316 

-.0318 


The assumed increase in of for the second phase of the check cal- 
culation also caused small changes in local values of (pV ) 9 of from 
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-1.6 to 1.2 percent. The net effect of these changes was a general 
decrease in pressure ratio, and good agreement between the calculated 
values and those obtained from the charts was observed: 


Eadius ratio, 
r i/ r t 

Net A(P 2 /P 1 ) due 
and to consequent 

to Ad'/oP = 0.25 
A(pV z ) 2 

Calculated 

From charts 

0.5 

-0.0061 

-0.0065 

.6 

-.0093 

-.0096 

.7 

-.0118 

-.0125 

.8 

-.0146 

-.0137 

.9 

-.0168 

-.0159 

1.0 

-.0181 

-.0189 


It is believed that the foregoing calculation verifies the applica- 
bility of the design-error formulas, for the given range of Mach numbers 
and flow angles, to the uses suggested in the text. 

2 

A limitation of the design-error formulas containing the term 1 - M 
in their denominators is that they are inaccurate for Mach numbers in the 
neighborhood of 1.0. Sample calculations indicate that the accuracy of 
such formulas is good for Mach numbers up to at least 0.75. 

Measurement-Error Formulas 

The measurement- error formulas were checked by means of sanqple cal- 
culations and, in a few cases, by comparison with the exact formula. 

Local specific mass flow. - Calculations were made to compare the 
actual and chart values of A(pV z ) caused by changes in static or stag- 
nation pressure of 1 percent. The following values were obtained: 


M 

Percent change in pV z for Ap/p = 0.01 


Calculated 

From charts 

0.5 

-2.63 

-2.14 

.7 

-.83 

-.74 

M 

Percent change in pV z for AP/P = 0.01 


Calculated 

From charts 

0.5 

2.88 

3.15 

.7 

1.67 

1.74 


Formula (mA-iii, vii) , which gives the effect on pV z of a measure- 
ment error in T, contains the approximation that 
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l 


1 


+ 


1 


7572 

AT\ ' 


1 


1 AT 

2 T 


Substitution of AT/T = 0.01 into the left side yields a value of 
-0.00496. Thus, for AT/T = 0.01, formula (mA-iii,vii) yields a result 
only 1.009 times the correct value. 

Similarly, formula (mA-iv, viii) , which gives the error in pV z due 
to a measurement error in p, contains the following approximation: 

(tan (3 )Aj3 « 40 

COS P 

For the range 0°^:p$:60 o , the degree of approximation decreases as p 
increases. For the worst case (P = 0°), where formula (mA-iv, viii) indi- 
cates no error in pV z , a measurement error of AP = 1° would actually 
cause an error of 0.015 percent in pV z . This discrepancy is clearly 
negligible. For P = 60°, the discrepancy between the values of A(pV z ) 
obtained from formula (mA-iv, viii) and from the exact calculation is 
only 0 . 0013 percent of pV z . 

Relative air angle . - The following table presents a sample compar- 
ison of calculated magnitudes of changes in P' with the corresponding 
values obtained from the charts (formulas (mB-i,v) to (mB-iv,viii) ) for 
the specified assumed measurement errors: 


M 

(p = 30°, 
p' = 40°) 

|Ap'|, deg 

— or ^ = 0.01 
P P 

AT 

= 0*002 

AP = 1° 

Actual 

From charts 

Actual 

From charts 

Actual 

From charts 

0.5 

.7 

1.33 

.69 

1.36 

.71 

jo. 05 

0.06 

0.32 

0.31 
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Design-Error Formulas 

The derivation of formula (dF-v) is presented here as an example 
of the general procedure. The error in axial velocity V z ,2 due to an 
error in the rotor loss parameter must be found for the condition of 
unchanging local specific mass flow. A formula for V z 2 is as 
follows : 


s,2 - a/ 2 (Hj - \) 1/Z cos (S£ 


(14) 


The relative stagnation enthalpy Hi, is not affected by an error 
in cd'; and, for this derivation, (3i, is constant: 


dv. 


Sod 




(Bl) 


The condition of constant (pV z ) 2 provides a means for evaluation 
of (dh^/ckD’): 

1 


/M r_1 


1/2 


^ pV z^2 ~ r - 1 H' \H' ) ^ ^2 ' h 2^ COS ^2 


( 20 ) 


2 \ 2 


Differentiation of formula (20) with respect to co' yields the following: 

1 

c)P’ /h Q \ r_1 


0 = 


- V 1/2 =os 


r P 2 i 


r - 1 H ' r - 1 


— iy - 1 

/h ? \" ir ~ i dh ? 
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Rearrangement of (B2) yields 


0 = (oV ) — — + 1 ( nV ) 1 ^ (pV z^2 ah 2 

z'2 p. + r _ i ^P V z)2 h7 ^ ~2~ M 7 


V 


_ 1 _ ^ P 2 /_1 1 \ ^ h 2 
P 2 ^ \a| ~ V'Z) ^ 


(B3) 


The relative stagnation pressure P£ is a function of Pj^ go', the 
relative enthalpy ratio H^/h^, 311(1 P i/ P i ( or Mp) : 
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(B5) 


Substitution of (B5) into (B3) and rearrangement yield 


ah 2 

M 7 



Finally, (B6), (B4), and (Bl) yield the following: 


(B6) 



CONFIDENTIAL 


270 


COMFIDEWT^AL 


MCA EM E56B03b 


Therefore , 



where 


(dF-v) 



For some of the subsequent formulas of series d, V z ^2 was used as 
an intermediate variable. The derivation of the formula for error in P 2 
is presented as an example: 
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The term (AH 2 /H 2 ) v is obtained as follows: 


H 2 = H 1 + u 2 " u 2 V z,2 tan H ~ u l v z,l tan Pi 

SH 2 dV_ 2 

^=7 = - U 2 tan -g=f- 


Therefore, 


B - 


U 2 V z,2 ^ „./ AV : 

tan P 2 ' ~ 


. 1^1 
2 V Z , 2 


Combination of (BIO), (B8), and (dF-v) yields the following: 


m. ■ - 


r U 2 V £ sin P2 


r - 1 h 2 


15 s ). - § - »»■](£ 


(B9) 


(BIO) 


= - r 


**2 sin ^ cos P^(tan P 2 + tan p^) / AV g , 2 \ _ £ _ (m , )2 H / AV z,2 

1 + p — — \ z >2 / v \ z,2 / 


ffi) 


y(M*)^ sin p T cos p T (tan p + tan p*) 
2 2 2 2 2 

1 + (Mp 2 cos 2 ^ sec 2 p 2 


/AV 

( 2 12 

Vz,2 - 


(dH-v) 


Measurement-Error Formulas 

The derivation of formula (mA-i) is presented to illustrate the calculation of 
the series m formulas. Formula (mA-i) gives the error in pV z caused by a measure- 
ment error in p^: 


pv = 4Z?r P /py 

pv z r - 1 372 \p/ 
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Figure 1. - Relative stagnation-enthalpy ratio as function of velocity-diagram parameters (eq. (22)). 

(A large working copy of this figure may be obtained by using the request card bound in the back of r\i 

the report . ) 
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Figure 2. - Relative stagnation-pressure-ratio term Q (eq. (23)) as function of relative stagnation-pressure-loss parameter, relative stagnation-enthalpy 
ratio, and relative Mach number, (a large working copy of this figure may be obtained by using the request card bound in the back of the report.) 
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Figure 3. - Effect of design error in stagnation-pressure-loss parameter 
on stagnation pressure [eq. (dA-(i))]. 
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(a) Stagnation pressure (eq. (cUB-i)). 

Figure 4. - Effect of design errors on axial velocity upstream of rotor. 
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Figure 4. - Continued. Effect of design errors on axial velocity upstream 
of rotor. 
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Absolute Mach number, 


(c) Stagnation enthalpy (eq. (dB-iv)). 

Figure 4. - Concluded. Effect of design errors on axial velocity upstream of rotor. 
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(a) Stagnation pressure or local specific mass flow (eq. (dC-i,iii)). 

Figure 5. - Effect of design errors on relative stagnation enthalpy. 
(A large working copy of this figure may be obtained by using the 
request card bound in the back of the report.) 
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Figure 5. - Continued. Effect of design errors on relative stagnation enthalpy. 
(A large working copy of this figure may be obtained by using the request card 
bound in the back of the report . ) 
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(c) Stagnation enthalpy (eq. (dC-iv)). 

Fipire 5. - Concluded. Effect of design errors on relative stagnation enthalpy. 
(A large working copy of this figure may be obtained by using the request card 
bound in the back of the report.) 
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Error in relative air angle 0' , deg, for 1-percent error in intermediate variable 
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Figure 6. - Effect of design errors on relative air angle. 
(A large working copy of this figure may be obtained by 
using the request card bound in the back of the report.) 
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Error in relative air angle B ' , deg, for 1° error in 
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(b) Absolute air angle (eq. (dD-ii)). 

Figure 6. - Concluded. Effect of design errors on relative air angle. 
(A large working copy of this figure may be obtained by using the 
request card bound in the back of the report.) 
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Figure 7. - Effect of design error in radius to blade element on relative stagnation enthalpy (eq. (dE-viii)). 
(A large working copy of this figure may be obtained by using the request card bound in the back of the 
report . ) 
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Figure 8. - Effect of design errors on axial velocity 
downstream of rotor. 
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(t>) Absolute air angle or local specific mass flow (eq. (dF-ii,iii) ) . 

Figure 8. - Continued. Effect of design errors on axial velocity downstream 
of rotor. 
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Figure 8. - Continued. Effect of design errors on axial 
velocity downstream of rotor. 
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(d) Relative stagnation-pressure-loss parameter (eq. 


( dF-v ) ) . 



Figure 8. - Continued. Effect of design errors on axial velocity downstream of rotor. 
(A large working copy of this figure may be obtained by using the request card bound 
in the back of the report.) 
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(e) Radius to blade element (eq. (dF-viii)). 

Figure 8. - Concluded, Effect of design errors on axial velocity 
downstream of rotor. 
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(b) Factor y (eqs. (dQ-l,iv) and (25)). 



Figure 9. - Factors <P, ^ , and £ as functions of relative Mach number, relative 
air angle, and absolute air angle. (A large working copy of this fig. may be 
obtained by using the request card bound in the back of the report.) 
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Figure 10. - Effect of design error in absolute air angle or local specific mass flow on stagnation enthalpy (eq. (dG-ii iii)). 
(A large working copy of this figure'may be obtained by using the request card bound in the back of the report.) 
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(A large working copy of this figure may be obtained by using the request card bound in the back of the report.) 
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Pipire 12. - Effect of design error in radius to blade element on absolute air angle (eq. (dJ-viii)). 

(A large working copy of this figure may be obtained by using the request card bound in the back of 
the report . ) 
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(a) Factor A (eqs. (dK-i-iv) and (27)). 

Figure 13. - Factors A and r as functions of relative air angle, solidity, and diffusion factor. 
(A large working copy of this figure may be obtained by using the request card bound in the back 
of the report.) 
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(b) Factor r (eqs. (dK-i-iv) and (28)). 



Figure 13. - Concluded. Factors A and r as functions of relative air angle, solidity, and 
diffusion factor. (A large working copy of this figure may be obtained by using the request 
card bound in the back of the report.) 
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Figure 14. - Effect of design error in relative air angle on diffusion factor (eq. (dK-vi)). 
(A large working copy of this figure may be obtained by using the request card bound in 
the back of the report.) 
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(b) Stagnation pressure (eq. (mA-ii, vi) ) . 



Absolute air angle, deg 
(c) Absolute air angle (eq. (mA-lv, viii ) ) . 


Figure 15. - Effect of measurement errors on calculated value 
of local specific mass flow. (A large working copy of this 
figure may be obtained by using the request card bound in 
the back of the report.) 
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Figure 16. - Effect of measurement errors on calculated value of relative air angle. 
(A large working copy of this figure may be obtained by using the request card 
bound in the back of the report.) 
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Figure 16. - Continued. Effect of measurement errors on calculated value of relative air angle. 
(A large working copy of this figure may be obtained by using the request card bound in the 
back of the report . ) 
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(c) Absolute air angle (eq. (mB-iv, viii ) ) . 

Figure 16. - Concluded. Effect of measurement errors on calculated value of relative air angle. 
(A large working copy of this figure may be obtained by using the request card bound in the 
back of the report . ) 
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Figure 17. - Effect of measurement error in stagnation pressure on calculated value of absolute 
stagnation-pressure-loss parameter (eq. (mC-ii)). 
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Figure 18. - Effect of measurement error in stagnation pressure on 
calculated value of relative stagnation-pressure-loss parameter 
(eq. (mD-ii)). 
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(b) Stagnation temperature (eq. (mE-iii)). 

Figure 19. - Effect of measurement errors on calculated value of blade-element 
efficiency. (A large working copy of this figure may be obtained bv using 
the request card bound in the back of the report.) 
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(a) Static pressure (eq. (mP-i)). 



(b) Absolute air angle (eq. (mF-iv)). 

Figure 20. - Effect of measurement errors on stagnation enthalpy calculated from change of moment of momentum. 
(A large working copy of this figure may be obtained by using the request card bound in the back of the 
report . ) 
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(c; Stagnation temperature (eq. (mF-vii)). 

F1 ^ r ?J2; -’ C °? cluded - Effect of measurement errors on stagnation enthalpy calculated from change of moment of momentum. 
(A large working copy of this figure may be obtained by using the request card bound in the back of the report.) 
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Figure 21. - Effect of measurement errors on calculated value of diffusion factor. 
(A large working copy of this figure may be obtained by using the request card 
bound in the back of the report.) 
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(b) Absolute air angle upstream of rotor (eq. (mG-iv)). 

Figure 21. - Continued. Effect of measurement errors on calculated value of diffusion factor. 
(A large working copy of this figure may be obtained by using the request card bound in the 
back of the report.) 
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(d) Absolute air angle downstream of rotor (eq. 




Figure 21. - Concluded. Effect of measurement errors on calculated value of diffusion factor. 
(A large working coDy of this figure may be obtained by using the request card bound in the 
back of the report.) 
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Figure 22 • - Approximate frequency distribution for set of measured design errors 
in relative stagnation-pressure-loss parameter. 
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Figure 23. - Approximate frequency distribution for set of measured design errors 
in deviation angle. 
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CHAPTER XVII 

COMPRESSOR AND TURBINE MATCHING 
By James F. Dugan, Jr. 


SUMMARY 

In order that compressor operation can be found for specified flight 
conditions and a mode of engine operation, methods are presented for re- 
lating the compressor to the other components of four types of gas- 
turbine engines - the simple turbojet, the afterburning turbojet, the 
turboprop with coupled power turbine, and the turboprop with free- 
wheeling power turbine. 

The method of superposing component matching maps to obtain one- 
and two-spool gas-generator performance is discussed, as well as simpli- 
fied methods for obtaining gas-generator performance. The simplifica- 
tion results from assuming constant turbine-inlet equivalent weight flow 
and an approximate relation for turbine efficiency. Compressor operation 
can be found from the gas-generator performance alone for a range of 
flight conditions when the mode of engine operation is specified by as- 
signing values of mechanical speed and turbine-inlet temperature. 

Procedures are also discussed for (l) combining the gas generator 
with the other components of gas-turbine engines so that compressor op- 
eration can be found for a range of flight conditions when the operating 
mode is specified by assigning values of mechanical speed and exhaust- 
nozzle area) (2) locating a constant-exhaust-nozzle-area equilibrium op- 
erating line on the compressor performance map of a one-spool nonafter- 
burning turbojet engine operated at static sea- level conditions; (3) 
matching the components of a one-spool simple turbojet engine during 
transient operation for a specified flight condition, a specified tran- 
sient path on the compressor map, and a fixed exhaust-nozzle area; (4) 
finding the compressor paths during a transient for a nonafterburning 
two-spool turbojet for which the exhaust-nozzle area and inner-turbine- 
inlet temperature are maintained constant; and (5) calculating the time 
required to accelerate to a higher engine speed for both one- and two- 
spool turbojet engines. 
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INTRODUCTION 

An axial-flow compressor is designed so that at a specific rotative 
speed and weight flow the desired value of total -pressure ratio is 
achieved at a high level of efficiency. As a component of a gas-turbine 
engine, the compressor is required to operate over a range of pressure 
ratios, weight flows, and rotational speeds during steady-state and 
transient engine operation. To illustrate this point, engine operation 
is related to the compressor performance map of pressure ratio plotted 
against equivalent weight flow with equivalent rotational speed as a 
parameter. During engine acceleration prior to takeoff when the com- 
pressor speed increases from zero to the takeoff value, the compressor 
may operate in a region characterized by severe blade vibrations caused 
by rotating stall. Acceleration may even be prevented by compressor op- 
eration outside the stable operating region bounded by the compressor 
surge- or stall-limit line. For subsonic flight in the stratosphere, 
the compressor may operate in a low-efficiency region at high values of 
compressor equivalent speed. At supersonic flight speeds, the compres- 
sor surge- or stall-limit line may be encountered or operation may be 
required in a region characterized by low compressor efficiency or dan- 
gerous blade vibrations. 

The purpose of this chapter is to present matching procedures so 
that compressor operation can be found for specified flight conditions 
and a mode of engine operation. (The matching procedures also yield 
the operating points of all the other engine components and data from 
which engine performance can be calculated.) Such methods are useful 
in selecting engine design values for compressor pressure ratio and 
weight flow. After the compressor performance map is estimated (see ch. 

X (ref. l)), it may be evaluated by employing matching procedures to 
find the region over which the compressor will be required to operate for 
the desired mode of operation and range of flight conditions. Besides 
permitting an evaluation of compressor performance maps, the matching 
methods presented herein permit calculation of the effects of compressor 
changes on engine performance. The methods of chapter X may be used 
to estimate the effect on compressor performance of changes involving 
interstage bleed, passage flow area, or blade-setting angles. With the 
new compressor performance map and the matching procedures, the effect 
of the compressor change on engine performance may be found. 

In order to find where on its performance map a compressor will 
operate as part of an engine for a specified flight condition and mode 
of engine operation, the engine components must be matched. The follow- 
ing three approaches may be used to accomplish component matching. Re- 
gardless of the approach, four relations involving continuity of flow, 
power balance, speed of rotation, and pressure ratio are available. 
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In one approach,, the conventional compressor and turbine perform- 
ance maps are employed. For an operating point assigned to one of the 
component maps, the corresponding points on the other component maps 
are found by satisfying the four matching relations . Such an approach 
is discussed in reference 2 for the turbojet engine and in reference 3 
for the turboprop engine. 

In a second approach, the performances of the turbine, tailpipe, 
and exhaust nozzle are combined. The conventional compressor perform- 
ance map is retained; and, for an operating point on this map, the cor- 
responding operating points of the other components are found through 
the use of the combined performance of the turbine, tailpipe, and ex- 
haust nozzle. This approach is used in reference 4 for the one-spool 
turboprop with coupled power turbine and in reference 5 for the one- 
spool turbojet without afterburning. 

In a third approach, the combined performance of the compressor, 
combustor, and turbine is found. In place of the conventional compres- 
sor and turbine performance maps, matching maps are used. All possible 
match points are determined by the superposition of these matching maps . 
When the operating mode is such that the mechanical speed and turbine- 
inlet temperature are specified, this approach is especially useful. 

For this type of problem, the compressor operation can be found from the 
combined performance of the compressor, combustor, and turbine, inde- 
pendent of the inlet, tailpipe, or exhaust -nozzle performance. The 
idea of superposition of component maps to achieve matching is used in 
references 6 to 8 for one- spool gas-turbine engines and in references 9 
and 10 for two-spool gas-turbine engines. 

Procedures for matching the components of one- and two-spool turbo- 
jet engines during transients are presented in references 11 and 12, 
respectively. The equations and procedures in reference 13 facilitate 
the computation of part-load and off-design-point internal performance 
by the use of automatic computing machinery. 

Much of the material in this chapter is derived from references 5, 

8, and 10 to 12. General and simplified methods are given for matching 
compressor and turbine components of one- and two- spool jet engines for 
equilibrium operation (refs. 8 and 10) . Procedures for combining the 
performances of the compressor, combustor, and turbine components to 
yield gas-generator performance are explained, as well as the way com- 
pressor operation can be found from the gas-generator performance for 
a range of flight conditions when the mode of engine operation is speci- 
fied by assigning values of mechanical speed and turbine temperature. 

In order that compressor operation can be found when the exhaust -nozzle 
area is specified, procedures are discussed for combining the gas- 
generator performance with that of other components such as an inlet, a 
propeller, an afterburner , a free-wheeling power turbine, and an exhaust 
nozzle. A simplified method for locating a constant-exhaust-nozzle-area 
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equilibrium operating line on the compressor performance map of a one- 
spool turbojet engine operated at static sea-level conditions is dis- 
cussed (ref. 5). The combined performance of the turbine, tailpipe, and 
exhaust nozzle is related to compressor pressure ratio and weight flow 
in several charts. Desired operating lines can be located on specific 
compressor performance maps through the use of the charts. A method is 
discussed whereby the compressor and turbine of a one-spool turbojet en- 
gine may be matched for a specified flight condition, a specified tran- 
sient path on the compressor map, and a fixed exhaust-nozzle area (ref. 
11). For a two-spool turbojet engine (ref. 12), procedures are discussed 
for finding the compressor paths during a transient for which the exhaust - 
nozzle area and inner-turbine-inlet temperature are held constant. 


SYMBOLS 


The following symbols are used in this chapter; 


A area, sq ft 


A area parameter equal to 



B ratio of bleed weight flow to weight flow at compressor inlet 
Cp specific heat at constant pressure, Btu/ (lb) (°R) 


Fj jet thrust, lb 

f fuel-air ratio at combustor inlet 

g acceleration due to gravity, 32.17 ft/sec^ 

H total or stagnation enthalpy, Btu/lb 
I moment of inertia, (lb) (ft ) (sec^) 

J mechanical equivalent of heat, 778.2 ft-lb/Btu 

K constant 


M 


Mach number 


N rotational speed, rps 

P total or stagnation pressure, lb/sq ft 
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— P - * P4. P-i Po 

P pressure -ratio parameter equal to — — — — 

P 1 P 3 PO ?8 

go power for propeller and/or accessories, Btu/sec 

p static or stream pressure, lb/sq ft 

excess torque, Lb -ft 

R gas constant, 53.35 ft-lb/(rb) (°R) 

T total or stagnation temperature, °R 


Q. 


■xs 


U 

V 

w 


3 

r 

5 


‘ad 


9 


temperature parameter equal to(l-B*Hl + f)=r- H n 

5 ' ' T-j_ *ad,C ad,T 

rotor speed, ft/sec 
air velocity, ft/sec 
weight flow, lh/sec 


w weight-flow parameter equal to 


((1 - B3) (1 + f ) wq a ± w 1 Ve 1 


I 'aa,c''ad,T 


v 4 A 8 & 1 A 1 


air angle, angle between air velocity and axial direction, deg 
ratio of specific heats 

ratio of total pressure to NACA standard sea-level pressure of 
2116 lb/sq ft 

adiabatic efficiency 

ratio of total temperature to NACA standard sea-level temperature 
of 518.7° R 


p density, lb/cu ft 

* time, sec 

t turbine pressure coefficient, (V sin 3)/U 

Subscripts: 
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i 

inner 

spool 

o 

outer 

spool 

PT 

power 

turbine 

T 

turbine 


Station numbers shown in figs. 1 and 2: 

i 

Two-spool notation 

0 ambient conditions 

1 outer-compressor inlet 

2 outer-compressor exit, 
inner-compressor inlet 

3 inner-compressor exit, 
combustor inlet 

4 combustor exit, inner- 
turbine inlet 

5 inner-turbine exit, 
outer-turbine inlet 

6 outer-turbine exit 

6a uncoupled power -turbine exit 

7 exhaust -nozzle inlet 

8 exhaust -nozzle exit 

Superscript: 

* critical flow conditions 


One-spool notation 


compressor inlet 


compressor exit, 
combustor inlet 

combustor exit, 
turbine inlet 


turbine exit 


exhaust -nozzle exit 


GENERAL DISCUSSION 

The four types of gas-turbine engines discussed in this report are 
the simple turbojet, the afterburning turbojet, the turboprop with 
coupled power turbine, and the turboprop with free-wheeling power tur- 
bine (fig. l). Common to all four engines is the gas generator, which 
may be either the one- or two-spool type (fig. 2). This chapter is 
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chiefly concerned with the compressor of a one-spool gas generator and 
the outer and inner compressors of a two-spool gas generator when op- 
erated as components of any of the four gas-turbine engines. 

In the section GENERAL METHODS FOR EQUILIBRIUM OPERATION, a match- 
•i-^6 technique for the superposition of component maps is employed. A 
procedure for obtaining the performance of a one-spool gas generator is 
followed by an explanation of the way compressor operating points for 
various flight conditions may be found from the gas -generator perform- 
ance alone when engine operation is defined by setting values of mechan- 
ical speed and turbine-inlet temperature. The discussion of the two- 
spool gas generator parallels that for the one-spool. In order that 
compressor operation may be determined when engine operation is defined 
by setting values of exhaust -nozzle area and rotative speed, methods 
are discussed for matching the gas generator with the other components 
for each of the four engine types shown in figure 1. 

In the SIMPLIFIED METHODS FOR EQUILIBRIUM OPERATION, turbine-inlet 
equivalent weight flow is assumed to be constant for all operating con- 
ditions and turbine efficiency is assumed to be a function only of the 
ratio of the rotative speed to the square root of the enthalpy drop. 
Methods for obtaining the performance of one- and two-spool gas genera- 
tors are discussed. 


A matching technique involving the use of the combined performance 
of the turbine, tailpipe, and exhaust nozzle is used in the section 
EQUILIBRIUM OPERATING LINE OF ONE-SPOOL TURBOJET. An approximate method 
is discussed for locating a constant-exhaust-nozzle-area equilibrium 
operating line on the performance map of a compressor that is part of a 
one-spool turbojet engine operated at static sea-level conditions. The 
charts of reference 5, which are needed to accomplish this, are included. 

In the section METHODS FOR TRANSIENT OPERATION, conventional com- 
pressor and turbine maps are used, and matching is achieved by satisfy- 
ing the thermodynamic relations and the imposed conditions. A method 
is discussed whereby the compressor and turbine of a one-spool turbojet 
engine may be matched for a specified flight condition, a specified 
transient path on the compressor map, and a fixed exhaust -nozzle area. 

For a two-spool turbojet engine, procedures are discussed for finding 
the compressor paths during a transient for which the exhaust-nozzle 
area and inner -turbine -inlet temperature are held constant. 


GENERAL METHODS FOR EQUILIBRIUM OPERATION 

In this and the following main section, which discusses simplified 
methods for equilibrium operation, it is convenient to think of a 
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gas-turbine engine as composed of a gas generator and other components. 
Sketches of one- and two-spool gas generators are shown in figure 2. 

The addition of other components such as an inlet, a propeller, an 
afterburner, a free-wheeling power turbine, and an exhaust nozzle re- 
sults in either a turboprop or a turbojet engine (fig- !)• 

In the discussion of the one-spool gas generator, the component 
performances are plotted in such a way that the maps may be superposed 
to satisfy the matching relations of continuity, power balance, and ro- 
tational speed. A similar discussion appears in references 6 to 8. In 
the discussion of the two-spool gas generator, two procedures are pre- 
sented for matching the inner spool with the outer compressor and tur- 
bine, the inner-spool performance having been found by the procedures 
for the one -spool gas generator. Two-spool matching methods are dis- 
cussed in references 9 and 10. The sections on compressor operation 
from gas -generator performance discuss the procedure for finding com- 
pressor operating points when engine operation is specified by assign- 
ing values of mechanical speed and turbine-inlet temperature. When 
exhaust -nozzle area and mechanical speed are assigned, compressor oper- 
ation can be found for turbojet and turboprop engines as discussed in 
the section Matching Gas Generator with Other Engine Components. 


One -Spool Gas Generator 

In order to match the compressor and turbine of a particular gas 
generator, the performance of the compressor, combustor, and turbine 
must be known. Typical compressor and turbine performance maps are 
shown in figures 3(a) and (b), respectively. In figure 3(a), compres- 
sor total -pressure ratio is plotted against equivalent weight flow with 
equivalent speed and adiabatic efficiency as parameters. In figure 3(b), 
turbine equivalent specific work is plotted against a flow parameter 
with equivalent speed, total -pres sure ratio, and adiabatic efficiency 
as parameters. The performance of a typical combustor is nearly con- 
stant for a wide range of operation. In this chapter the combustor 
total-pressure ratio P 4 /P 3 is taken equal to a constant. When fuel- 

air ratios are calculated, combustor efficiency is also taken to be a 
constant . 

Matching relations . - In matching the compressor and turbine, three 
of the four matching relations are available: 

(l) The air weight flow into the compressor minus the air weight 
flow bled from the compressor exit plus the fuel weight flow added in 
the combustor equal the gas weight flow into the turbine. 
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(2) The power output of the turbine is absorbed by the compressor 
and the accessories. 


(3) The mechanical speeds of the compressor and its driving tur- 
bine are the same. 


For simplicity, the three matching relations are expressed in terms 
of equivalent performance parameters as follows: 

Continuity: 


(1 - B 3 ) (1 + f ) w x N w 4 N 



CD 


Power : 


H, 


ZL 


& 


H, 


EL 


(l - B 3 )(l + f) N (l - B 3 )(l + f) w^N^ 


N 


Speed: 


( 2 ) 


'h 

T 1 



(3) 


Matching maps and their superposition . - Compressor and turbine 
matching is achieved by graphically satisfying equations (l) to (3). 

The performance of the compressor is plotted as (H,-H, )/N 2 (l-B ) (l+f ) 

3 1 3 

against w 4 N/5 4 for constant values of N / (fig- 4(a)). The com- 
pressor variables are computed from 
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(1 - B 3 )(l + f) 


1 N 


( 4 ) 



Pa 5 


1 V®T 



1 


( 5 ) 


(1 - B 3 )(l + f)N 2 


^ad,^ 1 - B 3^ 1+ f) 



For the purpose of this conversion, it is usually sufficient to assume 
constant values of fuel-air ratio f, compressor-exit-hleed ratio B 3 , 

specific heat at constant pressure c p^co combustor pressure ratio 
P^/P^j and r c - (The variation of c^ c and y c with total tempera- 
ture may he accounted for by using charts such as those presented in 
ref. 14.) 

The turbine performance is plotted as (H 4 - H 6 )/n 2 against 
w^n /64 for constant values of N/ V®4 as in figure 4(b). The ordinate 
is computed from 


The components are matched by superposing figures 4(a) and (b) so 
as to satisfy the continuity and power relations (eqs. (l) and (2)). 

The abscissas are superposed directly, while the ordinates are offset 
by the value of the accessory power term in equation (2). In many in- 
stances the accessory power term is so small that it can be neglected. 
Sometimes the value of the accessory power term computed for one engine 
operating condition is assumed to prevail for all other operating condi- 
tions. With the compressor and turbine matching maps overlaid, each 



( 6 ) 
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point common to both maps is a possible match point for the gas gener- 
ator. At each such point, the turbine-inlet to compressor-inlet tem- 
perature ratio T^/Tp may be calculated by using equation (3) and the 

values of equivalent speed read from the overlaid maps. 


C omponent parameters . - For each match point, the pressure and tem- 
perature ratios across the compressor and turbine may be calculated or 
read from appropriate component maps. The compressor pressure ratio 

an n/s emPer S UI TT/ r f^ 0 Could be read from Plots of these variables against 
w 4 N/b 4 with N/ V 0 1 as a parameter. After the turbine equivalent spe- 
cific work is calculated from the values of (H 4 - H g )/N 2 and n/ >fo~ , 

the turbine pressure ratio can be read from the conventional performance 
3 (bJ J . The turbine temperature ratio may be calculated from 



H 4 ~ % 

® 4 Cp,T 518.7 


(7) 


The value of c p^T can be calculated from 


C P T - 1 J ( Q ) 

The value of y is usually based on the design values of fuel-air ratio 
and the arithmetic average of the turbine-inlet and -outlet temperatures . 
If more precise calculations are warranted, the charts of reference 14 
may be used to find values of T6/T4. 


For matching purposes, the value of f is usually assumed to be a 
constant (its design value) . Once the compressor and turbine are 
matched, however, the equivalent fuel-air ratio f/0p at each match 
point may be found by using the values of T^/T^ and an assumed 

fuel, a combustor efficiency, and combustion charts such as those pre- 
sented in reference 14. There is no need to rematch the compressor and 
turbine, because the term (l+f) changes only slightly. The compressor 
equivalent weight flow w p V®i/ 8 i “■ay be calculated by using equation 

(4) . The turbine -outlet equivalent weight flow may be calculated from 





&6 


(l - Bj)(l + f) 



| T 4 T 6 
T 1 T 4 

5 1 

p 3 P4 P6 
P 1 p 3 p 4 


( 9 ) 
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The performance of the one- spool gas generator may he presented as 
plots of T 4 /T-l, Pg/P 1 > T 6Al-’ f / 0 i-> 811(1 W 1 V^I/81 against 

w 6 V %/ 5 6 N/ as a parameter (fig. 5 ). 

Compressor operation from gas-generator performance . - Compressor 
operating points for various flight conditions may be found from the gas 
generator performance alone if engine operation is defined by setting 
values of mechanical speed N and turbine-inlet temperature T 4 . For 

a particular flight condition (altitude and Mach number), values of Tq 
and can be found. From figure 5 and values of T 4 /T 1 and n/ 

a value of Wg i/0^/Sg is read. Then, from values of w g V %/ & 6 and 
N/ values of Pj/Pq and w lV^l/^l are rea<1 * Thus, for each 
flight condition the compressor operating point can be located. 

One-spool matching methods are applied to specific equilibrium prob 
lems in references 15 to 19. 


Two-Spool Gas Generator 

A schematic of a two-spool gas generator is shown in figure 2(b). 
The outer compressor and outer turbine are mounted on a common shaft. 
Hereafter, these components are called the outer spool. The inner com- 
pressor and the inner turbine are mounted on a second shaft which is not 
coupled mechanically to the shaft of the outer spool. In airplane en- 
gines, the outer-spool shaft is inside of and concentric with the hollow 
shaft of the inner spool. Between the inner compressor and inner tur- 
bine is the combustor ; taken together, these components comprise the 
inner spool. 

In matching the components of a two-spool gas generator, it is con- 
venient to match the components of the inner spool and then match the 
inner- spool with the outer- spool components. The inner- spool components 
are matched according to the procedures for matching the components of a 
one-spool gas generator. Notice that engine stations 1, 3, 4, and 6 for 
the one-spool gas generator are replaced by 2, 3, 4, and 5 for the inner 
spool of a two-spool gas generator (fig. 2). The manner in which inner- 
spool performance is presented is determined by the method employed to 
match the outer-spool components. Two procedures are discussed for 
matching the outer- and inner- spool components. In the first procedure, 
an inner- spool operating point is assigned and matching with the outer 
compressor and outer turbine is achieved directly. In the second pro- 
cedure, which involves a trial-and-error step, an outer-compressor op- 
erating point is assigned so that the gas-generator performance for con- 
stant values of outer-spool equivalent speed results. 


CONF 



1AL 


NACA RM E56B03b 


CONFIDENTIAL 


323 


Direct method of matching outer and inner spools . - The two- spool 
matching problem becomes one of matching the outer spool with the inner 
spool. Because of the aerodynamic coupling between the two spools, 
specifying two independent conditions determines the operating points 
of all the components. If an operating point is assigned to the inner 
spool, outer-spool matching is achieved directly. For this approach it 
is convenient to express the power and continuity relations with regard 
to the outer compressor and outer turbine, respectively, as 


H 2 ~ H 1 
N~ 


& 


(i - B 2 )(l - B 3 )(l + f) Wl (]_ _ B 2 )(l - B 3 )(l + f) N§ 


H 5 - H 6 

N 2 
L o 

( 10 ) 


w l N o 


l0g % = 108 L(1 B 2 )(l - B 3 )(l + f) 


+ log 


w 5 N o 


(11) 


U . ’ • • - a S r.n'ZIOO ~*TSd VO / \ ; : : •••;• ‘ ;d .tV3 v O qme r 

Constant values of compressor bleed at stations 2 and 3 and fuel-air 
ratio may be chosen. The matching map for the outer compressor is shown 


in figure 6 (a). Here 


=2 - S 1 
*?(l - B ? ) (1 - B,)(l 5 f) 


log ( wpN 0 / 62 ) for lines of constant equivalent speed No/V^i and con- 
stant equivalent weight flow a/ 9.^ /S ^ . For the matching map of the 

outer turbine, (% - H 6 )/Nq is plotted against log (w 5 N Q /6 5 ) with 
w 5 a/%/ s 5 311(1 N o/ a/% as parameters (fig. 6 (b)). In order to match 


the outer- spool components with the inner spool, the matching map of 
the inner spool is p lotted as in figure 6 (c) . Here, inlet equivalent 
weight flow w 2 A/%/% ls Plotted against outlet equivalent weight flow 

w 5 a/%/ 6 5 %/a/% 311(1 p 5/ p 2 as parameters. Inner- spool opera- 

tion is, of course, limited by the equivalent flow that can be passed by 
the outer turbine. 


With these three matching maps (fig. 6 ), the match points of the 
two-spool gas generator can be found. An inner -sp ool operating point 
is assigned on figure 6 (c). The values of w 2 w 5 a/^s/ 5 5 > an(1 
P c 


are noted, and the value of 

*2 


iog E 


p 5 / p 

.U - B 2 )(1 - B 3 )(1 + f) 


i 


is calcu- 


lated. The outer- compressor and outer- turbine matching maps (figs. 6 (a) 
and (b)) are superposed so as to satisfy equations (lO) and (ll) . The 
ordinates of figures 6 (a) and (b) are offset by the value of the acces- 
sory power term in equation ( 10 ), and the abscissas are offset by the 
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calculated value of the term log 


V p ; 


The operat- 


.(I - B 2 )(l - B3) (1 + f)_ 

ing points of the outer compressor and the outer turbine corresponding 
to the assigned inner- spool operating point are at the intersection of 
the appropriate lines of constant 311(1 w sV^/ 5 5 * In using 


thi s p rocedure, it has been found convenient to assign several values of 
w 5V%/ 5 5 for each selected value of w 2 /\/e^/6 2 in figure 6(c). 
Choosing pairs of values for w 2 V^/8 2 and w 5 a/%/ 5 5 in this way 


dictates the values of these parameters to be used in plotting lines of 
constant equivalent weight flow in figures 6(a) and (b). Use of this 
direct method of matching outer and inner spools or of the iterative 
method, which is described in the following paragraphs, is a matter of 
personal preference. 


Iterative method of matching outer and inner spools . - An alterna- 
tive procedure for matching the outer-spool components with the inner 
spool may be employed by assigning the outer-compressor operating point 
rather than that of the inner spool. For this procedure, the matching 
maps of figure 7 are used. The outer- compressor performance is plotted 
as (H g - %)/N2 against w 2V^2/^2 with N Q / ty^i as a parameter (fig. 
7 (a)); the performance of the outer turbine is plotted as (H5 - Hg)/^ 
against w 5 N 0 /s 5 with N Q / \[ 9 ^ as parameter (fig. 7 (b)); and inner- 
spool performance is plotted as w 2 j\/ 0^/8 2 against w 5 <\/%/ 5 5 for con- 
stant values of 811(1 T 5/ T 2 (fig- 7(c)). 

The inner- and outer- spool components may be matched by employing 
an iterative procedure in conjunction with the matching maps of fig- 
ure 7: 

(l) An operating point is assigned on the outer-compressor map 
(fig. 7 (a)) from which values of N 0 /y^ and (Hg - H.J /n^ 

are read. 


(2) The value of (H g - H 6 )/n 2 is calculated from 

(3) The value of T 2 /TjL is calculated from 

’h. . , + - H 1 ( Ho f 1 

Tl h| K’jrJ 518 - 7 c P ,oc 

(4) A trial value of N Q / is assigned. 


equation (10). 


( 12 ) 
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I 

Because assigning the outer-compressor operating point determines 
the operating points of all the other components, assuming a value of 

is an overspecification and will lead to a contradiction if an 

incorrect value is assumed. 

(5) A value of w 5 N 0 /b 5 is read from figure 7(b) for the values 
of (H5 - H^/Nq and N 0 /-/9^. 

(6) A value of ^5^05/85 is calculated freon the values of 

v 5 N o/ 6 5 811(1 WV 


(7) A value of T^/Tg, which depends on the inner- spool performance, 

is read from figure 7(c) for the values of w 2 8X1(1 wgV^/Sg. 

(8) A second value of T^/Tg, which depends on the relation between 
the outer compressor and outer turbine, is calculated from 



(13) 


If this does not equal the value from step (7), steps (4) to (8) are re- 
peated until agreement is reached. In using this procedure, it has been 
found convenient to assign outer- compressor operating points along lines 
of constant outer- spool speed and to first calculate the match points 
for the higher values of w 2 */§~/& 2 . As lower values of are 

assigned at a fixed speed N 0 /V®^, higher values of w 5 will 

result until the critical value is reached. From this point on, ».i 1 
lower selected values of w 2 ^0^/ & 2 will be accompanied by the critical 

value of w 5 


Variable pressure losses in primary combustor . - The matching pro- 
cedure for the two-spool gas generator may also be applied for the case 
of either a one-spool generator or the inner spool of a two-spool gen- 
erator when large, variable pressure losses occur in the primary burner. 
For these conditions, curves analogous to figure 6(c) would represent 
the combustor characteristics. 
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Component parameters . - For each match point of a two- spool gas 
generator, the pressure and temperature ratios across the components 
may be calculated or read from appropriate component maps. If the it- 
erative procedure is used for matching the inner spool with the outer 
components, the following values are known for each match point: 

N o/ , w 2 'V^2/ 5 2? ( h 5 " h 6)/ N o> T 2/ T l' w 5V%/ 5 5^ T 5 /t 2 , and N q /^/g^. 


(Jff 


The outer-compressor pressure ratio may he read from a plot of 
2 / 1 ® w 2V^/ 5 2 N o/ as parameter. Inner-compressor 

equivalent speed N p/ V®2 ma y t> e read from figure 7(c). The values of 
p 3/ p 2; T 3 /T 2 , T 4 /T 2 , and P 5 /P 2 may be read from plots of these vari- 
ables against w 5 //eJT/6 5 with N ± / as a parameter. The outer- 
turbine pressure ratio may be read from a plot of P 5 /P 6 against 

( h 5 - h 6)/ N o N o/ as a parameter . Outer- turbine temperature 

ratio may be calculated from 


moa': 


-§ = 1 - 
T5 


H„ 


H 6 


N 


tj£i 


2 =) 


K§ VV%/ 518 ' 7 C P,°T 


(14) 




The equivalent fuel- air ratio 

(cl ) 


Vat each match point may be found 

by using the values of T 4 /Tp and . T^p, an assumed fuel, a combustor 

efficiency, and combustion charts such as those presented in refer- 
ence 14 . 

ena (8) of ( 


sn stb (,8 J of 1,1) aqsJc (.(V) qpts, rao~T snlsv arid taupe Ioj 

ivesd The performance of the two -spool gas generator may be presented as 


3 9 oh aid! U 

1. 4 


— -L CJ O UCU. 0.0 

plots of T 4 /Tp, Pg/Pp, Tg/Tp, f/0p, and Wp y^/5p against w 6 z/e^/Sg 

wit N Q /y r 0^ as a parameter and a plot of 5 VVq against T^/T^ 

with N o /V 07 as a parameter (fig. 8). 
u ■ L 


Tl hseqa bsx i x j 

Compressor operation from gas-generator performance . - The outer- 
and inner-compressor operating points at an assigned flight condition 
may be found from the gas-generator performance if engine 'Operation is 
specified by assigning values of outer- or inner-spool mechanical speed 
and inner-turbine- inlet temperature. From the assigned flight condition 
are found values of 0p and Tp. From the assigned engine operation, 

values of N Q / or %/ VS and T 4 /Tp are calculated. If 
N q /v^ and T 4 /Tp are known, a value of Wgi^%/Sg is read from 
figure 8(a) . If Np/ and T 4 /Tp are known, a value of N Q / 
is read from figure 8(d) j and then, using the values of N Q / and 

T 4 /Ti, a value of w g V%/ S g is read from figure 8(a). Values of 
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Pg/Pq, w l Pj/Pg^ and- w 2 V®2/^2 are rea( i from plots of these 

variables against Wg */0^/Sg with N Q / *J~Q ^ as a parameter. Thus, for 

each flight condition, the outer- and inner- compressor operating points 
may be found. In reference 20, two-spool matching methods are used to 
investigate the ..gf feet of design over-all compressor pressure ratio di- 
vision on two-spool turbojet- engine performance and geometry. 

. 9bss jJtw.'B t! -,M to a euJxv bangiai. . heMMcM:' ec -0 \r 

Matching Gas Generator with Other Engine Components 
'to qsjLcv a Mi 11 . ,.6\,8V r w 'to i uj.bv .s .chlefy: a - a 

To determine compressor operation when exhaust-nozzle area and 
mechanical speed are assigned, the gas generator must be matched with 
the other engine components. For either the one- or the two- spool gas 
generator, the following gas-turbine engine configurations are possible: 

in . • m : .! : . aotj.m. c ;o eel 

(1) Simple turbojet, where gas generator is preceded by inlet dif- 
fuser and followed by tailpipe and exhaust nozzle (fig. 1(a)) 

■ 

(2) Afterburning turbojet, where afterburner replaces tailpipe of 
simple turbojet (fig. 1(b)) 

. [ ... < ■' -* 

(3) Turboprop with coupled power turbine, where propeller is geared 
to gas-generator shaft (fig. 1(c)) 

Mis son* isosiixe bar. . 

( 4 ) Turboprop with free-wheeling power turbine, where propeller is 
geared to shaft of free-wheeling power turbine (fig. l(d)) 

OJ IQ j, aeg • 

: Methods for matching the gas generator, with the other engine com- 
ponents for each of these engine configurations are discussed. By using 
these methods, compressor operation can be determined for various flight 
conditions when, engine operation is specified by assigning values of 
exhaust-nozzle area and mechanical speed. 
sdT „ir.wo-i •xelloqorq hna ,ns te ;.0: :on-^3u.ehxs Meeq.c .ur.-.rrnc'-. ■.:* ic 

Simple turbojet . - The gas generator of a simple turbojet may be 
matched with the other components by using three plots, one each for the 
inlet and the gas generator and a combined map for the tailpipe and ex- 
haust nozzle. The performance of a fixed- geometry diffuser inlet is 
shown in figure 9(a), where pressure ratio Pq/po is plotted against 

equivalent weight flow w-, with free-stream Mach number Mq as 

-L _L 

parameter. Gas-generator performance is plotted as log (Pg/P^) against 
w 6 ^/5 6 with N o /V^ as parameter (fig. 9(b)). The combined map 

for the tailpipe and exhaust nozzle is shown in figure 9(c), where 
log (P 6 /p 0 ) is plotted against w 6 //e^/5 6 for a fixed exhaust -nozzle 

area. 


•’ 

CONFIDENTIAL 

i 


328 CONFIDENTIAL NACA RM E56B03b 

From figure 9(a), trial values of P-|_/p 0 and v qV0q/ 5 q are read 

for the assigned flight Mach number. Figures 9(b) and (c) are super- 
posed: the ordinates are offset by the value of log (P^/p^), while the 

abscissas are superposed directly. The value of w g '/%/ 5 6 is rea<i 

from the overlaid maps at the intersection of the fixed-exhaust-nozzle- 
area curve and the appropriate constant-speed line . (The value of 
No/V^I may be calculated from the assigned values of Mq, altitude, 

and N 0 . ) A gas-generator plot of V^l/ S l against w g V%/ 5 6 with 
as a parameter yields a value of this value of 

W 1 V®i/ 5 i is n °t equal to the trial value, the process is repeated. 

When the two values of Wq ^Sq/bq agree, the gas generator is matched 

with the other engine components for the assigned flight condition and 
mode of engine operation. The outer- and inner-compressor operating 
points may now be found by reading values of Pg/Pq, P^/Pg, and 

w2 V®2/ 5 2 from plots of these variables against w g '/%/ s g with 
Nq/V^I as a parameter. 

Afterburning turbojet . - The procedures for the afterburning turbo- 
jet are the same as for the simple turbojet. The combined map for the 
tailpipe and exhaust nozzle is replaced by the combined map for the 
afterburner and exhaust nozzle. 

Turboprop with coupled power turbine . - When the propeller is geared 
to the compressor shaft of a one-spool gas generator or to the outer- 
spool shaft of a two- spool engine, the propeller power must be added to 
the accessory power in equation (2) or (10) before the gas-generator 
performance is obtained. For each value of propeller power, a distinct 
set of gas-generator performance curves will be obtained. Compressor 
operation can be found by assigning values of flight Mach number, alti- 
tude, mechanical speed, exhaust-nozzle area, and propeller power. The 
procedures for matching and for obtaining the compressor operating 
points are the same as those for a simple turbojet. One-spool turboprop 
problems are discussed in references 21 to 23. 

Turboprop with free-wheeling power turbine . - For a turboprop with 
a free-wheeling power turbine, a procedure is discussed for finding the 
compressor operating points when the following are assigned: flight 

Mach number and altitude, propeller power op , shaft speed of power tur- 
bine Npji , and exhaust-nozzle area. The discussion is for a turboprop 

having a two-spool gas generator; the procedure is essentially the same 
for a turboprop having a one- spool gas generator. 

(l) Values of Tq, 0q, and Pq are found for the assigned Mq 
and altitude. 
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(2) A trial point is assigned in figure 9(a) for the assigned Mq. 

and values of P-j/p Q and are read at this point. 

(3) A value of w g V%/ 5 6 is assumed. Over much of its operating 
range, the power turbine operates at a fixed value of w g V®6/^6 * 

(4) A value of N Q / is read from figure 8(f) for the values 

of w 6 V^/ 8 6 ^ w i'/^/ 8 1 - 

(5) Values of Pg/Pq and Tg/tq are read from figures 8(c) and 
(e) for the values of w 6 V<%/8 6 and N Q / 


from 


(6) The power- turbine equivalent speed Npp/V^ is calculated 


N 


'FT 


V% 


= N 


'FT 


1 


V^L lT e 


(15) 


JTi 


(7) The power-turbine equivalent specific work is calculated from 

& 


H_ “ 

6 6a 


w 6 V^6 ?6 Pi PO rr— 
TnTfi V 0 i , 


Pq P 0 2116 V l *Jr' ] 


(16) 


(8) A value of wgNpq/Sg is read from figure 10(a) for the values 
of Npp/V^ and (He - H 6a )/e 6 . 


(9) A value of w g V%/ S g is calculated from 

“e ^ Vet 1 


N 


'FT 


(17) 


V®6 


If this does not equal the assumed value of w g V%/ 6 g (step (3)), steps 
( 3 ) to ( 9 ) are repeated until the two values do agree. 

(10) A value of Pq/Pq h is read from figure 10(a) for the values 
of Npj/V^ and (Eg - H )/a . 
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(11) A value of Tg a /T6 is calculated from 
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, ( H 6 - %>> 1 

P 6 % 518.7 


(12) A value of Pga/PQ 


is calculated from 


(18) 


£6a_£l£e£6a 

p 0 = I>0 P 1 P 6 (19) 

(13) A value of (wy'e/b)^ is calculated from 



p 6 


(14) A value of (w t/d/d ) is read from figure 10(b) for the cal- 
culated value of P 6a /p 0 (step (12)). If this does not equal the value 

from step (l3) , steps (2) to (14) are repeated until agreement is 
reached. 

' \ 

(15) The compressor operating points can be found by reading values 

^2'1’ ^ 3 /^ 2 3 w 2 »®2 ^ rom gas-generator plots of these vari- 
ables against w^ for constant values of N q / 


Turbojet- and turboprop- engine performance . - After the gas gen- 
erator has been matched with the other turbojet -engine components, the 
air flow, the pressure, and the temperature at the exhaust nozzle are 
known. The jet thrust Fj can be found from the following equations 

(ref. 24), which relate Fj/w to Pq/p 0 : 

F • 

- K 2 V^8 (1 + f) (21) 

g 

For a complete -expans ion nozzle, 



( 22 ) 
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1 — 

1 

+ 

c 

r 

\ 

rtfrfr + ( r Ji) 

l 2 y- 1 p o 


Vr + l \ 2 / Y 

v. 

\y r + i ) ' p 8 J 

> 


(23) 

A graph relating K 2 to the nozzle pressure ratio is given in figure 11 
l fOUnd by dedUCtln ^ the 

fl ° W ^ bG COmputed ^ multiplying air flow by fuel-air ratio 

S -SoT?-i e S™^ St SP6CifiC ^ el C — Ption is simply 

\ 

After the gas generator has been matched with the other turbooron- 
engine components, the shaft power, jet thrust, and specific fuel con- 

r^erenceT Ca2 ^ ttA fr0m tbe ^ions derived^ append 5“ 


SIMPLIFIED METHODS FOR EQUILIBRIUM OPERATION 

In this section, simplified methods are presented for obtaining the 
performance of one- and two-spool gas generators. The simplification 
consists in making several assumptions regarding turbine performance 

all ®^ v j} ent flow at tbe -turbine inlet is assumed constant for 

chokedM? conditions . This implies that the turbine nozzles are 
choked. Most one-stage turbines operate at nearly constant equivalent 

mn!t? t i flOW + f °J- a11 turbine P ress ure ratios greater than 2.0, while many 
multistage turbines operate at nearly constant equivalent weight fioT^ 

f turblne Pressure ratios greater than 2.5. Only during starting 

less t^ S 2To^ b r e %b 0raally requlred to derate at pressure ratiSf 
less than 2.0 or 2.5. The accessory power is assumed to be zero. Nor- 

1S S ° S ^f 11 that negligib le error is introduced by considering 

^o^req^i“ emC±enCy 13 “ t0 ^ ? 


\d " a + b 


(* - •)' 


(24) 


where 


a design value of turbine efficiency 

b -a/c 2 


\ 
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c design value of ( j 

Wah/0/ t 

This approximation is quite good over much of the turbine per- 
formance map. Near limiting loading, however, actual turbine efficien- 
cies are much lower than those calculated from equation (24). Once the 
gas— generator performance is obtained, the matching with the other en- 
gine components is achieved as described in the preceding section. 


One -Spool Gas Generator 

Design point . - From a given compressor performance map, the com- 
pressor^ operating point for the engine design conditions is selected. 
The design value of turbine efficiency is specified as well as the de- 
sign value of turbine to compressor temperature ratio T^/T^ . Design 

values of w 4A /%/s 4 and N/ </h 4 - % are calculated from 


»4 v lV ^U-B S 

54 _ 8 l P 3 P 4 


N 

Vlif- H 6 


- B 3 K1 + f) 



(25) 


(26) 


Constant values of B3, f, and P4/P3 are usually adequate. The 
w 4 V^/ 5 4 value from equation (25) is assumed to be constant for all 
operating conditions. The N/ 0I 4 - Hg value from equation (26) is 
equal to the constant c in equation (24). 


Off -design points . - For each compressor operating point, the cor- 
responding turbine operating point may be found by the following steps: 

(l) A value of T 4 /t^ is calculated from equation (25). 


(2) The turbine temperature ratio is calculated from 



( 27 ) 
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(3) A value of n/ k/q~^ - H g is calculated from equation (26). 

(4) A value of tj, i s calculated from equation (24). 

(5) The turbine pressure ratio is calculated from 


! 

T4 

^ad, T . 


T fi \ r T _1 


(28) 


The gas-generator parameters w g ? 6 /? v and Tg/^ are calcu- 

lated from 


w 4'^4 *V T 4 

Se 64 pg 

p 4 



p i P 3 *4 


T 1 T 4 


(29) 


(30) 

(31) 


As discussed previously,, the equivalent fuel-air ratio f/e x may be 
found from values of Tj/T^ and T^/t^ , an assumed fuel, a combustor 
efficiency, and combustion charts such as those presented in reference 14. 


Thus, for a range of weight flow w-^ >\J at each compressor 
speed N/ V^i, the values of Wg /%/8 g , T^, Tg/t-L, Pg/?!, Pj/p^ and 
f / e l W te found. The gas-generator performance can be represented by 
plots of w-l/^/5!, T 4 /T-l, Tg/^, Pg/P x , Ps/P-^ and f/^ against 
W 6 V^/ 5 g for constant values of N/V^ (tig- 5). 


Two- Spool Gas Generator 

The outer- and inner- compressor performance maps are given, and the 
compressor operating points for the engine design conditions are selected. 

\ 

\ 

\ 
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The design value of turbine to compressor temperature ratio T^/Tj is 

specified as well as the design values of outer- and inner- turbine 
efficiency. 

Inner- spool matching . - The performance of the inner spool is ob- 
tained as described previously; engine stations 1 , 3 , 4 , and 6 for the 
one-spool gas generator are replaced by stations 2 , 3 , 4 , and 5 for the 
inner spool of the two- spool gas generator. The design value of 
w 5 V^ 5/ 3 5 is read the inner-spool performance plot for the design 

value of P 3 /P 2 and %/ This value of w 5 is assumed to 

to be constant for all operating conditions. 

Because the inner-spool-outlet equivalent weight flow w 3 
is assumed constant, inner-spool performance may be presented as plots 
of w g ® 2,1^2, 3 ^ 3 /^ 2 } P 5 /P 2 ) Tg/Tg, and T^/T 2 against for 

the design value of w 5 y^/Sg. 


Outer- spool matching . - The outer- spool components are matched with 
the inner-spool performance by first assigning values of wq// 0 i/ 6 q at 

each speed N ol \[o±‘ At each point, the outer- compressor performance is 
known. The equivalent weight flow w 2 >/0^/6 2 , which is common to the 
outer compressor and inner spool, is calculated from 


v 2 V^2 

5 2 


= (1 - b 2 ) 



(32) 


From the inner- spool performance curves, values of N^/ fjd 2 and Tg/T 2 
are read. 

The outer-turbine temperature ratio T 6 /t 5 is calculated from 



W-i c. 


1 P,oC W! 


Tc 


WcrC 


5 p,oT T 2 



( 33 ) 


where w R = w, (l - B„)(l - B.,) (l + f). From the design value of ri a 

o ± c o ad, oT 

and the design value of N Q / ^/h 5 - Hg, which is calculated from 
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(34) 


the constants of equation (24) can he evaluated for use with +.h<* ra.+ or 


From the component operating points, the two- spool gas -generator per- 
formance may be calculated and plotted as in figure 8. 

If the assumption that outer -turbine-inlet equivalent weight flow is 
constant for all engine operation does not appear to be valid, an approxi- 
mation such as that described in EQUILIBRIUM OPERATING LINE OF ONE-SPOOL 
TURBOJET may be used. One of the curves representing the variation of 
turbine-inlet flow with turbine total-pressure ratio is selected. The 
value of equivalent weight flow at the outer-turbine inlet that is used 
in the matching procedures must agree with the value read from the se- 
lected curve and the calculated turbine pressure ratio. If this approx- 
i mat ion is used for the outer turbine, then the inner-spool performance 
must be presented as plots of w 2 V^/& 2 , P 3 /P 2 , P 5 /P 2 , T 5 /t 2 , and T 4 /t 2 

against %/ for constant values of w 5 


A method is given in reference 5 for locating a constant-exhaust- 
nozzle-area equilibrium operating line on the performance map of a com- 
pressor that is part of a one- spool turbojet engine operated at static 
level conditions. In this method the performance characteristics 
combustor, turbine, and exhaust nozzle are simplified in order to 
obtain charts from which an equilibrium operating line can be obtained 
for specified design conditions and the compressor map. 



pressure ratio is calculated from 


PoT 



(35) 


EQUILIBRIUM OPERATING LINE OF ONE-SPOOL TURBOJET 
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The charts of reference 5 are shown in figures 11 to 14. In fig- 
ure 11, turbine pressure ratio P 4 /p 6 is plotted against 

(P 3 /Pl)( p 4 / p 3)(Pl/po)(po/p 8 ) with P 8 /p 8 and (Aq/A 4 )(v*/ w ) 4 (w 4 /w 8 ) as 

parameters . This represents the combined performance of the turbine 
tailpipe, and simple convergent exhaust nozzle. For this chart a tui- 
bine polytropic efficiency of 0.85 was assumed, and the total-pressure 
drop in the tailpipe was assumed to vary according to 


P fi - Po = K 


2g 


(36) 


The value of K was set by assigning P 6 / p 8 = 1.05 for sonic velocity 
at the exhaust-nozzle exit. A constant value of 4/3 was assigned to 

T ^ y'g. 


In figure 12, which relates the compressor with the rest of the en- 
gine, (1 - B 3 )(l + f)(T 4 /T 1 )Tj ad ^ c Ti ad ^,j, is plotted against compressor 
pressure ratio P^Pp with (Aq/A 4 ) (w*/w) 4 (w 4 /w q ), Pq/p 8 , and p 4 / p 6 as 

parameters. The bearing losses and accessory power are assumed to be neg 
ligible. The pressure ratio Pp/Pg was taken equal to unity, and the 

combustor pressure ratio P4/P3 was taken equal to 0.97. 

The compressor weight flow is related to the compressor pressure 
ratio and the performance of the combustor, turbine, tailpipe, and ex- 
haust nozzle in fi gure 15, wh ere P 3 / p p is Plotted against 

Vo~ B 3 ) ( 1 + f )/ T) ad ^ c Ti ad ^ T (wg/w 4 ) (A-j/Aq ) (wp V^i/V i.p) with 

(1 - B 3 )(l + f)(T 4 / T l) T lad,C T lad,T^ V A 4 ( w */w) 4 (w 4 w Q ), p 4 / p g, and Pg/p 
as parameters. ° 

In order to establish the compressor equilibrium operating line at 
pres sure ratios less than design, it is necessary to estimate the varia- 
tion in (w/w ) 4 with turbine pressure ratio P 4 /P 6 . If actual turbine 
data are available, a good approximation to the variation in (w/w*) 4 
with turbine pressure ratio P 4 / p 6 can be obtained by computing the 
value of (w/w*) 4 for each value of P 4 / p 6 a t the best efficiency point. 

If turbine data are not available, a reasonably good approximation can 
be obtained from the curves of figure 14. The multistage curve repre- 
sents the equation 




(37) 
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The two single-stage curves are theoretical variations computed for two 
values of the turbine parameter VW,T/ sin2p 4 of 1.5 and 2.0. Operat- 
ing lines for two- or three-stage turbines would be between those for the 
single-stage turbine and that for the multistage turbine. 


Use of Charts for Design Point 

The following procedure may be used to find the design values of 
Aq/A 4 and Ag once the design conditions are specified: 

(1) Design values are selected for P^, w lV ^/5 1; w 4 /w 8 , 

Vl,T' B 3> 811(1 f * 

(2) Compressor efficiency C ls rea<1 trom the compressor map. 

(3) The design value of T = (l - B 3 )(l + f ) cTlad T is 

calculated. ’ } 

(4) The design value of A = A 8 /A 4 (v */w) 4 (w 4 /w q ) is read from fig- 
ure 12 for the known values of T and P^/P-^ . 

(5) The design value of 7 = V(1 - B 3 )(l + ft/l^c-lad,! (wg/w 4 ) 

(Ai/A 8 ) (v 1 V^l/ 6 ! Aj.) Is read from figure 13 for the known values of A 
and Pg/P-^. 

(6) A value of P is calculated assuming p-./p 0 = 1.0. 

, \ 0 / 8 

A J) the point read from figure 11 for the known values of A 
and P lies to the left of the line Pq/p 8 = 1.85, a value of p^y'Pg 

is read at this point. 

_ If the point read from figure 11 for the known values of A and 

P lies to the right or on the^line P 8 /p 8 =1.85, a value of P 4 /p g is 

read for the design value of A along the line P Q /p 8 = 1.85. 

(8) The design value of (w/w*) 4 is read from the proper curve in 
figure 14 for the design value of P 4 /p g . 

(9) The design value of Aq/a^ is calculated from known values of 
A, (w/w*) 4 , and w 4 /w 8 . 


V 
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(10) The design value of A 8 is calculated from known values of 
w, [(1 - B 3 )(l + f)], ^ad, C^ad^T' and w lV^l/ 5 l* 

Use of Charts for Off -Design Points 

The following procedure may be used to locate equilibrium operating 
points on the compressor map for operation with the design values of A 8 
and Aq/A 4 . at compressor pressure ratios higher or lower than design: 

(1) A value of P 3 /P 4 is selected. 

( 2 ) A trial value of A is chosen. Although the values of A 3 /A 4 
and w^/wq are known, the value of (w/w*)^ is not known. 

(3) A value of P is calculated assuming pg/pg = 1*0* 

(4) If the point read from figure 11 for the values of A and P 
lies to the left of the line Pg/Pg - 1.85, a value of P^/Pg is read 

at this point. 

If the point read from figure 11 for the values of A and P lies 
to the right or on the line Pg/pg = 1«85, a value of Pq/Pg is read 

for the value of A along the line Pg/pg = 1.85. 

(5) A value of (w/w *)4 is read from figure 14 for the value of 

PiAe- 

( 6 ) A value of A is calculated from the values of Aq/a^, W 4 / Wg , 
and (w/w*)^. If the calculated A does not equal the trial value of 

A from step (2), steps (2) to ( 6 ) are repeated until agreement is 
reached. 

(7) The weight-flow parameter w is read from figure 13 for the 
known values of P 3 /P 4 and A. 

( 8 ) A value of T) a( ^ g is estimated from the compressor map for 
the known value of P 3 /P 4 . 

(9) The compressor weight flow V®jY 5 ]_ is calculated from values 

of w , [(l - B 3 )(l + f)], ’ladjC’ladjT' ( w 8/ w 4^ A 8 * 
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(10) A value of T} a( ^ c is read from the compressor map for the 
values of P3/P \ and w i y0^’/5 1 . If this does not equal the estimated 
value of T} a( ^ c from step (8), steps (8) to (10 ) are repeated until 
agreement is reached. 

(11) The desired equilibrium operating point can be located on the 
compressor map from the values of Pj/p-l (step (l)), and w-, a/qT/O-, 

(step (9)). 

METHODS FOR TRANSIENT OPERATION 

Two problems are treated in this section. A method is discussed 
whereby the compressor and turbine of a one- spool turbojet engine may be 
matched for a specified flight condition, a specified transient path on 
the compressor map, and a fixed exhaust -nozzle area (ref. ll) . For a 
two-spool turbojet engine, procedures are discussed for finding the com- 
pressor paths during a transient for which the exhaust-nozzle area and 
inner- turbine-inlet temperature are held constant (ref. 12). 


One-Spool Turbojet 

Up until now, compressor operation has been found for a specified 
flight condition and mode of engine operation. For a given flight con- 
dition, the compressor equilibrium operating point was fixed by assign- 
ing two quantities such as mechanical speed and turbine-inlet tempera- 
ture or mechanical speed and exhaust-nozzle area. Now, compressor 
operation is scheduled. During a transient, the power-balance relation 
no longer is valid, so that three quantities must be assigned. For a 
6iv®n flight condition, the desired transient path on the compressor map 
is specified by assigning values for mechanical speed and compressor 
pressure ratio. The exhaust-nozzle area is assigned to be constant dur- 
ing the transient; this accounts for the third quantity. 

At each speed, the excess torque is calculated after the turbine 
operating point has been found for the assigned compressor operating 
point. For known values of moment of inertia and excess torque at each 
speed, the time required to accelerate (or decelerate) along the speci- 
fied path may be calculated. Such calculations indicate whether the 
specified path on the compressor map is acceptable with respect to 
transient operation. If, for a given engine configuration, the time to 
accelerate is found to be excessive, various schemes may be tried to im- 
prove the engine accelerating characteristics. These schemes will in- 
volve changes in component performance or a rematching between the com- 
pressor and turbine, or both. The effect of these changes on the engine 
accelerating characteristics may be calculated by rematching the com- 
pressor and turbine. 
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Compressor operation . - The steady- state compressor and turbine 
maps are assumed to be valid during transient operation. The aerody- 
namic adjustments are assumed to occur much faster than the mechanical 
adjustments. An acceleration is considered such that the compressor 
operates along the path abed shown in figure 15. At a given speed 
N/ the compressor operating point is known, so that the value of 

W4N/64 may be calculated from 


where the fuel-air ratio and combustor pressure ratio are usually 
assumed constant. 

Turbine operation . - At this point in the procedure, one turbine 
parameter is known. The second turbine parameter required to define 
turbine operation is found in an indirect manner. At the kn own value 
of W 4 N/S 4 , several values of turbine pressure ratio P^/Pg are se- 
lected from the turbine performance map (fig. 16). For each P^/Pg 
selection, values of n/ and (H 4 - Hg)/^ are read. The follow- 
ing calculations are made: 


w 4 N w^ N (1 + f)(l - b 3 ) 


(38) 


54 Si //aT £3 £4 

Pi p 3 




Cp ij 518 • 7 


(39) 


^4 V^4 



(40) 


N 





(41) 


The nozzle equivalent weight flow is calculated from 



( 42 ) 
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The values of Tg/Tg and Pg/Pg depend on the performance characteris- 
tics of the tailpipe and exhaust nozzle. A simplification that is 
satisfactory for many applications results from taking Tg/Tg = 1 and 

Pg/Pg = 0.95. 


The exhaust-nozzle pressure ratio is calculated from 


£s = £o £1 £3 £4 £e £s 

P 0 P 0 p 0 P 1 P 3 P 4 P 6 


(43) 


The value of Pq/pq is known from the specified flight Mach number. 
Inlet performance yields a value of P^/Pq. For all values of Pq/pq 


less than or equal to the critical value 

and the effective area of the convergent 
as follows : 


“ 


r - 

(l 

’V (r + J 

Al - 1 

LI i 

>/ \ 2 

) J 


exhaust nozzle Ag 


£e = £e. 
Po P8* 

is found 


(1) Mg is found from 


H 

(2) (w t/d/bA ) g is found from 


1 + Sr 2 M2 ) r ’ x 


(44) 


w \[d 
5A 


= 2116 cos p 


518.7 M ( 


1 + ^ m2 ; 


-fe+l.) 

2(r-i) 


(45) 


(3) Exhaust-nozzle area is calculated from 



(46) 


When Pq/pq is greater than critical, the critical value of w fi/d/bA 

is used in step (3). Nozzle area is plotted against turbine pressure 
ratio, and the value of P 4 /P 6 f° r the assigned Aq is read. Thus, 

the turbine operating point can be found for each compressor operating 
point along the assigned acceleration path. 
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Time to accelerate . - At each, point along the assigned, acceleration 
Path, the excess torque available for acceleration may be calculated from 


The actual values of weight flow and speed are obtained from the equiva- 
lent values and the values of 9 1 and 5j_, which are known for the 

assigned flight condition and inlet performance. 

The time to accelerate along the path b to c (fig. 15) is found 

from 


where the moment of inertia I is a physical constant of the engine. 
The acceleration of a hi gh-pressure- ratio one-spool turbojet engine as 
determined from component performance characteristics is investigated 
in references 11, 25, and 26. 


For a two-spool turbojet engine, procedures are discussed for find- 
ing the compressor paths during a transient for which the exhaust-nozzle 
area and inner- turbine-inlet temperature are held constant. The compo- 
nent performance maps for equilibrium operation are assumed to be valid 
for transient operation. For equilibrium operation of a two-spool tur- 
bojet, the specification of two quantities fixes its operation. For 
transient operation, four quantities are required, as the power -balance 
condition for each spool is no longer valid. At the beginning of a 
transient, the outer- and inner-spool equivalent speeds are assumed to 
be the equilibrium values. These values of speed, together with the 
assigned values of inner- turbine-inlet temperature and exhaust-nozzle 
area, fix the operation of each of the components. The excess torque 
acting on each spool can then be calculated. The outer- and inner-spool 
speed increments occurring during a small time interval are found from 
the excess torque and moment of inertia for each spool. The new values 
of outer- and inner- spool speed, together with the constant values of 
inner-turbine-inlet temperature and exhaust-nozzle area, determine the 
operation of each of the components at the new time. The process is re- 
peated until the desired end value of outer-spool speed is attained. It 
is a step-by-step procedure, then, and iterations are part of each step. 

Thus, for a specified flight condition and assigned values of 
inner- turbine-inlet temperature and exhaust -nozzle area, the transient 


Q xs - 2itN 


778. 2 m 1 



(47) 



(48) 


Two-Spool Turbojet 
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paths on the compressor maps and the time required to traverse these 
paths may be calculated. From such calculations one can estimate whether 
or not an acceptable compromise can be reached between surge-free opera- 
tion and time to accelerate for a given two-spool turbo.iet engine. 

Compressor operation . - For a specified flight condition, initial 
values of N q / N ± / */e~, ^ and A Q , and the specification that T 
and Aq are maintained constant during an acceleration, the following 

procedures may be used to find the outer- and inner- compressor operating 
paths and the time required to accelerate to a higher engine speed: 

(1) Values of N q / y^, N ± / y^, a? 4 , and A Q are specified. 

(2) A trial value of w 2 is selected. 


(3) A value of T 2 /Tq is read from a plot of T 2 /Tq against 
w 2 a/® 2/ 5 2 for constant values of N Q / 

(4) A value of N^/ is calculated from values of N . / i\foT and 

T 2 /Tl. 

(5) A value of P3 /P 2 is read from a plot Pj/p 2 against 

w 2 i° r constant values of Nq/ y/0^. 

(6) A value of Tq is calculated from 

P 3 P 4 F 2 


T = T 
4 1 1 


w. 




P 2 PsVTq 


& 4: Wp A fdZ 

(1 - b 3 )(i + f) ig-S 


(49) 


The value of Tq is found from the specified flight condition. The 
assumption of constant values for B 3 , f, and P 4 /P 3 is usually ade- 
quate. The value of Wq 9q/&q is assumed to be the design value. 

(The validity of this assumption may be checked when the inner-turbine 
operating point is found.) If the value of Tq calculated from equa- 
tion (49) does not equal the assigned Tq value (step (l) ) , steps (2) 
to (6) are repeated until agreement is reached. 
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Turbine operation . - 

(7) A value of N ± / is calculated from values of N. / a / 9 ~ and 
T 4 /Ti. 

(8) A trial value of P4/P5 is selected. If the proper value is 

chosen, the value of exhaust-nozzle area calculated later in the pro- 
cedure will check with the specified value of Ag. 

(9) A trial value of P4/P5 is selected. 

(10) A value of T 4 /T 5 is read from a plot of T 4 /T 5 against 

Nj_/ for constant values of P4/P5 • 


(ll) A value of N Q / is calculated from 



(12) A value of P5/P0 is calculated from 



(13) A value of wgN Q /Sg is calculated from 


Vo _ w 2 N o < 1 - B 5 )(l + 
55 S2 1^2 P5P4P5 

V 1 P 2 P 3 p 4 


(50) 


(51) 


(52) 


(14) A value of wgN 0 /&g is read from a plot of wgN Q /5g against 
N 0 /V% f° r constant values of Pg/Pg . If this does not equal the 

value of flow parameter calculated from equation (52) in step (13), 
steps (9) to (14) are repeated until agreement is reached. 


(15) A value of Tg/Tg is read from a plot of 
Nq/ for constant values of Pg/Pg. 
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(16) A value of exhaust-nozzle area is found from the values of 
nozzle equivalent weight flow and nozzle equivalent specific weight flow 
as discussed for the one-spool turbojet. If the calculated value of A Q 

does not equal the specified value, steps (8) to (16) are repeated until 
agreement is reached. When the selection of P 4 /p g is found to be com- 
patible with the specified exhaust-nozzle area, the operating point of 
each of the two- spool components is known at the initial time. 


Time to accelerate . - From the component operating points, the ex- 
cess torques available for accelerating the outer and inner spools can 
be calculated. The specified flight condition and inlet performance 
yield values of 0q and 5 4 which can be used to convert equivalent- 

speed and equivalent-weight-flow values to actual values. Outer- and 
inner-spool excess torque are calculated from 


Q. 


778.2W-J 
'xs,o = 2jtN~ 


(1 + £)(!- B g )(l - B 3 )c p ^ oT T 5 (l - if)- 0 p,oC T l(^ “ 


(53) 


^xs,i ~ 


778. 2w. 


2rtN, 


Tc 


'T, 


(1 ♦*)(!- BsJc^T^l - ■)- C P;1C T 2 [^ - 1 


(54) 


Speed increments in Nq and N^ for a specified time interval are 
defined by 

= (“oL - - 2S; r* «x s ,o « (55) 

cl 

- (“lb - (%)a = 1^- dT ( 56 > 

T a 

Because the continuous variations of Q xs 0 and Q xs 4 with time are 
not known, an approximation is introduced. Trial increments in N Q and 
N 4 are defined by 




(57) 


AN ± 


^xs, i 
2jtl ± 


At 
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The time increment At is selected so as to result in reasonable 
speed increments . If At is made too large, the procedure becomes in- 
accurate as evidenced by large irregularities in the points that define 
the transient paths on the compressor maps. If At is made too small, 
more points -will be calculated than are necessary to define the transient 
paths. In reference 12, time increments of 0.1 and 0.2 second were used. 
At the new time (the initial time plus the time increment), trial values 
of N 0 and Nj_ are defined to be equal to the initial values of N Q 

and N^ plus the incremental values calculated from the initial values 
^xs,o and Q xs ^p and equations (57) and (58). For these trial 
values of N Q and N^ and the specified values of T^ and A Q , the 

matching procedures are repeated to yield component operating points and 
excess-torque values. The actual increments in N Q and N^ occurring 

during the time interval are approximated by substituting in equations 
(57) and (58) average values of and Q XSfl , which are defined to 

be the arithmetic means of the values corresponding to the initial and 
trial values of N Q and N i . The actual values of N Q and N ± at the 

new time are equal to the initial values plus the actual speed increments. 

The transient paths on the outer- and inner-compressor performance 
maps are found by repeating the matching procedures until the end value 
of engine speed is attained. The time required to reach this speed is 
found by summing up the time increments considered. In reference 12, 
the component operating trends during acceleration and deceleration of 
two hypothetical two-spool turbojet engines are discussed. 
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(a) Simple turbojet. 
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(b) Afterburning turbojet. 
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(c) Turboprop with coupled power turbine. 


0 



1 6 6a 7 

(d) Turboprop with free-wheeling power turbine. 

Figure 1. - Gas-turbine engines. 
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(a) One- spool. 


Outer Inner 
compressor compressor 


turbine- 



(b) Two- spool. 

Figure 2. - Schematic diagrams of gas generators. 
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(a) Compressor performance map. 



(b) Turbine performance map. 


Figure 3, - Performance maps. 
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(b) Turbine. 

Figure 4. - Matching maps for one-spool gas 
generator . 


dEnti 


CONFIDENTIAL 


353 


354 


C ONF IDENT IAL 


NACA EM £565035 








Turbine-outlet equivalent weight flow, 

Figure 5. - One-spool gas-generator performance. 
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(a) Outer compressor. 



(b) Outer turbine. 
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Equivalent weight flow, Wg-^/^g/Bg 
( c ) Inner spool . 


Figure 6. - Matching maps for direct method of matching 
outer and inner spools of two-spool gas generator. 
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Equivalent weight flow, 2 

w 2 a/ 0^/5 2 Power parameter, (H 5 -Hg)/N 0 Power parameter, (Hg-^J/N; 
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(a) Outer compressor. 



Ob) Outer turbine. 



(c) Inner spool. 


Figure 7 . - Matching maps for iterative method of 
matching outer and inner spools of two -spool 
gas generator. 
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Turbine-outlet equivalent weight flow, Wg A/0g/5g 
Figure 8. - Two-spool gas-generator performance. 
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(a) Fixed-geometry inlet. 



(b) Gas generator. 



(c) Combined map for tailpipe and 
exhaust nozzle. 

Figure 9. - Matching maps for simple 
turbojet . 
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(a) Power-turbine performance. 



(b) Combined performance of tailpipe and exhaust 
nozzle. 

Figure 10. - Matching maps for turboprop with free- 
wheeling power turbine. 
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Figure 11. - Chart for estimating turbine pressure ratio. Turbine polytropic efficiency, 0.85 
r 4 - r 8 = 4/3 (ref. 5). (A large working copy of this chart may be obtained by using the re 
quest card bound in the back of the report.) 
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Figure 12. - Chart for estimating turbine-inlet temperature. Ram pressure ratio, ? i / vq , 1; combustor pressure ratio, P4/P3, 0.97 
(ref. 5). (A large working copy of this chart may be obtained by using the request card bound in the back of the report.) 
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Figure 13. - Chart for estimating compressor equilibrium operating line. Ram pressure ratio, 
Pl/p 0 , 1; combustor pressure ratio, P 4 /P 3 , 0.97; r 4 = Yq = 4/3 (ref. 5). (A large working 

copy of this chart may be obtained by using the request 'card bound in the back of the report.) 
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Ratio of weight flow to choking weight flow through 
turbine , ( w/ w*) 4 


Figure 14. - Effect of turbine pressure ratio on weight flow 
(ref. 5) . 


1 

CONFIDENTIAL 


364 


CONI’ Il^^NTIAL 


NACA RM E56B03b 



Figure 15. - Equilibrium and acceleration paths on 
compressor map. 



Figure 16. - Turbine performance map. 
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